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A Computer Aided Kineto-Static Analysis Method for 3-RRRT Parallel
Manipulator Based on Vector Bond Graph
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Abstract: For improving the reliability and efficiency of the kineto-static analysis of complex robot systems, the corre-
sponding vector bond graph procedure is proposed. By the kinematic constraint condition, the vector bond graph model of
universal joint are made. Based on this, the vector bond model of 3-RRRT parallel Manipulator is built. For solving the
algebraic difficulties brought by differential causality in system automatic kineto-static analysis, the effective bond graph
augment method is proposed. From the algebraic relations of input and output vectors in the basic fields, junction struc-
ture and Euler-junction structure of system vector bond graph model, the unified formulae of driving moment (or force)
and constraint forces at joints are derived, which are easily derived on a computer in a complete form. As a result, the
automatic kineto-static analysis of 3-RRRT parallel Manipulator is realized, the validity of the method presented here is

illustrated.
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1. INTRODUCTION

Parallel manipulators have been widely used in industry,
such as machine tool, simulator for aircraft driver, automatic
assembling for automobile production, and micro-
mechanism for computer assisted surgery [1, 2], 3-RRRT

parallel manipulator is one of important type of such systems.

The kineto-static analysis is very important for the design,
control, static and dynamic strength check of such system.
Due to high nonlinearities and couplings involved in parallel
manipulators, determining driving moment (or force) and the

constraint forces at joints is a very tedious and erroprone task.

The Newton-Euler technique and Lagrange technique are
two of the well known methods used for the dynamic analy-
sis of a robot system [1, 2]. These techniques however, are
only suitable for a single energy domain systems, e.g. me-
chanical systems, and can not be used to tackle systems that
simultaneously include various physical domains in a unified
manner.

The bond graph technique developed since the 1960’s
has potential applications in analyzing such complex systems
and has been used successfully in many areas [3, 4]. It is a
pictorial representation of the dynamics of the system and
clearly depicts the interaction between elements, it can also
model multi-energy domains, for example, the actuator sys-
tems, which may be electrical, electro-magnetic, pneumatic,
hydraulic or mechanical. Once the bond graph model of the
system 1is ready, the system dynamic equations can be de-
rived from it algorithmically in a systematic manner. This
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process is usually automated by using appropriated software
[3, 4]. But for spatial multibody systems such as parallel
manipultors with different constraint joints, the kinematic
and geometric constraints between bodies result in differen-
tial causality loop, and the nonlinear velocity relationship
between the mass center and joint point on a body leads to
the nonlinear junction structure. The traditional bond graph
procedures mentioned above were found to be very difficult
algebraically in automatic modeling and kineto-static analy-
sis of systems on a computer. To solve this problem, the La-
grange multiplier approach and Karnopp-Margolis approach
[5, 6] can be employed to develop bond graph model for
multibody systems. Based on the Karnopp-Margolis ap-
proach, Zeid proposed a new singularly perturbed explicit
modeling method [7] and provided a more realistic joint
bond graph model for revolute joint, prismatic joint , spheri-
cal joint , universal joint , and so forth based on scalar bond
graph concept [8].

The bond graph technique and causality concept have
been well developed for systems in which components have
scalar constitutive laws. But for spatial multibody systems,
the scalar bond graph technique is found to be complex, dif-
ficult and requires a great amount of experience, because
three dimensional motion of system components must be
resolved into scalar bonds. To address this problem, the vec-
tor bond graph techniques [9-11] were proposed. In vector
bond graphs, single power bonds are replaced by multi-
power bonds, this makes it posses more concise presentation
manner and be more suitable for modelling spatial multibody
systems. Some problems however, should be studied further,
such as modeling complex spatial robot mechanism with
different constraint joints by vector bond graphs, augmenting
the vector bond model to avoid differential causality, devel-
oping the generic algorithm for automatic kineto-static
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Fig. (1). The diagram of spatial universal joint.

analysis of spatial robot mechanism. To solve these prob-
lems, a more efficient and practical computer aided kineto-
static analysis procedure for complex spatial robot mecha-
nism based on vector bond graph is proposed here.

