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Controllability of Damped Second Order Semi-linear Neutral Functional
Differential Inclusions in Banach Spaces
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Abstract: In this article, we investigate sufficient conditions for controllability of second-order semi-linear damped
neutral functional initial value problem for the class of differential inclusions in Banach spaces using the theory of
strongly continuous cosine families. We shall rely on a fixed point theorem due to Ma for multi-valued maps. An example
is provided to illustrate the result. This work is motivated by the paper of Benchohra, Gorniewicz and Ntouyas [1] and

extends the work of Chalishajar [2].
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1. INTRODUCTION

Let E be a Banach space with norm || and U be another
Banach space taking the control values. In this article, we
would like to consider the controlled neutral functional
second order inclusion

D@ - f@y)] € Ay@) + Bu(t) + Gy'(t) +
F(ty,y@t).t eJ (1.1)
Y, = 0,y(0)=x,

Here the state y(7) takes values in £ and the control u €
LA(J, U), the space of admissible controls, where J = (0, ).
Further, we assume A is the infinite generator of strongly
continuous Cosine family {C(?): ¢t € R} defined on E (we
make this precise later) and B : U — E is a bounded linear
operator. The map F : J x C,x E — 2% is a bounded, closed,
convex multi-valued map. Let » > 0 be the delay time and C,
= C([-r, 0], E) be the Banach space of all continuous
functions with the norm ||@|| = sup {|@( )| : —r < 6 < 0}. Let J,
=[-r, 0] and ¢ € C, and xp € E be the given initial
conditions. Also for any continuous function y defined on the
interval J; = [—7, ©) with values in E and for any ¢ € J, we
denote by y, an element of C(Jy, E) defined by y(6) = y(¢t +
0), 8 € Jy. Here G is a bounded linear operator on E.

Our aim is to study the exact controllability of the above
abstract system which will have applications to many
interesting systems including PDE systems. We reduce the
controllability problem (1. 1) to the search for fixed points of
a suitable multi-valued map on a subspace of the Banach
space C(J, E). In order to prove the existence of fixed points,
we shall rely on a theorem due to Ma [3], which is an
extension of Schaefer’s theorem [4] to multi-valued maps
between locally convex topological spaces.
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The controllability of second-order system with local and
nonlocal conditions are also very interesting and researchers
are engaged in it. Many times, it is advantageous to treat the
second-order abstract differential equations directly rather
than to convert them to first-order system. For example, refer
Fitzgibbon [5] and Ball [6]. In [5], Fitzgibbon used the
second-order abstract system for establishing the bounded-
ness of solutions of the equation governing the transverse
motion of an extensible beam. A useful tool in the study of
abstract second-order equations is the theory of strongly
continuous cosine families [7, 8]. Balachandran and Marshal
Anthoni [9-12] discussed the controllability of second-order
ordinary and delay, differential and integro-differential
systems with the proper illustrations, without converting
them to first-order by using the cosine operators and Leray
Schauder alternative. Quinn and Carmichael [13] have first
shown that the controllability problem in Banach spaces can
be converted in to a fixed point problem for a single valued
map. Recently, Chang and Chalishajar [14] studied the
controllability of Volterra-Fredholm type integro-differential
inclusion in Banach spaces through Bohnenblust-Karlin’s
fixed point theorem. Chalishajar [15] has also obtained
sufficient condition for controllability of nonlinear integro-
differential third order dispersion system without compact-
ness of semi-group. Chalishajar, George and Nandakumaran
use the monotone operator techniques to prove the
controllability of third order dispersion system [16]. Also
they studied controllability result for second order inclusion
in Banach space [17]. Benchohra and Ntouyas [18] proved
the existence and controllability results for nonlinear
differential inclusions with nonlocal conditions. Also they
considered controllability of functional differential and
integrodifferential inclusions in Banach spaces [19]. In both
the papers they used a fixed point theorem for the
condensing maps due to Martelli. Then they demonstrated
the controllability results for multi-valued semi-linear neutral
functional equation [20]. Benchohra, Gorniewicz and
Ntouyas [1] paid there attention to show the controllability
on infinite time horizon for first and second-order functional
differential inclusions in Banach spaces. The existence of the
system considered in [1] was also proved by them. They
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used here the fixed point theorem due to Ma [3]. Our
intention in this paper is to study the controllability on
infinite time horizon for second-order damped semi-linear
neutral functional differential inclusion in Banach spaces.
We consider the multi-valued map which is function of both
the delay term as well the derivative of the unknown
function. We will take the help of fixed point theorem due to
Ma, which is an extension of Schaefer’s theorem to locally
convex topological spaces, semigroup method [21] and set-
valued analysis [22, 23].

