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Nonlinear Control Chua’s Chaotic System
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Abstract: The Chua’s chaotic system is modeled as a nonlinear feedback cascade system and a nonlinear controller is
proposed with the nonlinear recursive algorithm. The design process for the proposed controller is given in detail and the
system stability is proved with the Lyapunov stability theory. Simulation results show that the Chua’s chaotic system in
any state can be asymptotically stabilized to the origin and the validity of the proposed control algorithm.

Keywords: Chaos control, chua’s chaotic system, nonlinear control, recursive.

1. INTRODUCTION

In the last several decades, much effort has been devoted
to the study of nonlinear chaotic systems. Sometimes chaos
is viewed as an undesirable characteristic since the system
response can be completely random. In practice, chaos in
electronic, mechanical and structural systems is not desirable
because it may lead to irregular operations and fatigue fail-
ure. Moreover, chaos can restrict the operating range of
many mechanical, structural, optical and electronic systems.
If chaos cannot be controlled, it might result in disaster and
collapse for a dynamical system. Therefore, recent interests
are now focused on controlling a chaotic system, i.e. bring-
ing the chaotic state to an equilibrium point or a small limit
cycle.

After the pioneering work on controlling chaos intro-
duced by Ott et al. [1], domestic and foreign researchers
have proposed a variety of control algorithms, such as linear
and nonlinear [2], the feedback control [3], adaptive control
[4], sliding mode control [5]. As a typical nonlinear system,
a variety of control algorithms based on recursive algorithm
have been proposed [6-11]. Two uncertain chaotic systems
synchronization is implied with the adaptive backstepping
design [6]. A new fuzzy adaptive control algorithm based on
backstepping is proposed for the chaotic systems whose
model is unknown or contain uncertain parameters and ex-
ternal interference [10].

Chua’s circuit has been studied extensively as a proto-
typical electronic system [12-16]. A linear feedback control-
ler is designed to guide the chaotic trajectory of the circuit to
a limit cycle [12]. For the modified Chua’s circuit, a feed-
back controller is proposed to drag the chaotic trajectory to
fixed points or a limit cycle [13] and a Flatness-based linear
output feedback controller [14] is proposed to track an
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output trajectory. In the past decade, adaptive control of
chaos systems has undergone rapid developments [15, 16].

As a general tool, Lyapunov stability theory has also
been used for the chaos systems to design the controllers. All
are based on rigorous Lyapunov stability theorem and
Lyapunov function methods [17]. But the construction of the
Lyapunov functions remains to be a difficult task.

The aim of this paper is to introduce a simple, systematic
design method for resolving the control problems of the
chaos in Chua’s circuit system. It is assumed that one state
variable is available for implementing the feedback control-
ler. Firstly, The Chua’s chaotic system is modeled as a non-
linear feedback cascade system. Then a nonlinear recursive
backstepping design method is proposed and the system sta-
bility is proved with Lyapunov stability theory. The design
procedure treats the state variables as the virtual control in-
puts to design the virtual controllers step by step, so as to
obtain the nonlinear controller to drag the system dynamics
to the origin from any chaotic state. Finally, some simula-
tions are performed.

2. THE CHUA'S CHAOTIC DYNAMICS AND THE
NONLINEAR CONTROLLER DESIGN

The Chua's chaotic system [18] is modeled as

R plx,— f(x)

RBa=x,— x, + x, (1)
R —ax,
where,
bel +a-b x>E
f(x)=1ax, |x|<E

bx,—a+b x <-E
In order to make the chaos control system be a normal

nonlinear feedback cascade system, the following control
input is inserted:
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2= p(x, — F(x)
g\: X=X t+X )
Ry=—gx, ~u
In this way, the Chua's chaotic control system is a non-
linear strict feedback cascade system, so the recursive design
can be utilized to obtain its nonlinear controller. The objec-

tive is to design a control law so that the chaotic dynamics of
the circuit are stabilized at the origin. The design process is

Step 1

Firstly, the dynamic of state X, in the Chua's chaotic sys-
tem (2) is considered

= p(x, - f(x)) (3)

The state X, can work as the virtual control input of (3)
and its reference trajectory X,, is defined as

X% ==p(% = (X)) + X, —kix, 4)
So the error ¢, of X, can be computed as

€ =X, =Xy = ,D(Xz— f(Xl))+k1Xl )
where, K, is a positive constant to be designed.

In order to use the Lyapunov stability theory, a scalar
positive definite Lyapunov function is selected as

1, 1,
VFEXHEGZZO (6)

: TR N
Its time derivative V] is
Vo= Ry, + B,
= Xl( &~ k1X1)+ e'>92

=ex - kle +8¢, (7)
=e,(x +8) - klxl2
with
&= p(Ry- g—xfﬁ\) kA
' (8)

af
=ply—x+ Xa_a_x@*'kl%
1
Thus

V'l\':ez(Xl‘l‘p(Xl—Xz‘i'XS _SL@*_IQ@_&X? 9)
X

1

It is noted that the system state variable X, arises in (9).
In the next step, state X, works as the control input.