2. THE VECTOR BOND GRAPH MODEL OF UNI-
VERSAL JOINT
The diagram of spatial universal joint is shown in Fig. (1).

This joint allows only two direction rotations between its
joined body B, and B[3 , fixing the remaining three transla-

tional and one rotational degrees of freedom. Therefore, only
two generalized coordinates are free to change. Joint point P

and Q are fixed on rigid body B and B[3 respectively, vector
h is used to describe the relative motion of the two rigid
bodies, h=raP —I’BQ . Where I‘aP and I’BQ represent the posi-
tion vector of joint point P and Q in global coordinates re-

. P P P PAT
spectively, I, =[x, vy, z;] ., rdQ: [xf yg

Z? ]T . da and dB are two unit vectors fixed on rigid body

Bd and B, , which are parallel to axis, and orthogonal to

B’
each other. da and dB are the corresponding vectors in

body frame. From the kinematic constraint condition of uni-
versal joint [1], the position constraint equations can be writ-
ten as

() _
g’ (h,da,dﬁ)— rP_r'BQ
did,
r,—ry

dTAT A,

(¢
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where 4% and A” are the direction cosin matrices of body
B, and body B[3 respectively.

The corresponding velocity (angular velocity) constraint
equations can be written as

" (hd,.d,)=
D (h.d,.dy) =

G =0

dy(d,)w, +d} (d,)w, @)
where d = A"d};,dﬂ = A"d};, @, and @, represent the an-
gular velocity vectors of the rigid body B, and B, deter-

mined in global coordinates, 6027 and ()0;7 are the corre-

sponding angular velocity vectors of the rigid body deter-
mined in body frame.

o B
0 . d, 0 -, d,
d. 0 -, d, 0 -,
d, d, 0 d,, dy 0

The velocity and angular velocity constraint equations
shown in Eq. (2) can be presented by vector bond model
shown in Fig. (2), where the modulus matrices of MTF can
be obtained from Eq.(2) directly.

3. THE VECTOR BOND MODEL OF 3-RRRT PAR-
ALLEL MANIPULATOR

As shown schematically in Fig. (3), a 3-RRRT parallel
manipulator consists of a movable upper platform (Aabc), a

fixed base platform (AABC) and three parallel moving
chains (A-a, B-b, and C-c). Each chain consists of three rigid
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Fig. (2). The vector bond graph model of spatial universal joint.
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Fig. (3). The diagram of 3-RRRT manipulator.

bodies and is connected to the base and upper platform by a
universal joint and a revolute joint respectively, and three
bodies in a single moving chain are joined each other by two
revolute joints. The joined structure of this system is shown
in Fig. (4). For chain A-a, B-b and C-c, the corresponding

driving moments are TA[ , TBz , and 7::3 respectively.
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Fig. (4). The joined structure of 3-RRRT manipulator.
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Fig. (5) shows the configuration of 3-RRRT manipulator
which only contains a moving chain A-a for simplification.

Global coordinates Cpr oY, Z, is located at the equilateral
triangle center Cbp of base platform, and body frame
CupoYpr is located at the equilateral triangle center

Cup of upper platform. The other body frames is located at

the mass centers of bodies in three moving chains( A-a, B-b,
C-c ). For example, C X Y Z (i=1,2,3 ) represents the

body frame corresponding to body 7 in chain A-a. The cir-
cumradius of upper platform is , and R presents the circum-

radius of base platform. In Fig. (5), € and e ; represent

relative angular displacement and relative angular velocity of
body i in chain j respectively ( i=1,2,3, j=1,2,3 ). If the mo-
tion of upper platform center x = £, Vp = /() and

Z,= f,(t) are given, éji and éj[ can be determined by the

kinematic analysis of mechanism [2]. Obviously, This ma-
nipulator has three degrees of freedom.