The study of the dynamical buckling of the hinged
extensible beam which is either stretched or compressed by
axial force in a Hilbert space, can be modelled by the

hyperbolic equation
u, d'y L 0i ) o’u, du,
=@+ B |5 E0F dE S rg S| (12)

+
a* ot
where a, f, L > 0 and u,(¢, x) is the deflection of the point x
of the beam at the time ¢ Also g is a nondecreasing
numerical function and L is the length of the beam.

Equation (1. 2) has its analogue in R" and can be included
in a general mathematical model

1
uy+ A%uy + M(|A 2 | [}, )Auy + g(u, ) =0, (1.3)

where A is a linear operator in a Hilbert space H and M, gare
real functions. Equation (1.2) was studied by Patcheu [24]
and (1.3) was studied by Matos and Pereira [25]. These
equations are the special cases of the following second order
damped nonlinear differential equation in an abstract space

u™+ Auy+ Guy = fit, uy, u); u1(0) = uo, u, (0)=uy, (1.4)
where A, B are linear operators.

The outlay of the paper is as follows. Following section
provides necessary preliminaries so that the system can be
put in the integral form which gives the existence of a mild
solution. In Section 3, we represent the state of the system in
terms of the Cosine and Sine family and reduce the
controllability to that of finding a fixed point of a multi-
valued map. We then establish the existence of a fixed point
by applying a fixed point theorem due to Ma [3]. Finally in
Section 4, we present an example to illustrate our theory.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and
preliminary facts from multi-valued analysis which are used
throughout this paper. Let J,,= [0, m], m € N. The space C(J,
E) is the Banach space of continuous functions from J into £
with the metric (see [26])

d(y,z)= Z ||y— ””’ , for each y,z € C(J, E)
y Z m

where

Wl : = sup{(®)| : t € J,}.

Let B(E) be the Banach space of bounded linear operators
from E to E with the standard norm. A measurable function y
: J — E is Bochner integrable if and only if |y| is Lebesgue
integrable. For properties of the Bochner integral, we refer to
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[27]. Let L'(J, E) denotes the Banach space of Bochner
integrable functions and Up denotes a neighbourhood of 0 in
C(J, E) defined by

Upi1:={ye CU, E): ln <p1}

The convergence in C(J, E) is the uniform convergence in
the compact intervals, i.e. y; — y in C(J, E) if and only if ||y;
= Y|mw— 0 in C(J,,, E) as j — o for each m € N. A set M
C(J, E) is a bounded set if and only if there exists a positive
function & € C(J, R,) such that

() <& forallte Jandy € M.

The Arzela-Ascoli theorem says that a set M < C(J, E) is
compact if and only if for each m € N, M is a compact set in
the Banach space (C(J,;, E), ||-||m)-

We say that one-parameter family {C(f): ¢t € R} of
bounded linear operators in B(E) is a strongly continuous
cosine family if and only if

1 C(0) =1, I is the identify operator on E.
2 C(t+s)+ C(t—s5)=2C(1)C(s) for all s, t € R.

3 the map ¢ — C(?)y is strongly continuous in ¢ on R for
each fixedy € E.

The strongly continuous Sine family {S(¢?): ¢ € R},
associated to the strongly continuous Cosine family {C(¢): ¢
€ R} is defined by

S(tyy = jo C(s)yds,ye E, te R.

Assume the following condition on 4 :

(H1) 4 is the infinitesimal generator of a strongly continuous
cosine family C(7), t € R of bounded linear operators £ into
itself and the adjoint operator 4” is densely defined, i.e.
D(A) E’ (see [27]).

The infinitesimal generator of a strongly continuous
Cosine family C(7), t € R is the operator 4 : D(4) c E — E
defined by

2

d
Ay= == Cpl-oy € DA,

where D(A)1 ={ye E: C()y e C(R, E)}. Define E, =
. C(ye C'(R E)}.
LEMMA 2.1. ([7]) Let (H1) hold. Then
1. there exists constant M; > 1 and w > 0 such that
IC(1)|< Mie ™" and | S(t) — S(t)| < M| jo " ds | for
t e R
2. Fory e E, S(f)y € E;and so S(H)E C E, for t € R.

