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Integration of Highly Oscillatory Problems Through G-Functions
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Abstract: Perturbed harmonic oscillators describe many models in physics and engineering. A method for solving this
type of problem is based on the utilization of Scheifele’s functions, consisting of a refinement of the Taylor series method.
One disadvantage of the method is that it is difficult to determine, in each case, the recurrence relations necessary for ar-
riving to the solutions. In this paper we construct the numerical method especially adapted to the integration of oscillators,
using developments in the form of G-functions. In addition, two computer applications related to highly oscillatory prob-
lems are implemented, and recurrence relations are determined in each one. The results show better precision in the appli-
cation of G-functions, compared to other known methods implemented in MAPLE V.
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INTRODUCTION

In nature, there are cases of bodies that move through the
same positions repeatedly, in equal time intervals and always
with the same velocity and acceleration. This is called perio-
dic motion. As we know, simple harmonic vibratory motion
is described by equations x(7)= Acos(wr+¢@,) or
x(t) = Asin(ot + @, ), the solution of a linear dlfferentlal
equation of the second order, ¥(¢)+ w x(t) =0, homogene-
ous and constant coefficients, where the points indicate deri-
vation with regard to time, following Newton’s notation. If a
frictional force is considered, we obtain
X))+ 2yx(¢) + wzx(t) =0, and if an exterior force F(t), is
also included, the damped and driven — i.e., perturbed — har-
monic oscillator allows for the expression
X(t)+ 2yx(¢) + wzx(t) =F(¢t). There are numerous
processes in physics that can be adapted to a model by
means of perturbed oscillators.

In 1971, Scheifele [1] devised a method for the numerical
integration of perturbed oscillators based on a refinement of
the classic Taylor series method, using a sequence of func-

tions G, (¢) permitting expression of the solution in terms of

a series of the type x(¢) = IZ,O kak (¢) ,used in the construc-

tion of a very precise numerical integration method. This
method not only has the advantage of integrating exactly a
non-perturbative problem, but also of integrating it with only
the first two terms of the series, while the Taylor series
method provides an approximation of the solution through a
linear function, if we take the first two terms.

In addition to constructing the Scheifele G-functions and
revealing their most relevant properties, this paper present on
the numerical integration method based on developments in
the form of G-functions for perturbed oscillators, ending
with a detailed study of two perturbed oscillators, illustrating
how they are employed and contrasting their behaviour. For
this propose their degrees of precision are compared with
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those of well-known codes such as RKF45, LSODE and
GEAR [2,3] implemented in MAPLE V, with the goal of-
guaranteeing that the results are not distorted by poor pro-
gramming that favours the method based on G-functions.

SCHEIFELE’S G-FUNCTIONS

Let x(¢#) be the solution of the perturbed oscillator in
equation:
x"+ax=¢€- f(x,x',1),
x(0) = x,,
¥(0) = x), (1)
assuming that the function g(¢) = f(x(¢),x’(¢),t) admits an
expansion in the form:

n

~ t n
g(t) = ch; con ¢, =g"(0), )
n=0 :

with which (1) can be written:

n

x"+ox=¢- Zc —,
n=0 n'

x(0) = x,,

x'(0) = x; . 3)
The solution to the above problem can be obtained in the

habitual manner, calculating the solution of the homogene-

ous equation with the initial conditions and adding on the

particular solution of the non-homogeneous equation, in

which the solution and its derivative is annulled by setting

t = 0. The latter can be calculated by applying the principle
of superposition of solution on IVP’s:

” t
x7+ox =—,
n n n!
x (0)=x/(0)=0,Yn20 @))

combining the solutions in linear form with the coefficients
of €-c .
n
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Based on this idea, G. Scheifele [1] defined a collection
of special functions adapted to the solution of this type of
problem.

