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Abstract: Fractional Fourier transform (FrFT) is a kind of generalized Fourier transform and linear frequency modulation 
signals can be well focused after FrFT. Meanwhile motion error is an important factor affecting SAR (synthetic aperture 
radar) resolution, aiming at the problem that the effect of error elimination is not obvious in processing non-stationary mo-
tion error using the conventional SAR imaging algorithm, FrFT is combined with two-step motion compensation tech-
nique and wavenumber domain imaging algorithm in this paper. Simulation results and imaging results of real SAR data 
show that the proposed algorithm indeed eliminates the influence of motion error effectively. (the real SAR data provided 
by Institute of Electronics, Chinese Academy of Sciences).  
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1. INTRODUCTION 

The system theory and related technology for SAR are 
established on keeping the flight path of radar platform in a 
straight line, but the atmospheric turbulence or other natural 
factors often make the aircraft deviated from the nominal 
track and generating motion error of antenna phase center, 
which will cause the amplitude modulation and phase modu-
lation of radar echo signals, result in the image blurring and 
geometric distortions [1-3]. 

Fractional Fourier transform (FrFT) is proposed by 
V.Namias in 1980 [4], which is a new time-frequency analy-
sis tool. Compared to Fourier transform, FrFT has incompa-
rable superiority in processing non-stationary signals and 
linear frequency modulation signals. Linear frequency 
modulation signals can be well focused after fractional Fou-
rier transform with the specific rotation angle, which pro-
vides a possibility to achieve high resolution and high accu-
racy in SAR imaging [5-7]. 

 There have been literatures putting forward SAR imag-
ing algorithms combining with fractional Fourier transform. 
Literature [8] proposed an improving CS imaging algorithm 
based on FrFT. Literature [9] also proposed a combination of 
FrFT and RD imaging algorithm. These research results 
show that FrFT can contribute to the improvement of SAR 
resolution. 

 In order to eliminate the influence of motion error more 
effectively and to improve SAR resolution, FrFT is com-
bined with two-step motion compensation technology and 
SAR imaging algorithms in the paper, through utilizing the 
superiority of FrFT in processing chirp signals and non-
stationary signals, so as to obtain high quality SAR images. 

 
 

2. FRACTIONAL FOURIER TRANSFORM 

Fractional Fourier transform and its inverse transform for 
signal ( )x t  is defined as. 
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=  which is the order of FrFT. When 1p = ， FrFT 

is Fourier transform. 

Fractional Fourier transform for linear frequency modu-
lation signal ( ) 22j ktx t e π=  is as follow: 
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Formula (3) shows the optimal order FrFT for a chirp 
signal is a impulse signal. Just using the optimal-order frac-
tional Fourier transform, chirp signals will be well focused, 
which no needs additional matching compression, thereby 
improving the processing efficiency. 

3. MOTION ERROR MODEL AND SAR ECHO SIG-
NALS  

Motion error refers to the difference of the distance from 
one target to real track and the distance from the target to the 
nominal track. By taking the target P in Fig. (1), for exam-
ple, the deviation from the nominal flight path is
( )( ), ( ), ( )x t y t z tΔ Δ Δ , the real distance is ( )r t and the nominal 
distance is ( )R t . The slant range with motion error is as fol-
low. 
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which is motion error in range direction and can be divided 
as range-independent error refrΔ  and range-dependent error

rvrΔ  [10].  

 avrΔ is motion error in azimuth direction, the influence of 
motion error to different point target in azimuth direction as 
shown in Fig. (2).  

 When azimuth motion error is xΔ , the change of slant 
range for target P is 
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where Lx is half of the synthetic aperture length, when azi-
muth beam is wide, the azimuth space-variant properties of 
motion error is obvious. 

 Suppose that SAR transmit the chirps to an observed 
scene, their echoes are 
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where τ is fast time in the slant range direction, t  is slow 
time along the radar flight path, c  and λ  are the speed of 
light and the radar wavelength respectively, and k  is the 
chirp rate. ()rect  is the rectangle function, in which pT  and 

sT  are the pulse duration and synthetic aperture time. ( )r t is 
the instant range from the radar to a point target in the ob-
served scene, shown as Eq. (4). 

 Ignoring azimuth motion error, Fourier transform in 
range direction first is performed by stationary phase princi-
ple and the result is [11] as follow: 
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4. TWO-STEP MOTION COMPENSATION TECH 
COMBINED WAVENUMBER DOMAIN ALGO-
RITHM BASED ON FRFT 

Stolt interpolation is a key step in conventional two-step 
motion compensation combined wavenumber domain algo-
rithm, which not only increases the amount of calculation, 
but also brings additional error. Fractional Fourier transform 
can replace the interpolation operation and can transform 
signals into range-Doppler domain at the same time, thus 
improving the calculation efficiency and imaging resolution. 

 
Fig. (1). Geometry model of SAR system under the positive side 
mode. 

 
Fig. (2). Motion error for different point target in azimuth direction. 
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Fig. (3) is processing flow of the two-step motion com-
pensation combined wavenumber domain algorithm based 
on FrFT. 