{ve E

3. Forye E, Clty € E;, St)y € D(A) and diC(t)y -
t
AS(iy, L € R.
4. Forye D), Coy € D(A) and L Cloy = AC()y
di

forte R
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LEMMA 2.2. ([7]) Let (H1) holds, let v € C'(R, E) and let
q(t) = jo S(t—s)v(s)ds. Then

g€ CXR,E) forte R and q(f) € D(A).
Further q satisfies

q(t) = jo C(t—s5)v(s)ds and ¢’ (£) = Aq(7) + V().

For more details on strongly continuous Cosine and Sine
family, we refer the reader to the book of Goldstein [28] and
papers of Travis and Webb [7, 8]. We now recall some
preliminaries about multi-valued maps.

Let (X, |I.) be a Banach space. A multi-valued map G : X
— 2% is convex (resp. closed) if G(x) is convex (resp.
closed) in X for all x € X. The map G is bounded on bounded
sets if G(B) = U,.pG(x) is bounded in X for any bounded set
B of X (i.e. supyp{sup{|y|| : v € G(x)}} < ). G is called
upper semi continuous (u. s. ¢.) on X if for each xo € X the
set G(xp) is a nonempty, closed subset of X and if for each
open set B of X containing G(xg), there exists an open
neighborhood A4 of x, such that G(4) < B. The map G is said
to be completely continuous if G(B) is relatively compact
for every bounded subset B  X.

If the multi-valued map G is completely continuous with
nonempty compact values, then G is u. s. c. if and only if G
has a closed graph. That is, if x, — x( and y, — y,, where y,
€ G(x,), then ype G(xo). We say, G has a fixed point if there
is x € X such that x € Gx. In the following BCC(X) denotes
the set of all nonempty bounded, closed and convex subsets
of X.

A multi-valued map G : J — BCC(E) is said to be
measurable, if for each x € E, the distance function Y : J —
R defined by

Y(6) = d(x, G(H)) = inf{jx — z| : z € G(?)}
is measurable. For more details on multi-valued maps, see
[22,23].
We assume the following hypotheses:
(H2) C(?), t > 0 is compact.
(H3) Bu(f) is continuous in ¢ and M, be constant such that
|BI< M,.

(H4) Let m € N be fixed. Let W : L*(J, U) — E be the linear
operator defined by

Wu = J-Om S(m—s)Bu(s)ds

Then W : L*(J, U)/kerW — E induces a bounded invertible
~-1
operator W and there exists positive constant M3 such that

and | W refer [10].

(H5) The function f: J x C, — E is completely continuous
and for any bounded set B < C(J), E), the family {t — f(z,
). ¥y € B} is equicontinuous in C(J, E). Further assume,
there exist constants 0 < ¢; <1 and ¢, > 0 such that for all # €
J, ¢ € C,, we have

1 ~-1
| < M;. For construction of W,

Rt I cillo || + ca.
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(H6) The multi-valued map (¢, w, y) — F (¢, v, y) is
measurable with respect to ¢ for each w € C,andy € F and F
is u. s. c. with respect to second and third variable for each ¢
€ J. Moreover for each fixed z € C(J), E) and y € C(J, E)
the set

Sk.,={ve L'(J, E) : () € F(t,2,)(1)) for ae. t € J}
is nonempty.

(H7) We assume F satisfies the followmg estimate. Given y
€ C.and y € E, there existp € L'(J, R})

IF (4w, Y = = supiv| : v e F(&, w, »)i< p(OP(lyl] + D,

where ¥ : R, — (0, o) is continuous and increasing and there

= ds
is a ¢ > 0 such that the integral j s+w() ~ 1s sufficiently
large (an explicit lower bound and expression for ¢ can be
given). For example one can take ¥ such that

w© s
I SHPGs)

(H8) For z € C(J,, E) and y € C(J, E) varies in a
neighborhood of 0 and ¢ € J, the set

(A1) = S(OG)YO) + S(D[xo~ A0, §)] +
[[c-9)f(s,y)ds+

+j0 C(t—5)Gy(s)ds + j(:S(t — 5)Bu(s)ds+ jo S(t—s)v(s) ds,

is relatively compact.