Scheifele’s G-functions verify:
G )=x_,(), Vnz2, ©)

where x, (¢)are solutions of (4); in other words, the G
functions satisfy Vn >2:

n-2
G’(t)+aG (t)= ,
! ! (n—2)!
G (0)=G/(0)=0. (6)
these functions, defined in this way, verify that:
G ()=G,_ (1), Vnz=3. (7

Thus, all the G-functions can be calculated from G, , but
Scheifele’s first two and most important functions, G, and
G, , are introduced as solutions of homogeneous problems:
xX"+ox=0,
x(0)=1,
x’(0)=0. (®)
x"+ox=0,
x(0)=0,
x'(0)=1. 9)

Functions G () and G,(¢) also verify the property:

G () =G(1), G[(1) =G (1) (10)

Combining (7) and (10), we can affirm that:
G)=G, _ (1), nz1. (11)

Taking into account (6) and (11), we obtain the following
recurrence relation:

n

t
Gn(t)+(xGn+2(t):—', Vn=0. (12)
This recurrence relation will be very useful in the calcu-
lation of G -functions, and therein lies its importance. An-
other relevant property in the calculation of G -functions is
that they can be expressed through absolutely convergent
series for every value of ¢:
- jtn
G (=3B

=0 (j+n)
where [32‘]. = (—(x)j and ﬂzjﬂ =0, Vj20.

Its importance lies in the fact that, by truncating the se-
ries, it provides an alternative method for calculating G -
functions.

n>0, (13)

The solution to the problem (3) in terms of G-functions
is:

x(1) = x,Gy () + X,G,()+ €5 ¢ G (1) (14)
n=0

This result will allow us to define the numerical integra-
tion method based on G-functions.
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FINITE TAYLOR SERIES AND G-EXPANSIONS

Building the Taylor expansion and truncating the solution
x(¢) of (1), we obtain an approximation of the solution:

k
m
x (1)= Eoﬁak with a, = x"(0). (15)

By replacing relation (12) in (15), we obtain [1]:
5, ()= Gy(D)ay + G,(Da, + X G, (1)(a, +aa,_,)+
k=2
+aG, (Da,  +aG ,(Da, . (16)

Defining a new sequence of coefficients b, , in the
following manner:

bo =ay,,
b1 =a,,
b, =a, +aa,_, Vk=2 (17)
(16) is reduced to:
m
x, (0= G, (t)b +a(G,, (e, ,+G, (Da,), (18)
k=0

and eliminating the last term results in a different approxi-
mation,

X, (0=2,Gt)b,, (19)
k=0

that can be considered the extension of the Taylor series for
the solution of (3), which provides greater precision than

x, ().
The coefficients of

m Lk m
t
x, ()= Zpak and X ()= ZGk(t)bk for (3) are provided
k=0""

k=0
by:
ay =Xy,
a, = x;,
a, ,+aa, =eg"(0) k20 (20)
by =x,>
b =x;,
b.,=€g"(0) k20, 1)
therefore:

X ()= i G, (1)b, =

k=0

= G,()x, + G, (t)x) + szm: g20)G, (7). (22)
k=2

Inserting this last result in (3), the residual R (7),
corresponding to X, (), is obtained:

o Lk
R, (1) = £g(0) (X () +aX, (1))=Y, % £(0). (23)
k=0 """
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Taking into account:

m

(0 +ax, ()= 2 (G, (1) + G, (1))b, +
k=2

+a (aw1 (GnH ()+aG,,, (t)) +a, (Gm (1)+aG,,, (t))) (24)
and (12), the residual r (¢) corresponding to x (7) is:

r () =eg(t)—(x1(0)+ax, (1) =

oo tk f tm—l "
=& Z Fg )(0) - amilm'de;! . (25)

k=m—-1

From all the above, it can be concluded that while in
R (1) the parameter of perturbation € is a factor, in r (¢)
itis not. As a result, R (z) will be small with &, but r ()
will not. If € =0, the power series method results in error,
while the Scheifele G-function method, with only the first
and second term, integrates the equation exactly.

THE G-FUNCTIONS SERIES METHOD

For the construction of a numerical method based on the
G-functions in (1), let us assume that both the solution x(#)
and its perturbation function g(z) = f(x(¢),x’(¢),t) are ana-
lytical functions.