Step 2

In Step 1, the time derivative of the Lyapunov function
V is obtained. In order to make the V/ be negative definite,
state X, works as the virtual control input to proceed the
recursive process. Its reference trajectory X,, is defined as
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)%r:_(x1+ p(Xl_Xz +Xs_g%g\)‘+ 1(125)-" Xs_kzez (10)

where, K, is a positive constant to be designed. The tracking
error g is

of
6= X=X = (1+ p)X1 = PX, + pXy — p&% klzykkzez (11)
1
N
So that the time derivative V, is
Ve —k X’ +e,(e,—k,e,) =—k X' —k,e’ +e,e,  (12)

We reselect the scalar positive Lyapunov function V, as

1
V=V, +=¢ (13)
2
Differentiating V,,
V|2\: \'/1\* 53\33 = _klxlz - kzez2 + ea( &+ é}-) (14)
with

B L+ ) e pl p? |

o f (15)
-p X2 )?Pﬂ'kl&"kzé}‘
let
e, + &= —k,e, (16)
ie.
&, +(L+ p) R Ryt pRy- pg;&pg;fﬁ a”)

+k1$d' kzez = _k363

where, k;, is a positive constant to be designed. From the
system Eq. (2)

of
e,+(1+ p)Rx pRyt p(-gx, —u) - P BN

v l (18)
-p X2 5?1\’”‘1& kzez :_kses

The system control variable U arises in (18). Therefore,
(18) can make the following equation hold
Ve VB, = k¢ — ket — kel <0 (19)
In this way, the nonlinear controller can be obtained from

(18) as

1
u= p[ez+(1+ p) Ry pRy— pax, —
. (20)
Pa—xlﬁf p

2> f
87)?1{‘4' kl%* ke, + ke
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Fig. (1). The system dynamics under x = [-0.5,-0.4,-0.5]".

Theorem 1: The Chua's chaotic system described as (2)
is asymptotically stable under the proposed nonlinear con-

troller, i.e. the system states (x,,X,,X,) converge asymptoti-
cally to the origin (0,0,0).
Proof.

The recursive design process has proved: the time deriva-
tive of the chosen positive definite Lyapunov function

(21)

t(s)
The time response of Lyapunov function F,

is negative definite. That is to say, the three terms of the
right hand in V, approach asymptotically to (0,0,0), i.e. the

vector (X ,€,,6,) converges asymptotically to the origin
(0,0,0). From Egs. (5) and (2), e,— 0 and x — 0 imply
x,— 0. From Eq. (11), ,—> 0, ,>0 x — Oand x,—> 0
can deduce x,— 0. That is to say, the system state vector
(X,,X,,X,) converges asymptotically to the origin (0,0,0).
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Fig. (2). The system dynamics under x, = [-0.5,0,0]".
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Remark 1: It can be seen that the design procedure also
is a procedure to find the suitable Lyapunov function. A ma-
jor advantage of the proposed method is that it has the flexi-
bility to choose the control law so that the goals of stabiliza-
tion are achieved with reduced control effort.

Remark 2: If the control input can not be placed in the
state x;, it can be placed in the state X,. At this time, the
first step in the design procedure is same as the above and
the second step should treat the states (Xz,x3) as a second

order system (the design method can refer to [19]).
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3. SIMULATION STUDIES
In order to test the proposed nonlinear control algorithm,

the following system parameters [18] and controller parame-
ters are used: p=-1/7,9=2/7, a=10, b=15, k =4,

k,=4, k,=4.
In order to compare the system dynamics with and with-

out the control, the control input is inserted at 100th second.
The simulation results are shown in Fig. (1) when the system

- -y - - T - -
initial state is x, =[-0.5,-0.4,-0.5]" and in Fig. (2) when the
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system initial state is X, =[-0.5,0,0]". From the simulation

results, it can be seen that the Chua’s chaotic system exhibits
the double-scroll attractor under the given initial states and
the system can be asymptotically dragged the origin with the
proposed control algorithm. The proposed control algorithm
can stabilize the Chua’s chaotic system to a fixed point under
any initial states from the view of simulations and theory.
The proposed method is a systematic design procedure and
the system stability can be assured. It is shown from the

simulation results that the designed Lyapunov function V,

defined in (21) are asymptotically convergent to zero.
Moreover, based on recursive application of Lyapunov’s
direct method, the backstepping enables to drive the chaotic
motion towards any desired trajectory.

The control performance can be improved through ad-
justing the parameters of the proposed controller. Lots of
simulation experiments show that the parameters k,,K,, K,
respectively correspond to the system states x,X,,x, and it
is easy to adjust the parameters in the proposed controller for
an improved system performance. The parameters in the
controller can be obtained by some optimization algorithms,
such as genetic algorithm.

CONCLUSION

A Lyapunov-based nonlinear controller is proposed for
controlling the Chua’s chaos. The Chua's chaotic system is
modeled as a nonlinear feedback cascade system. The non-
linear controller is obtained with recursive design method
and the design procedure is a systematic design procedure.
Simulation results verify the effectiveness of the proposed
control algorithm. The recursive approach as well as the pro-
cedures of control law design does not use specific features
of chaos. Along with its advantages, the design procedure
has certain drawbacks. One of them is that for high-order
systems the nonlinear expression of the controller becomes
increasingly complex. Moreover, if the system parameters
can not been obtained, some adaptive technology or soft
computing techniques can be used.
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