From the kinematic relations of mass center velocity vec-
tor, joint velocity vector in global coordinates and angular
velocity vector in body frame, a spatial moving rigid body
can be modeled by vector bond graph [11]. The Newton-
Euler equation describing the rotation of a rigid body con-
tains a term with an exterior product between angular mo-
mentum vector and angular velocity vector, this term can be
expressed by vector bong graph and be called Euler-junction
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Fig. (5). The configuration of 3-RRRT manipulator.
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Fig. (6). The vector bond model of moving chain A-a, B-b, and C-c in 3-RRRT manipulator.

structure (EJS) [11, 12]. For a spatial moving rigid body i in
chain j ( =1,2,3, j=1,2,3 ), the relationship between input
vector and output vector of its EJS can be written as

E, =R. (@)o", = R, (@0%)E n, 3)

where E  =[E E 1.,E =0=

out out . out . p Ji
ji Jjix Jiv Jjiz

[a);x w;y a);’l.z]T . The angular velocity (1);. and moment of

inertia matrix J?. are both determined in body frame, J; =

dlag(Jb Jb J).

Jiz
b
R. (w)=
EJ.-( ﬂ) 0 b b b b
jiz " jiz Jiy jiy
b b b
J o) 0 J
Jiz " Jiz Jix jo
b b b b
Jw o) 0
Jwo gy Jxo X

The spatial revolute joint allows turning the bodies joined
between them. Therefore, three translations and two rota-
tional degrees of freedom are constrained, leaving only one
rotation degree of freedom free. For a single moving chain j
(=1,2,3, representing chain A-a, B-b, or C-c respectively),
the vector bond graph model can be made by assembling the

vector bond graph of a single spatial moving rigid body [11],
the revolute joints, and the universal joint, which is shown in

Fig. (6).

In Fig. (6), if i=a and j=1, it presents the vector bond
graph of moving chain A-a, if i=b and j=2, it presents the
vector bond graph of moving chain B-b, and if i=c and j=3, it

presents the vector bond graph of moving chain C-c. f‘c

(-=1,2,3, j=1,2,3) is the mass center velocity vector of body i

of chain j in global coordinates, w'}’l is the angular velocity

vector of body i of chain j in body frame, o, is the angular

velocity vector of body 7 of chain j in global coordinates. The
mass of body i is m. , M, =diag (m. m. m. ). The vector

bond graph shown in Fig. (6) can be simplified and shown in
Fig. (7), where pi and ip are two output ports which connect
the vector bond graph models of three moving chains (A-a,
B-b, and C-c) to upper platform vector bond graph model
(i=a, b, ¢ ). The upper platform is a spatial moving rigid
body, its vector bond graph model is shown in Fig. (8),

where rup is the mass center velocity vector of upper plat-

form in global coordinates, The angular velocity vector cofp
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Fig. (9). The simplified vector bond graph model of upper platform.

and moment of inertia matrix J; are both determined in

body frame, J;= diag (J];x J];y J];Z ), the mass of upper

platform is m ., M =diag (m . m,. m,.).

The vector bond graph model of upper platform can be
simplified and shown in Fig. (9), where ap, bp, cp, pa, pb, pc
present the output ports of the vector bond graph mode of
moving chains ( A-a, B-b, C-c ) respectively.

As a result, the overall vector bond graph model of 3-
RRRT manipulator can be made and shown in Fig. (10).
However, the kinematic constraints result in differential
causalities, the current vector bond graph procedures [9-11]
were found to be very difficult algebraically in deriving sys-
tem driving moment (or force) and the constraint force equa-
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Fig. (10). The overall vector bond graph model of 3-RRRT ma-
nipulator.

tions automatically on a computer. To solve this problem,
the constraint force (or moment ) vectors of joints can be

considered as unknown source vectors, such as Se , Se ,
Se,, Se_ , Se , Se , Se , Se (i=ab,),and added to the

corresponding O-junctions. As a result, all differential cau-
salities in this system vector bond graph can be eliminated,
thus the procedure presented here can be used directly.