Then the integral equation formulation of the system
(1.1) can be written as [29]

»(0)
¥(0)

o), 1€ j,
(CO-SOG)P(0)+S(D)x, — f(0,9)]+ J.(: C(t=s)f(s,y,)ds
+ jﬁ C(t—5)Gy(s)ds + L’S(z — 5)Bu(s)ds + jO’S(t —s)(s)ds,

where v € Sgy.p= {ve L'(J, E) : W(?) € F(t, y, - (£)) for ace. t
€ J} is called the mild solution on J of the inclusion (1.1).
REMARK 2.3. If dim E < o and J is a compact real
interval, then Sk, # ¢ (see [30]).

DEFINITION 24. The system (1.1) is said to be
controllable on J if for every € C,with ¢ (0) € D(A), Yo € E,
y1 € E and for each m, there exists a control u € L’(J, U)
such that the solution y(.) of (1.1) satisfies y(m) = y;.

The following lemmas are crucial in the proof of our main
theorem to be stated and proved in the next section.

LEMMA 2.5. ([30]) Let I = J,, be the compact real interval
and X be a Banach space. Let F be a multi-valued map
satisfying (H6) and let I be a linear continuous mapping
from L'(I, X) to C(I, X), then the operator

T'oSr: C{, X) - BCC(C(I, X)) defined by

y = (LoSp)(y) = F(SF:yt:y’)

is a closed graph operator.

LEMMA 2.6. ([3]) Let X be a locally convex space and Nj :
X — 2%be a compact, convex, u.s.c. multi-valued map such
that there exists a closed neighborhood Up of 0 for which



4  The Open Automation and Control Systems Journal, 2009, Volume 2
Ny(Up) is a relatively compact set for each neighborhood Nj.
If the set

Q:={ye X:\ye N\(y)for somer>1}
is bounded, then Ny has a fixed point.

3 CONTROLLABILITY RESULT
We now state and prove the main controllability result.

THEOREM 3.1. 4ssume that the hypotheses (H1) — (HS8)
are satisfied. Then the system (1.1) is controllable on J.

Proof: Fix m € N. Consider the space
Z={ye C([-r,m], E) : ¥, me C'([0, m], E)}
with the norm

Wllz = max {[llc-r,m. 5, WIC'((0, m], E)}.

Using the hypothesis (H4) for y € Z we define the control
formally as

u(y=" [ 3, = (Cm) = S(m)G)H(0) = S(m)[x(0)~ f(0.)]- [ Clm=3)
S5y )ds— Jomc(m‘S)GY(S)ds_ .[omS(m—s)dS}(t). (3.1)
Using the above control, define a multi-valued map N, : Z
— 2Zby
Ny =@ for—r=<t<0
and form>t>0

Ny :={he C(J, E): h satisfies (3. 2)},

where 4 is given by
Ha=(C-SOG)HOVSDx =0, 9] + [ C (1= )5, y)ds
+ jo C (t-5)Gy(s)ds+ jo S (t=s)W(s)ds+ jo S (=) Bu(n)dn.(3.2)

Here u is defined as in (3.1) and v € Sg_y, y»* Our aim is to
prove the existence of a fixed point for N,. This fixed point
will then be a solution of equation (2.1). Clearly (N,y)(m) =
y1 which means that the control u steers the system from
initial state y, to y; in time m, provided we obtain a fixed
point of the nonlinear operator N;.

In order to obtain the fixed point of N;, we need to verify
the various conditions in Lemma 2. 6.

Step 1: Theset Q : = {y e Z:hy € Ni(y), A > 1} is bounded.
To see this, let y € Q. Then y has the representation for 1> 0

y(@)=A"h(t) = 271 (C(1) - S(1)G)P(0) + A7'S(0)[x, — £ (0, 9)]
+1! jo Clt—5)f(s,y,)ds++A" jo Ct-s)G(s)yds 33

4! j(: S(t—s)v(s)ds++1" j; S(t—n)Bu(n)dn,

where u is defined as in (3. 1). It is, then easy to observe that
v is a mild solution of the system

D/ (-2 AL, y)) € X' Ap() 3Gy () +
A ' Bu(t) +XF(t, v, Y (1), t e J. (3.4)

