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Abstract: With the deepening of researching on parallel mechanism, a variety of parallel mechanism and corresponding 
modeling method are presented, but these methods are not universal. So this paper deals with a class of spoke inclined 
parallel mechanism as the object, trying to get the general modeling method of kinematics and dynamics, which will pro-
vide convenient on this kind of parallel mechanism. Kinematics model with inverse selection criteria is established using 
geometric method, dynamics model is established by Lagrange method, then the mapping relationship between input-
output displacement and driving force of the parallel mechanism are presented; Set 45° angle as an example, the prototype 
of spoke inclined parallel mechanism is developed based on dSPACE real-time simulation system, the validation experi-
ments and rotation performance test experiments are done using the methods combining the theoretical modeling and ex-
perimental validation. The experimental results show that the mathematical model is correct, the parallel mechanism has 
the advantage of low inertia and large angle, the maximum angle of the prototype can reach 51.4°. The parallel mecha-
nism in this paper can be used for automobile coating and manufacturing, and the research will lay the foundation for fur-
ther application in mechanical industry. 
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1. INTRODUCTION 

Along with the development of society and the improve-
ment of the automobile industry, parallel mechanism has 
become one of the research focuses [1]. 6-DOF (degree of 
freedom) parallel mechanism has widely applied in motion 
simulation, machine tools, medical device and other fields 
for its high stiffness, fast response and small error accumula-
tion [2]. The research on kinematics and dynamics of 6-DOF 
parallel mechanism is a necessary condition to its application 
in mechanical industry. An algebraic elimination method is 
presented by Zhang [3] to solve the forward kinematics of 
parallel mechanisms, and can get all solutions of original 
equations without extraneous roots. Han [4] proposed a fast 
forward algorithm solution of parallel mechanism; and com-
putation time is reduced to 50% using iteration method in the 
premise of the same calculation accuracy. Dynamic model of 
a kind of 5-DOF parallel mechanism is established by Chen 
[5] using the principle of virtual work and the model is veri-
fied by simulation using ADAMS. To improve the security 
of the wind tunnel test, kinematics of a 6PPS parallel mech-
anism is analyzed, and the dynamic characteristics are sum-
marized by Sun [6]. Based on genetic algorithm, the driving 
force distribution of the six pyramid type parallel mechanism 
in the redundant tasks is optimized, and the method for ob-
taining the distribution of minimum energy consumption by 
Liu [7].  

 

Since the advent of Stewart parallel mechanism, parallel 
mechanisms with different driving source, connection mode 
and setting of the structure have been emerged in an endless 
stream [8]. Throughout the existed research on kinematics 
[9] and dynamics [10] of parallel mechanisms, most models 
are established according to the analysis of a specific config-
uration; the general modeling methods for parallel mecha-
nisms are relatively rare. In this paper, a spoke inclined par-
allel mechanism has been brought out. The general modeling 
method of kinematics and dynamics are studied which will 
lay a theoretical foundation for the application of this type of 
parallel mechanisms in mechanical industry. 

2. SPOKE INCLINED PARALLEL MECHANISM 

2.1. Structure and Working Principle 

The structure diagram of spoke inclined parallel mecha-
nism is presented as shown in Fig. (1). 

The spoke inclined parallel mechanism consists of load 
platform (1), Hooke joint (2), connecting rod (3); spherical 
joint (4), lead rail (5) and sliding pair (6). The system has 
defined two coordinate systems: one for the moving coordi-
nate system O'-x'y'z', which is fixedly connected with the 
center of load platform; another is the inertial coordinate 
system O-xyz, which origin is in the intersection of the ex-
tend line of the lead rails. The six lead rails DiD'i (i=1-6) are 
inclined to the ground with the angle θ from 0 to 90 degrees, 
and the performance of the spoke inclined parallel mecha-
nism varies when the angle θ changes. The lower end of  
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connecting rod connects with the motor rotor through a 
spherical joint at Bi (i=1-6), and the upper end of connecting 
rod connects with load platform through a Hooke joint at Ai 
(i=1-6). The six motor rotors move back and forth in the cor-
responding lead rail, which will lead the six freedom space 
movement of the load platform. 