Once all the G-functions necessary for truncation of the
series that define them are calculated, to obtain an approxi-
mation of the solution x(#) we replace a truncation of its
solution in (3), which allows us to establish recurrence rela-
tions for calculating the coefficients ¢, = gk)(O), starting
with x, and x;. Once the coefficients c, are calculated for
k=0,..,m—2 and step & is set, the approximation of the
solution and its derivative in point / result respectively in the
expressions:

m—2
x, =Gy (h)xy + G (Wx| +€ Y, ¢,G, ., (h)
k=0

m=2
x| = Gy(h)x} - aG,(h)xy +& Y, ¢,G,,, (h). (26)
k=0

Clearly, these approximations verify:

x"+ax=¢€- f(x,x',1),

x(h) = x,,

x'(h) = x{. (27)

Let’s suppose that we have already -calculated an
approximation of the solution and its derivative in point
t=nh, x, and x, verifying:

x"+ax=¢€- f(x,x',1),
x(nh)=x ,
x'(nh) =x’ . (28)

To calculate an approximation of the solution and its de-
rivative in point (111 +1) 4, it is convenient to make a change
of time origin ¢ = 7 + nh, yielding:

x"+ax=¢€- f(x,x',T+nh),
x(0)=x ,
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x'(0)=x7 (29)
bringing us to the initial situation. We calculate the coeffi-
cients by recurrence:

oo __k

SO @ T = Y, 7, with
k=0 "
_d"g(0) _d*g(nh)

(30)
dtt dt*

%

and th( appjoximation of the solution and its derivative in

point | n + 1) A resulting in the formulas:
m—2
X, = Gy(hx, + G (h)x, + &Y ¢,G,,,(h),
k=0
m—2
X! =Gy(h)x, —aG,(hx, +& Y, ¢,G,,, (h), (31)
k=0

respectively, which constitute the numerical integration
method for perturbative harmonic oscillators based on
Scheifele’s G-functions.

NUMERICAL EXPERIMENTS

In this section, we have selected two examples that pro-
vide a good look at this integrator’s behaviour, and the
recurrence relations are determined in each one.

Example I

Let’s consider the highly oscillatory problem proposed
by Petzold [4], which contains a harmonic oscillator with a
perturbation function explicitly dependent on time:

x” +a’x = Asin(ar),
. ’ A
with x(0)=1, x’(0)=—__ and ¢ € [0,10], (32)

which the exact solution and its derivative are expressed in
the equations:

x(t) = (1 - ;—;j cos(at),

At -2a

x'(t)= sin(ort) — icos(oct) . (33)
20
Although its solution can be calculated exactly by means
of analytical procedures, this example has been chosen to
illustrate how well the G-functions method works for highly
oscillatory harmonic perturbation functions.

In the first integration step, the recurrence relation is ob-
tained:

g =Xy»
a =xg,
. [k
Ay = —Oczak+8(xk SIH(TEJ Yk=0 (34)

and coefficients b, are calculated through the relations:
by =ay,

blzal,
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by =, + azak . (35)

Noting that the approximations of x(%) and x'(h) are
x,; and x], respectively, the approximation of the solution
and its derivative result in:

m—2
x, = Gy(h)x, + G (W)x| +€ Y, ¢,G, ., (h)
k=0

m=2

x| =Gy (h)xg — oG (h)x, +€ Y, ¢, Gy, (h) (36)
k=0

In order to carry out the second step of integration, it is
necessary to solve the following IVP:
x” +a’x = esin(ot) ,
x(h) = x,,
xX'(h)=x], (37)
which has the disadvantage that, when setting a step size &
and calculating the value of the approximation x(%) and
x’(h), it is not possible to move to a second step, since the

perturbation function depends explicitly on time. To avoid
this difficulty, we proceed in the following manner:

The i*nde endent variable T=¢—#% is changed, and

x(1) = (x orjj(t) is considered. By replacing x(z) with

x (7)in (37), we obtain:

x” +ox =esin(a(t+ h)),

x*(O) =x(h)=x,,

x7(0)=x"(hy=x . (38)
This strategy makes it possible to initialize the method

and obtain the recurrences:

a, = x*(O) =X,

*
a=x (0)=x,

. km
ak+2+a2a kzsaksm(ah+— Vk=0,
2
b0 =a,,
b1 =a,
_ 2
by =, tora.