Thus we have to obtain bounds on y and )’ independent
of A > 1 which will prove the boundedness of Q.
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Using the assumptions, it is easy to obtain positive
constants Cj, C,, (5 depends on the initial values, m and
bounds on the Cosine and Sine operators such that

MO EC+C, [y, lds+C, [, ps)P(ly, [+] ¥ () dsfor
all-r <t<m.
Denoting by w(f), the right-hand side of the above inequality,
we get
u(@) < v(e).
Here the function y is defined by
u(@=sup{lp@) :—r<s<t}:-—r<t<m.
Further v(0) = C; and
V(1) < Cou(t) + Cp(p(u(®) + (1)
< Cy(f) + Cyp()P(v(@) + |y’ (V))), t € J.
Now

Y (0y=h " (AS(t) = C(OG)KO) + A COxo = A0, §)] + A s, o)

[ A4S s)isy)ds ! [ AS (-9)Gr(s)ds Gyl
A [LC B i A(Com)=Sm)GYA0)y-S(m)x10.0)]
—IOmC (m — $)f(s, ys)ds — jomC (m — 5)Gy(s)ds

- jo"’s (m — $)v(s)ds(n)dn + 1" joc (t— $)W(s)ds, t € J.

We can estimate )’ in a similar fashion. There exist positive
constants Cy, Cs, Cg, C;such that

V' ()I<Cy+ Cs|yil[+Cs j(:|| v, |lds TCq J; p(s) YAl + D (s)Dds
< Cy+ Csu() + Co j;|| v, dstC jo p(s) YWl + 1y" (s)Dds

= Gyt G0 + Ce j;|| v, |lds* Cs jo p(s) Pyl + b (s))ds.
Denoting by r(¢) the right-hand side of the above inequality,
we have
V@ <r@),teJ
r(0) = C4+ CsCy
and
r(0) < Csv'(1) + Cou(t) + Crp()¥(u(0) + Y (D))
< CsV'(£) + Cov(f) + Cip()P(W(1) + (1))
S (GCs+ Co)v(f) H(C5Cs + Crp()Y(v(¢) + (1)),

where the last inequality is obtained from the estimate of
v(#). Let

w(t) =v(t) + r(f), te J.
Then
c:=w0)=w0)+r0)=C,+ Cs+ C,Cs
and

W’(f) = V’(f) + I"’(f) S (C2 + C2C5 + C6)V(f) + (C3 + C3C5 +
Cp(@y( (1) + (1))
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=(Cr+ GCs+ Cow(t) + (G + G Cs + Crp() P (w(1))

< m(t)[w(t) + P(w())],

where m(t) — max{Cz + C2C5 + CG, C3 + C3C5 + C7)} This
implies that

ds
s+y(s)

where the last inequality follows from assumption (H7). This
implies that there exists a constant L such that

wl)=v({t) +r()<L,te Jp.

J-wu) ds J~w(t> ds
c

s+ (s) <J‘mm(s)ds<'[:°

w0) s+ P(s)  Jo

Thus
OISWO <L, teJ,
@I <L teJ,
and hence Q is bounded.
Step 2: N,y is convex for each y € Z.

Indeed, if 4, i, € N,y then there exist vi, v, € Sp, Yo ¥ such
that fori=1, 2, we have

HO=(CO-SOGIHO+SOLxo=A0, B)1+ [ C (+=s)fs, y)ds

+_ﬁC(r—@cwuyb+-ﬂS(r—@wuyh

8 (e~ mBuCnan, (3.5)

were u is defined as in (3. 1) with v replaced by v;. Then it is
an easy matter to see that, for 0 < k<1,

(khy + (1 = Dha)(0) = (A1) = S()G) K0)

+SOb A0, Y1 + [ C (= s)s, y)ds
+J:C(r—®6y@ﬁk+—ﬂSKt—stq

H(L=R)e)ds + [[S (¢ mBulndn,

where u is defined as in (3. 1) with v= kv, + (1 — k)v,.

Since S, o ¥ is convex as [ is convex, we have v = kv,
+(1 —k)v,e Sp, oy and hence kA, + (1 — k)h, € Nyy.

Step 3: Ni(U,) is bounded in Z for each ¢ € N, where U, is a
neighborhood of 0 in Z.