2.2. Calculation of the Degree of Freedom 

The degree of freedom of spoke inclined parallel mecha-
nism is calculated according to the Grubler formula: 
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In the formula, f0 is the degree of freedom of the 
spoke inclined parallel mechanism; m is the number of the 
moving parts; n is the number of the kinematic pairs; fi is the 
product of the number of restricted freedom of kinematic 
pairs and the number of the kinematic pairs. 

The moving parts of spoke inclined parallel mechanism 
consist of six motor rotors, six connecting rods and a load 
platform, which total number is 13. The kinematic pairs of 
spoke inclined parallel mechanism consist of six sliding pair, 
six Hooke joints and six spherical joints, which total number 
is 18. The number of restricted freedom of spherical joint is 
3; the number of restricted freedom of Hooke joint is 4 and 
the number of restricted freedom of sliding pair is 5. Then 

the degree of freedom of spoke inclined parallel mechanism 
can be calculated: 

0 6 13 6 (5 4 3) 6f = × − × + + =  (2) 

It is thus clear that the degree of freedom is 6; the mech-
anism can achieve the linear motion along the three coordi-
nate axes and the rotary motion around the three coordinate 
axes. 

3. THE GENERAL MODELING METHOD 

3.1. Kinematic Modeling 

The spoke inclined parallel mechanism is a complex sys-
tem with multi input and multi output. The parameters of the 
mechanism are defined from three projection view as shown 
in Fig. (2) before the establishment of mathematical model. 

In Fig. (2), r is the circumradius of the load platform; h is 
the distance between the two coordinate origins; d is the 
range of lead rail; d0 is the distance between lead rail and the 
coordinate origin O; δ is the angle of the projection of lead 
rails; σ is the angle of the joints of load platform. 

If the center of the load platform is given as 
P=[xp,yp,zp,α,β,γ]T, the coordinate of the joint Ai in O'-x'y'z' 
can be expressed as: 

 

 
Fig. (1). Sketch map of spoke inclined parallel mechanism. 

 
Fig. (2). Projection view of spoke inclined parallel mechanism. 
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[ cos , sin ,0]Tai r rσ σ=  (3) 

Then the coordinate of the joint Ai in O-xyz can be ex-
pressed according to RPY description:  
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And R is the institutional transformation matrix. 
The distance between motor rotors and Di is defined as 

di, so the absolute coordinate of motor rotors can be ex-
pressed as Bi: 
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According to the geometric conditions of the mechanism, 
the distance between Hooke joint of load platform Ai and 
corresponding motor rotor Bi is always the constant L. Then 
the kinematic equations are available for: 

2 2 2 2( ) ( ) ( )x x y y z zAi Bi Ai Bi Ai Bi L− + − + − =  (6) 

Combined with formula (4-6), the coordinate of the six 
motor rotors can be calculated, and the relationship between 
input and output displacement of the mechanism is estab-
lished. Note that formula (6) is one basic quadratic equation, 
so there are two groups of real solutions, and the solution 
between 0 and |DiDi’| is the efficient solution of kinemat-
ic equations. 

3.2. Dynamic Modeling 

There are different dynamic modeling methods such as 
Newton Euler method, Lagrange method and the 
Kaine equation, and these methods are equivalent in essence. 
Lagrange method can obtain the dynamic equations from the 
view of energy, and the dynamic characteristics of the mech-
anism can be realized. Thus, Lagrange method is more popu-
lar for its convenience and practicality. 

Lagrange function Γ is defined as the difference between 
kinetic energy KE and potential energy KP of the system. 
For spoke inclined parallel mechanism, the numerical value 
of Coriolis force and centrifugal force is too small, which 
can be neglected. Then, Lagrange equation can be written in 
vector form: 

    

d
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In the formula, P is the pose of load platform; τ is the 
driving force vector of the motors. If the kinetic energy and 
potential energy are expressed as follows: 

    

KE =
1

2
!P

T
M (P ) !P

KP = F(P )

!