4. THE UNIFIED FORMULAE OF DRIVING MO-
MENT AND CONSTRAINT FORCES FOR SPATIAL
ROBOT SYSTEMS

The basic fields and junction structure of system bond
graph is shown in Fig. (11) [3], where Euler-junction struc-

ture (EJS) [11, 12] is added. X, represents energy variable

vector of independent storage energy field corresponding to
independent motion, X, represents energy variable vector of
2

independent storage energy field corresponding to dependent
motion, Z, and Z, are the corresponding coenergy variable

vectors. D, and D represent input and output vector vari-

ables in resistive field, U and V represent input and output
vector  variables of source field respectively,

v=[ v, v, U] V=

T
[ vV, V.V, ] . Where U, is driving moment (or force)

vector, U2 is the constraint force vector of joint, and U3 is

known source vector. E, and E_ are the input and output
variable vectors in Euler-junction structure (EJS).

For independent energy storage field, we have
Z. =F X, @)
Z =FX (5)

where Fand F are m,Xm, and m,xm, matrices re-
spectively. ’

For resistive field, we have
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Duut = RDin (6)

where R is L X L matrix.

The EJS equations of a overall multibody system can be
assembled by Eq.(3) and written as

Eout = REEi" (7)
T
where Eout = [Eouzl out, o Uul”] ? Ei" = [Ei"l iny
”Ein ]T’ RE = diag(RE RE, LRE ).

The corresponding junction structure equations can be
written as

1

Xi :JiiZi +JiiZi +JiLD()ut+J' U

iy

+J U +J U +J ®)

HE {)ut

X JZ+JZ+JD +JU

i,L ™ out

+J,U,+J, U+J,E, )
=d,2,+J, 2, +4,D,, +J,U,
+J, U, +J, U+ J,E,, (10)

E n JEiI 4 i + JEi2 z i + JELD out T JEul U1

+d,, U, +J, U, +J,,E (11)

EE ™ out

From the flow summation of 0-junctions corresponding
to m, constraint force vectors in system vector bond graph
model, we have

0= Jcl'l Zil + Jc,'z 4 i + JCLDnut + “/cM3 U3

+J _E (12)

CE ™~ out

By the algebraic manipulation from Eq.(4)~Eq.(12), the
system driving moment and constraint force equations can be
written as

ifJ,=0,J,=0

U= S(SX+SX+SU

iy Uty

T X AT T HJ, U (a)
U, =(-H) (HX, +HX, +HU, (42
+HU, + J%Uz) (b)
where
A=0l-J Rl -J R'J,R -J RT

Az = JEf Fz + JELR(II - JLLR)71JLi Fx

A3 = JEi Fz + JELR(II - JLLR)ilJLi F,

Wang and Tao
A = JLM1 +J,,R( —JLLR)’IJLHI
A = JEu2 +J,,R( ~ JLLR)’IJLU2
A = JEM3 +J,,R( — JLLR)’IJLM3
B =( —JLLR)"(JLI_II-_I,I +J,R.AA)
B, =( —JLLR)’I(JLI_ZFI_2 +J,R.AA)
B.=( —JLLR)"(JLuI +J,.RAA)
B,=( —JLLR)’I(JLHZ +J,,R,AA)
B, = - JLLR)"(JL% +J,RAA)
T, =J, F +J RB+J R.AA,
T, =J, F +J, ,RB,+J R.AA
T, =J, RB,+J, +J R.AA,
7:1M —J .RB, +J +JEREA1A5
7:% —J ,RB. +J +JEREA]A(
H = J F +J 1F1TH+J zeTu
Hy=J,F +J T, +J FT,
H =J .F.T. . +J, F T
H,=J, Fl7:u+J2 i
H =J, w T BT, IR T,
Su.._-,:[T +T ( H,)'H,]
S, =TL(T HH,~T,)
S, =T (T, HH,~T)
S =TL T HH~T,)
ifJ, #0orJ,, #0
U = DM(D X +D X +D U
+TX) (a)
U2l; (I—TCHZ)‘I(T X +T, X, +TCHU (9
+1.,U) (b)
where
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Giving the system independent moving state variable

vector Xl and its derivative X , the corresponding system

driving moment (or force) vector U, and constraint force

vector U, can be determined from Eq.(13) or Eq.(14) di-
rectly.