We have to show that there exists a positive constant /
such that for any y € U, and & € Ny such that ||A|;< /. In
other words, we have to bound the sup-norm of both /# and
h’. We can write

HO=(CO-SOG)KOHSOLAO, §)] + [, C (t=5)/(s, y)ds

+ﬂCXh@Gﬂ®w+ﬂS(h@W®m+ﬂS(hmBmme66)

and therefore

HOIS Cit G [ N1y, Ids+ Cs [ p ()il + b/ (s)Ds (3.7)
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Also,
H(1) = (AS(2) — C(OG)XO0) + C(O)[x0— O, §)] + 1, y)

+ _[; AS (t = 9)f(s, ys)ds + _[; AS (t — 5)Gy(s)ds
+[1C ) B r—(Cm)-Sm)G)#0) — S(m)lxo ~ A0, 9]
= [ Cn—s)fis, yyds = [ C(m—s)Gp(s)ds

- IOmS (m — s)v(s)ds] (n)dn + _[;C (t = s)v(s)ds, (3.8)

where u is defined as in (3. 1) and v € Sp, y, y This implies
that

(0] < Cy + Csw(t) + Cg j;n v |lds + C j; p©OW(lll +
[y'(s))dls (3.9)

The assumptions will give uniform estimates for v and y
which in turn can be used to obtain the required bounds for
h"and hfor every y € U and h € Nyy.

Step 4: Ni(U,) is equi-continuous, for each ¢ € N. That is
the family {# € Ny :y € U,} is equi-continuous.

LetU,={ye Z,||y|<q} forsomeg>1.Letye Uy, h e
Ny and t;, t, € J,, such that 0 <t <# < m. Then

|h(t) — h(t2)|
<|[C(#) = C()]1Y0)] + [[S(5)G — S()G]1¥(0)

HIS(t) — S(8)][xo — A0, @)1 + | _[;C (51— 9) — A2 — 9)fs,
Vsl

H[7C (6= s, y)ds| +] [ 1C (0= 5) = Cli = 9IGs)as
H[*C (b= 9Gysyds| + | ['1S (= m) = St = )]
BW [y~ (Clm) — S(m)G)Y(0) — S(m)xg— 0. )]
—Hcm—wmmm—ﬂcm—@@mm

b b
+ [ S =@ emdn+ 1 | S 6= n)

BIV [y = (Clm) — S(m)G)(0) — S(m)xa— 0, )]

—Hcm—mmmm—amwmmms
7S n=sw)odnl + | [ (0= 5) = St = )
ﬂﬁsm—w@mq (3. 10)

Now using the bounds on v and y and the given
assumptions, by a routine calculation, we obtain a positive
constant L > 0 such that |h(#;) — A(%)|
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SL{IC@) = Cw)l +[S(n) = S(@)]G + 1S(1) = S(B)l}

+ L{J;|C(t1 -5)=C(t,—s)| (1S+J:2|C(t2 —s)|ds}

4 [
+ L{jo | S(t, —s)— S(¢, —s)|ds+jtl 1S(t, —5)| ds} 3. 11)
In an analogous way, one can also obtain a similar estimate
for |W'(t,) — W' (t,)| as follows.
In' (1)) = W'(22)|
S LiflAS(1) — AS(n)] + [[C(n) — A1)]G| + |C(n) — C)1}

+1 {JO | AS(t, —5)— AS(1, = )| ds + j | AS(t, - 5)| ds}

+L {J;IC(t1 -5)=C(t,—s)| ds+J.:z|C(t2 —s)| ds} (3.12)

Note that C(f) and S(f) are uniformly continuous in the
uniform operator topology. Thus the above estimates implies
the required equicontinuity. This also proves the relative
compactness of N;(Ug). Now it remains to prove the u. s. ¢
of N,. By our discussion in Section 1, it is enough to prove
that N, has a closed graph. We do this in the next step using
Lemma 2. 5.