"
#

$#
 (8) 

Then, the standard form of Lagrange equations can be 
obtained as follows: 

   M (P ) !!P +G(P ) = !  (9) 

In the formula, M(P) is the inertial matrix, which can be 
obtained by the kinetic energy of the system. It consists of 
the following two parts: one part is the inertia matrix of 
load platform; the other part is the inertia matrix of connect-
ing rod. G(P) is the partial derivatives of the potential energy 
of the system. 

The kinetic energy of the spoke inclined parallel mecha-
nism consists of kinetic energy of the load platform and ki-
netic energy of the connecting rod. Define m as the mass of 
load platform; [Vp,ωp]T as systemic velocity; I as the mo-
ment of inertia around the axis in absolute coordinate, then 
the kinetic energy of the system can be expressed as follows: 
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By above knowable, the six motors are fixed to 
the bottom plane, it can greatly reduced the moment of iner-
tia of the moving parts. Regarding the connecting rod as par-
ticles, the calculation of the kinetic energy of i can be ex-
pressed as: 
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In the formula, ml is the mass of connecting rod. To get 
the inertia matrix of the connecting rod, it is necessary to 
express VAi and VBi using the derivative of P. The Jacobian 
matrix J of the spoke inclined parallel mechanism conveys 
the relationship between input speed and output speed of the 
system. So VB can be expressed as: 
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As VAi and P are in the same rigid body, So VA can be ex-
pressed according to the vector rAi  which from center of the 
load platform to each Hooke joint: 

    VA
=V

P
+! P " r

Ai
= [G] !P  (13) 

Then, the inertia matrix of connecting rod can be ob-
tained as M2: 

   

M
2
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6
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Potential energy of load platform is determined by the 
distance between center of mass and the origin of the coordi-
nate O-xyz. Regarding the connecting rod as particles, KP is 
only related to the coordinate of the center of mass. Then the 
expression of KP can be written as: 
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To complete a six dimensional trajectory task, the driving 
force of the motors τ can be calculated based on formula (9-
15):  
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Formula (16) reflects the mapping relationship between 
the input force and output displacement of the spoke inclined 
parallel mechanism. With different the angle θ, the mecha-
nism will have different structure and performance character-
istics. And we can analyze kinematic and dynamic perfor-
mance of this class of spoke inclined parallel mechanism 
through this general mathematical model. 

4. PROTOTYPE AND EXPERIMENT 

4.1. Prototype and its Control System 

For further research on spoke inclined parallel mecha-
nism and its performance, it is necessary to develop the pro-
totype of this mechanism. Driven by linear motors, the pro-
totype has been developed with the angle θ=45° which is 
shown in Fig. (3). 

The control system consists of dSPACE real time simula-
tion system (1), current sensor (2), pose sensor (3), linear 
motor (4), displacement sensor (5) and upper monitor (6). 
Notice that the force of linear motor is not easy to 
be measured directly, so the current is measured to calculate 
the driving force according to the formula of Ampere force: 

 F = BIL  (17) 

When we input a six dimensional trajectory task to the 
upper monitor, the displacement and force of the linear mo-
tor can be calculated based on mathematical model. Orders 
are provided from dSPACE to linear motors, and corre-
sponding signals are measured by current sensors and dis-
placement sensors. Based on the feedback of force and dis-
placement signals to dSPACE, closed-loop control is real-
ized to improve the accuracy of the motion of load platform 
according to target trajectory. At the same time, displace-
ment along the three axes and the rotation around the three 

axes are measured by pose sensor, the signals are delivered 
to upper monitor for data recording and real-time monitoring. 

4.2. Validation Experiments 

The correctness of the kinematic and dynamic model of 
the spoke inclined parallel mechanism is the foundation for 
the next step of research. So validation experiments are done 
according to the six dimensional trajectory tasks as follows: 
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Based on the kinematic model, the displacement varia-
tion of the six linear motors can be calculated using Matlab, 
which is shown in Fig. (4). 

According to the dynamic model, the driving force varia-
tion of the six linear motors can be calculated using Matlab, 
which is shown in Fig. (5). 