5. KINETO-STATIC ANALYSIS EXAMPLE

To check the model and procedure presented here, the
kineto-static analysis for 3-RRRT manipulator is carried out.
For chain j (j=1,2,3), the mass of body i (i=1,2,3) is M,

M;=1kg, M;=0.25kg, MJ3=2kg The length of body i
(#=1,2,3) in chain j (j=1,2,3) is presented L;, L;=0.4m,
L»=0.1m, L;3=0.8m. R=0.4, r=0.1m. The moment of inertia

A b
matrix is J,-,- .

The mass center motion of upper platform are as follow-
ing, X, = 0.05cos(0.50¢) , Vip = 0.05sin(0.50¢), z,,=0.8.

From Fig. (10), vector X, , X, , Z , Z,, Din, Do, Uy,

U, Us, V1, V2, V3, Din, Dow, Ein and Eqy can be defined. By
Eq.(4) ~Eq.(7), the matrix F, , F, , R and Rgcan be obtained.

Also the coefficient matrices of Eq. (8)~Eq.(12) which are
called junction structure matrices can be got from Fig. (10).
In this example, because the motion of upper platform is in a
plane, so that the corresponding EJS can be eliminated
shown as Fig. (8).

Inputting the physical parameters of the manipulator, the

matrix F, , F, , R and junction structure matrices in
1 2

Eq.(8)~Eq.(12), known source vector U, system independ-

ent moving state variable vector X , and its derivative Xi
bl 1

into the program associated with the procedure presented
here based on MATLAB [13], the system driving moment
(or force) and constraint force equations in the form of Eq.
(14) can be derived on a computer, and the corresponding
driving moment (or force) and constraint forces can be de-
termined. Some of results are shown in (Fig. 12 to 17).

For this example, the Newton-Euler method [1] was used
to determine the corresponding driving moment (or force)
and constraint forces, the results are in good agreement with
that obtained by the procedure in this paper. However, this
process is very labor-intensive and tedious.
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Fig. (12). The driving moment of chain A-a.
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Fig. (14). The driving moment of chain C-c.
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Fig. (15). Resultant constraint force between upper platform and body 3 in chain A-a.
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Fig. (16). Resultant constraint force between base platform and body 1 in chain A-a.
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Fig. (17). Resultant constraint force between body 2 and body 3 in chain A-a.
From the descriptions above, the method presented here is mechanism acceleration analysis at all. Thus the reliability and

suitable for both open loop robot mechanism and closed loop efficiency of the kineto-static analysis of complex robot sys-
robot mechanism. Besides this, the method is not required tems can be improved by the procedure presented here.
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6. CONCLUSIONS

The vector bond graph procedure presented here is very
suitable for dealing with computer aided kineto-static analy-
sis of complex robot systems with the coupling of multi-
energy domains. Compared with traditional scalar bond
graph method, this vector bond graph procedure is more
suitable for complex spatial robot mechanism because of its
more compact and concise representation manner. The dif-
ferential causalities in the vector bond graph model of spatial
robot mechanisms can be avoided by the bond graph aug-
ment method proposed here, thus the algebraic difficulties in
system automatic modeling and kineto-static analysis can be
overcome. In the case of considering EJS, the unified formu-
lae of system driving moment and constraint force equations
are derived, which are easily derived on a computer in a
complete form. Besides these, the procedure is suitable for
both open loop robot mechanism and closed loop robot
mechanism and not required mechanism acceleration analy-
sis at all. These lead to a more efficient and practical auto-
mated procedure for kineto-static analysis of complex robot
systems over a multi-energy domains in a unified manner.
The validity of the procedure is illustrated by successful ap-
plication to the kineto-static analysis of 3-RRRT manipulator.
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