Step S: Let h € Ny,and h, — h" s Vn — y We must show
that 4" e le By definition, there exists v, € Sk oy 0 such
that "

h(®) = (C) = SOGINO) + SO0~ A0, §)] + [ C (¢ = s)fts,
Vs )dS

+ jo C (t = 5)Gy,(s)ds + jo S (¢ = s)vu(s)ds

t
+ [ (= mBundn, (3. 13)
where u, is defined as in (3. 1), where y is replaced by y,.
The difficulty is that we do not have the convergence of v,
and hence that of u,. In fact, we cannot expect the
convergence of v, and the existence of v (to be defined later)

has to be achieved by a suitable selection. First we separate
the part of v, from u,,. Write u,= u +ii ,, where

7,(0=W [ ,~(Cm)=S(m)G)P(0)= S(m[x(0) = £(0,0)]

- jo”’ C(m—s)Gy, (s)ds— jo'" C(m—s)f(s, ym)}(t) (3.14)
and
i(=-W [ jo"’ S(m—s)v (s) ds}(t). 3. 15)

Thus we get from (3. 13) that ~
h, (1) = hi(t) = (C(t) = SOYG)H0) — S(1)[x0 ~ A0, ¢)]

~ [ C)Gy, (9)ds— [ Ce=5)f(s5,p,)ds - [ S(t—m) BT, (m)dn

- J.(:S(t —)Bii (m)dn+ jO'S(t —s)v (5)ds.(3.16)
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Note that the LHS of the above equation do not contain v,. In
order to apply Lemma 2. 5, define I : L'(J,,, E) — C(J,,, E)
by

rve :=
_ jo S(t—s)BIV UO’" S(m— n)v(n)dn](s)dH jO'S(z —$)(s)ds.

Then # (1) € T(Sk, oy T ") and s1nce h, and y, converges, we
deduce that h also converges to h" and is given by

(0= b (0 = (€)= SO6N0) ~ SOlx ~ 0, 9] -
jo C (t— )Gy (s)ds
-Jlca-ofs, y)ds = [ S@-mBE apdn,  (3.17)

where u has the same definition as u_  with Vn replaced by
y". Finally from Lemma 2. 5, there exists v' e L(SE ) *)
such that

B = (€O ~ SODKO) + SO — A0, @] + [ C(t -
$)Gy'(s)ds
+fce - s,

mBu’ (n)dn,

where u is defined as in (3. 1), where y is replaced b;/ y
Obserye that we do not claim the convergence of u, to u and
v,tov .

¥ )ds +_[;S(t — S (s)ds +_[;S(t -

This shows that N has a closed graph. As a consequence
of Lemma 2. 6, we deduce that N; has a fixed point in Z.
Thus system (1. 1) is controllable on J and this completes the
proof of the main theorem.

4. EXAMPLE

Consider the following second-order partial differential
inclusion:

J

5(%@,0—1’0,%)]exw<y’f)+"(%t>

ox ox
& F(t,x,,—
G > (»)+ F(t,x,, Ey (1)

x(0,t) =x(m,t)=0fort>0
x(y,t) =¢(y,t),for—r<t<0

ox
—(,0
at(y )

(4.18)

=y0(x),teJ=[0,oo) forO<x<m

Here one can take arbitrary non linear functions f and F
satisfying the assumptions (H5)-(H7). Let E = L*[0, #] and

= (C([-r, 0], E) be as in Section 1. We use the same
notations. Then, for example, one can take f: J x C, — E
defined by

AL OO) =n(t, ¢y, 1)), ¢ € C,y e (0,7)
and F : J x C,x E — 2% be defined by
F@t, o, w)y) =o(t, Ay, ), w(»)), pe C.,we E,ye (0, x)

with appropriate conditions on # and o.
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Now u : (0, 1) x J — R is continuous in ¢ which is the
control function. Define 4 : £ — E by

Aw=w", we D(A)
where

D(A) : {w, w areabsolutely continuous, w” € E, w(0) = w(r)
=0}. Then A4 has the spectral representation
Aw= 2—n2(w, ww ,we D(A),

n=1

/2 . .
where w,(s) = |— sin ns, n = 1; 2; 3,... is the orthogonal set
V3

of eigen-functions of 4. Further, it can be shown that 4 is the
infinitesimal generator of a strongly continuous Cosine
family C(¢), t € R, defined on E which is given by

C(tyw= ZCOS nt(w,w yw ,we E.

n=1

The associated Sine family is given by

=1
Ctyw= z—smnt(w, ww weE.
n=1
The control operator B : L,(J, E) — E is defined by
Bu)()(y) = u(y, 1),y € (0, m),
which satisfies the condition (H4). Here G is a bounded

linear operator. Now the PDE (4.18) can be represented in form
(1.1). Hence, by Section 3, the system (4.18) controllable.
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