The approximation of the solution x(z) and x’(z) in
t = 2h , result in the formulas:

m—=2

x, = Gy(h)x, + G, (x{ + £, ¢, Gy, (h),
k=0

m=2
X, = Gy(h)x] - aG,(h)x, +€ Y, ¢,G,,, (h). (39)
k=0

For a third integration step, it is necessary to solve the
following IVP:

x” +a’x = esin(ot) ,
x(2h) = x,,
¥(2h) = ). (40)
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The independent variable 7 =1¢—2h is changed, and is
considered. x(7) = Qx oT|(¢). By replacing x(t) with
x (7) in (42), we obtain:

x” +oax =esin(100(T +2h)),
x(0)=x(2h)=1x, ,
x7(0)=x'(2h) = x;. (41)

In this way, the method is initialized again and we obtain
the recurrences:

a, = x*(O) =X,,

*7
a=x (0)=x},

. km
A,y +a’a = eak sm(2ah+— Vk=>0,
2
bo =a,,
b1 =a,
_ 2
by =, tora.

The approximation of the solution x(¢) and x’(¢) in
t =3h , result in the formulas:

m—2
x, = Gy(h)x, + G (h)x; +€ 3 ¢,G,, (h).
k=0
m—2
X} = Gy(h)x, — aG (h)x, +£ Y. ¢,G,,, (h). (42)
k=0

This procedure resolves the difficulty that the perturba-
tion function depends explicitly on time, and allows us to
maintain, throughout the process of integration, the same G-
functions calculated for the initial conditions given in the
origin.

Fig. (1) contrasts the graph of the absolute value decimal
logarithm of the relative error of the solution x(#), calcu-
lated using Scheifele’s method with 17 G-functions, A=1,
step size £ =0.01 and « =10, with the numerical integration
g:sodes LSODE, RKF45 and GEAR, all with a tolerance of 10

Fig. (2), contrasts its derivative x’(¢#) under the same
conditions:

-10 -
] LSOD
-15+ RKF45
= 1 GEAR
O 20
e -1
[
L |
()] -
o
-25-]
E G-functions
30
T T T T T T T T T Trrrrrrrorr1rr T T T T T T T T T
2 4 6 8 10
t

Fig. (1). x” 4+ 100x = €sin(10¢) with h=0.01 (position x(t)).
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103 LSODE

163 RKF45

E GEAR

log (error)
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3 G-functions
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t
Fig. (2). x” 4+ 100x = £sin(10z) with h=0.01 (velocity x’(t)).

Example 11

G. Denk [S] proposed the following highly oscillatory
problem, to contrast a new multiple-step method he designed
for the integration of highly oscillatory problems.

X"+ Kkix =K%,
x(0)=107,

X(0)=1-x107 K
SIn K

kK =314.16, 43)

with the exact solution:

X(t)=1+10" (cos(m) _ oSk sin(m)j ,

SInK
COSK

Xt=1- IO_SK(Sin(Kt) +
SInK

cos(Kt)j : (44)

As in the previous example, by replacing the appropriate
series in (47) we obtain the recurrences:

Gy =Xp>

’

a =Xy

_ 2
a,=-K"a,,

_ 2 2
a,=-Kk"a, +K",

—x’a, Vk22 (45)

Qv =

and the coefficients bk in G-functions are calculated by
means of:

by=ay=xy
h=a=x,
be.,=a,,+k’a, Vk=0 (46)

The approximation of the solution x(¢) and x’(¢) in
t = h, result in the formulas:
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m—=2

x, = Gy(h)xy + G (Wx;+ €Y, ¢,G,, (h),
k=0

m—2

x| = Gy(h)x} - aG,(h)xy + & Y, ¢,G,,, (). (47)
k=0

It is not possible to calculate a second integration step
directly, because the perturbation function depends explicitly
on ¢, which requires solving the IVP:

X"+ Kkix =K%,

x(h) =x,,

x'(h) = x{,

K =314.16, (48)

Proceeding as in the previous example, the independent
variable 7 =1¢—h is changed and x(?) =£x ofb (¢) is con-
sidered. By replacing x(¢) with x (7)in (52), we obtain:

P (r + h) ,
x*(O) =x(h)=x,,
x7(0)=x"(h)=x], (49)

This strategy allows us to reinitiate the method and ob-
tain the recurrences:

a, = x*(O) =X,

a, = x*'(O) =X,
a,= —K2a0 +x°h,
a;=—K'a, +K°,

ak+2+K2a k:O Vk=>2,

by =a,,
b =a,
be,y=a,,, +K’a, Yk=0. (50)

m—=2

x, = Gy(h)x, + G (x{ + £, ¢, Gy, (h),
k=0

m—=2

X} = Gy(h)x] - aG,(h)x, +€ Y, ¢,G,.,, (h). (51)
k=0

This resolves the problem of the perturbation function’s
explicit dependence on time.

Fig. (3) contrasts the graph of the absolute value decimal
logarithm of the relative error of the solution x(#), calcu-
lated using Scheifele’s method with 5 G-functions, step size
h = 0.01, with the numerical integration codes LSODE,
RKF45 and GEAR, all with a tolerance of 10"

Fig. (4) contrasts derivative x’(¢), under the same condi-
tions.
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Fig. 3). X" +Kk°x = k>t with h= 0.1 (position x(t)).
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Fig. (4). x” + k*x =x*t conh=0.1 (velocity x’(t)).
CONCLUSIONS

The theoretical construction of Scheifele’s functions
allows us to formulate solutions in G-functions as an exten-

Garcia-Alonso et al.

sion of the well-known Taylor series, with the advantage not
only of integrating unperturbed problems exactly, but also of
integrating them with only the first two terms of the series.
As the numerical experiments show, the G-function
method’s greater precision makes it a useful tool.

The G-function method can be generalized with relative
ease to the integration of linear differential equation systems
with constant coefficients, maintaining the good properties
for equations. The ideas expressed in this numerical method
lay the foundations for other, more advanced multiple-step
codes, also based on G-functions or on a refinement of them
for systems, such as the SMF [6,7], SVF [8] and EIL,PC [9]
methods.

REFERENCES

[1] Stiefel EL, Scheifele G. Linear and regular celestial mechanics,
Springer, New York 1971.

[2] Gear CW. Numerical initial value problems in ordinary differential
equations, Prentice-Hall 1971.

[3] Ola Fatunla S. Numerical methods for initial value problems in
ordinary differential equations, Academic Press Inc., New York
1988.

[4] Palacios M. Métodos multi-revolucion simétricos para propagacion

de orbitas en intervalos grandes de tiempo. Monogr Real Acad
Ciencias Zaragoza, 2003; 22: 55-66.

[5] Denk G. A new numerical method for the integration of highly
oscillatory second-order ordinary differential equations. Appl Num
Math 1993; 13: 57-67.

[6] Martin P, Ferrandiz JM. Behaviour of the SMF method for the
numerical integration of satellite orbits. Celestial Mechanics Dy-
namic Astron 1995; 63: 29-40.

[7] Martin P, and Ferrandiz JM. Multistep numerical methods based on
Scheifele G-functions with application to satellite dynamics,
SIAM. J Numer Anal 1997; 34: 359-375.

[8] Vigo-Aguiar JJ, and Ferrandiz JM. Higher-order variable-step
algorithms adapted to the accurate numerical integration of per-
turbed oscillators. Comput Phys 1998; 12(5): 467-470.

[9] Reyes JA, Garcia-Alonso F, Ferrandiz JM, Vigo-Aguiar J. Numeric
multistep variable methods for perturbed linear system integration.
Appl Math Comput 2007; 190: 63-79.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