 First Performing Fourier transform on the range to the 
raw data (shown as Eq. 7), then multiplying 1mocoH and rH to 
complete range focusing and first-order motion compensa-
tion. The corresponding compensation functions are 
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 Next performing Fourier transform in azimuth direction, 
the processed signal is inverted into two-dimensional fre-
quency domain and the result is 
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where rvϕ is phase error caused by the range-variant motion 

error. 
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 The first item corresponds to azimuth compression, se-
cond to range cell migration, third to second range compres-
sion, the fourth is high-order coupling item of range and az-
imuth. So choosing the following compensation function, 
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 Multiplying (9) with FH  can completing range cell mi-
gration correction, second range compression and phase 
compensation for high-order coupling item of range and az-
imuth for the reference range.The signal after this step is 

{ } { }
0 2

2 0

( , ; )

                            exp ( , ; ) exp

r a
r a r

r d

a r rv

f fSD f f r C rect rect
B B

j f f r j

δ σ

ψ ϕ

⎡ ⎤⎡ ⎤
= ⋅ ⋅ ⋅ ⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦
⋅ ⋅ −  

(15) 

2
2

3
0

22 0
3

2 5

1 ( )
4 4 ( ) 2 ( )( , ; ) ( ) 1 ( )

2 ( )

r a
r

a c a
a r a

a
r

c a

f f f
r r f f ff f r f fc f

f f

γ
π πδ γ γψ γ γλ

γ

⎡ ⎤−−⎢ ⎥
⎢ ⎥= − − −⎢ ⎥+ + ⋅ ⋅ ⋅⎢ ⎥⎣ ⎦  

(16) 

then, multiplying
( )

4exp r
rcmc

a

r fH j
c f
πδ

γ
⎧ ⎫⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭
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fractional Fourier transform to invert the processed signal 
into range-Doppler domain, 
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Fig. (3). Processing flow for the two-step motion compensation combined wavenumber domain algorithm based on FrFT. 
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Next, performing azimuth Fourier transform into two-
dimensional time-domain, implementing second-order mo-
tion compensation, the corresponding phase compensation 
function is 
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Finally, in range-Doppler domain, completing azimuth 
compression by using FrFT and get focused image. The re-
sult is, 
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5. SIMULATIONS AND SAR IMAGING RESULTS 
BASED ON REAL DATA FOR THE PROPOSED AL-
GORITHM 

5.1. Simulation Results to Point Target with Motion Er-
ror in the Range Direction for the Algorithm 

Simulation results for the proposed algorithm are as fol-
low, the simulation parameters as shown in Table 1. 

 The range error is non-stationary random motion error 
whose mean value is exponential function, so range-variant 

motion error is ( ) ( ) ( )0 0 0, , ,rv ref refr t r r t r r t rΔ = Δ −Δ . 

Simulations to point target with motion error using FFT 
based the two-step motion compensation combined wave- 
 

number domain algorithm and FrFT based the two-step mo-
tion compensation combined wavenumber domain algorithm 
are shown in Fig. (4), (a) is comparison of azimuth impulse 
response with no error and after motion compensation using 
traditional algorithm; (b) is comparison of azimuth impulse 
response with no error and after motion compensation using 
the proposed algorithm; (c) is comparison of range impulse 
response after motion compensation by the two algorithm; (d) 
is comparison of azimuth impulse response after motion 
compensation by the two algorithm. 

Fig. (4b) shows that the main lobe of impulse response in 
azimuth direction is narrower and the influence of quadratic 
phase error is eliminated virtually. The wider mainlobe of 
Fig. (4a) indicates the influence of quadratic phase error still 
exists, which proves the processing effect of non-stationary 
motion error using FrFT is obvious than FFT, at the same 
time proves that the focusing effect of chirp signal using 
FrFT is better than FFT. The performance comparison of 
their impulse response in the azimuth is shown in Table 2. 

5.2 Imaging Results Comparison for the Proposed Algo-
rithm and the Conventional Algorithm 

In Fig. (5), (a) is the imaging result of the real SAR data 
with motion errors, the blurring image shows there are obvi-
ous quadratic phase errors. Processing result for such SAR 
data using the conventional FFT based two step motion 
compensation wavenumber domain algorithm is shown in 
(b), due to the elimination of most motion errors, image reso-
lution is improving significantly, but in some places with 
more details (such as part of the circle line), the image is not 
clear and image resolution deteriorates because of the resid-
ual phase error. The processing result with the proposed 
FrFT based two step motion compensation wavenumber do-
main algorithm is shown in (c), details information increases 
and the image resolution is further improving. 

6. THE REALIZATION OF CERAMIC DESIGN SYS-
TEM 

Motion error is a crucial factor to limit airborne SAR 
resolution improving. The two-step motion compensation 
combined wavenumber domain algorithm based on fractional 
  

Table 1. Simulations parameters. 

Parameter  value 

 Carrier frequency  1.5GHz 

 Bandwidth for transmit signal  150MHz 

 Pulse duration of transmit signal  1.5µs 

 The number of range sampling points  1024 

 Forward velocity  180m/s 

 Length of synthetic aperture   320m 

 The number of azimuth sampling points  512 

 Range-invariant motion error  t2 
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(a)        (b) 

   
(c)        (d) 

Fig. (4). The teapot three-dimensional model material library. 

Table 2. Performance comparison of impulse response in azimuth direction. 

Motion Compensation Algorithm The Wide of Main Lobe Integrated Side Lobe Ratio  Peak to Side Lobe Ratio 

No error  1.10m -26.012 dB -31.432dB 

FFT-twostep motion compensation RMA 4.864m  -24.681dB -24.218dB 

FrFT-twostep motion compensation RMA 1.125m  -25.589dB -30.353dB 

 

 
Fig. (5). The teapot three-dimensional model material library. 
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Fourier transform proposed in this paper can solve various 
motion errors effectively, especially can eliminate the image 
blurring caused by non-stationary motion errors, the research 
provides an effective solution scheme for motion error. 
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