When the direction of the driving force is from the bot-
tom to the top, the value of the driving force is considered to 
be positive; when the direction of the driving force is from 
the top to the bottom, the value of the driving force is con-
sidered to be negative. Then, the variation of current can be 
calculated according to formula (17). Based on the signal of 
displacement and current, the spoke inclined parallel mecha-
nism is controlled by dSPACE. At the same time, the signals 
of displacement along the three axes and rotation around  
the three axes are recorded by the pose sensor. To verify the  
  

 

Fig. (3). Prototype of spoke inclined parallel mechanism. 
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a. displacement of motor 1-3 

 

 
b. displacement of motor 4-6 

Fig. (4) Displacement variation of the motors. 

 

 

a. force of motor 1-3 

 

 
b. force of motor 4-6 

Fig. (5). Force variation of the motors. 
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a. Displacement along the x axis 

 

 

b. Displacement along the y axis 

 

 
c. Displacement along the z axis 

 

 
d. angle around the x axis 
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e. angle around the y axis 

 

 

f. angle around the z axis 

Fig. (6). Comparison between theoretical and the actual variation of the load platform. 
 

correctness of the model, the theoretical curves and the actu-
al curves are plotted in one figure, as shown in Fig. (6). 

From the figure we can see that the variation of the theo-
retical curves and the actual curves are comparatively unan-
imous. But there are still have some error, and the cause of 
the errors exist mainly in the following two aspects: one for 
the manufacturing error in the process of prototype produc-
tion. Though the spoke inclined parallel mechanism can re-
duce the error accumulation of branched chains, but there 
still have a certain gap between theoretical size and the actu-
al size of the spare parts. This kind of error can be corrected 
by modified the model according to the actual size of the 
prototype. Another reason for the error is sensor error. This 
kind of error can be divided into installation error and meas-
urement error, which can be reduced by improving the accu-
racy of manufacturing of the brackets or using the sensors 
with high performance. The results of validation experiments 
show that the kinematic and dynamic model of the spoke 
inclined parallel mechanism is correct. 

4.3. Rotation Performance Test Experiment 

In order to know the limit performance of the spoke in-
clined parallel mechanism, rotation performance test experi-
ment is done to reveal the maximum rotation angle of the 
mechanism through the boundary condition method. The 
situation that the mechanism has a maximum rotation angle 
happens when the motor rotor which is farthest from the  
 

coordinate axis goes to the travel limit. And it can be consid-
ered to be the maximum rotation angle around the certain 
axis. 

Specific steps of the rotation performance test experiment 
are as follows: first, the coordinate of boundary points of the 
load platform are calculated using the mathematical model. 
Second, a trajectory of load platform is fitted including the-
se boundary points. Then, when the mechanism is working 
under the target trajectory, the data of the rotation angle are 
recorded by the pose sensor. Finally, by repeating the exper-
iment, the maximum angle of load platform around the three 
axes is obtained as shown in Table 1. 

The table shows that the maximum angle of the spoke in-
clined parallel mechanism which around the z axis is 51.4°, 
and the maximum angle happens near the location (0,0,0)T. 
The results of rotation performance test experiments show 
that the spoke inclined parallel mechanism has good perfor-
mance in rotation. 

Table 1. Maximum rotation angle of parallel mechanism. 

axis Maximum angle /° 

x 41.1° 

y 41.5° 

z 51.4° 
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CONCLUSION 

The paper presents a kind of parallel mechanism, which 
can be used in automobile coating and manufacturing, there 
are three conclusions: 

(1) The general mathematics model of kinematics and 
dynamics are established for a class of spokes inclined paral-
lel mechanism using geometric method and Lagrange meth-
od, which can obtain the mapping relationship between the 
input and output of displacement and driving forces. 

(2) A prototype is produced with the angle θ=45°, which 
is controlled by dSPACE real-time simulation system. The 
validation experiments show that the kinematic and dynamic 
model of the spoke inclined parallel mechanism is correct. 

(3) The rotation performance test experiments are done to 
reveal the maximum rotation angle of the mechanism. The 
results show that the spoke inclined parallel mechanism has 
good performance in rotation, and the maximum rotation 
angle around z axis can reach 51.4°. The research will lay a 
good foundation for the applications in mechanical industry. 
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