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Non-smooth Feedback Control for a Class of Constraint Systems
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Abstract: Beginning from the second-order input constraint systems, the paper pays attention to study the control prob-
lem for a class of the constraint systems with the nalyzes the stability of the second-order input constraint systems under
the condition of linear state feedback. On the basis of that, it gives the non-smooth feedback control law of the third-order
state constraint systems. At the same time, it sets up the relationship between system’s steady state and its initial condi-
tions. Finally, it has verified the validity of the conclusion by simulation.
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1. INTRODUCTION

In the daily life, systems usually work under the condi-
tion of some constraints or limits which is often showed by
one link from systems that has been affected by a certain
degree of the characteristics of saturation nonlinearity. Influ-
enced by saturation nonlinearity, this kind of systems will
make the analysis and design of the systems difficult because
it is not only deferent from normal one in system perfor-
mance, but also difficult to adopt common means to judge its
stability, especially for the situation that the change of some
system state affected by the saturation nonlinearity, under
which it is very difficult to use existing methods to analyze
the stability of the systems. Therefore, judging from the re-
searches on saturation nonlinearity control problem, there is
not an effective theoretical framework to solve the stability
of the systems and the design. However, although saturation
nonlinearity on independent variable is continuous, it is not
continuous for the derivative of variable. So that is a kind of
non- smooth nonlinearity which has the system with satura-
tion nonlinear. What’s more, in essence, it is a class of non-
smooth system, whose control problem can be considered
from non-smooth control theories and design methods. Just
from the perspective of non-smooth feedback design view,
this paper studies that the change of system state has the con-
trol problem of saturation non-linear constraint systems.

In fact, as for the control problem of the system with sat-
uration nonlinearity, there has been a lot of research
achievements published. Reference [1] gives the sufficient
and necessary condition of system stability for the reliability
problem of a class of linear saturation nonlinear system. That
condition shows that, in the case that the state of linearity
system is completely affected by saturation nonlinearity, the
system would make the global asymptotic stability come true
if the system matrix met certain conditions. Especially for
the second-order system, it is required that System Matrix A
belongs to Hurwitz’s with a line which has diagonally domi-
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nant characteristic. Reference [2], based on Reference [1],
further discusses the convergence problem for the second-
order system. In regard to the study of the second-order sys-
tem, it can be found that Reference [3] studies detailed the
track of a class of the second-order system under the condi-
tion of saturation constraints [4]. And input limited system is
discussed in Reference [4] where there are the design meth-
ods that linear system gets the maximum convergence rate of
elliptic invariant sets in the sate of saturation constraints.
These research results generally focus on a class of systems
whose saturation nonlinearity has an effect on all the system
states, and the restricted states of many systems are usually
limited in practice [5-7]. T hus, the conclusion above can not
be used directly.

This paper studies a class of systems which is in the lim-
ited state. The systems have three states, among which there
is a kind of state-saturation nonlinearity-which is often seen
under the condition of actuator torque limited. Firstly, the
paper starts with the feedback designs with the state of the
second-order input constraint systems and draws the conclu-
sion of the stability of the systems that are in the status of
linearity. And then, the linear state feedback controller gotten
by the second-order system directly extends to the target sys-
tem and gets non-smooth feedback controller. At the same
time, it further discusses the relationship between system sta-
bility and initial conditions and establishes the relationship
between the two. Finally, it has verified the conclusion under
different initial conditions by numerical simulation.

2. THE PROBLEM DESCRIPTION

Limited systems may have a characteristic of saturation
which is often showed by the control input of systems and
the actuator output of ones. This paper investigates a class of
the systems which are in constrained states. There are the
following forms:

X1 = x2
X2 = sat(xs) (1)
X3 =u
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X1, Xpand x;are system states. u refers to the control in-
put of systems. Saturation function sat(u) is defined as:

uu <1

sat(u) = sgn) > 1 (2)

If it is assumed that system state and initial value have
been known, a state feedback controller u is designed, this
makes the state of System 1 convergent.

3. THE NON-SMOOTH FEEDBACK DESIGN

3.1 The State Feedback Design of Second-order Con-
strained System

To solve the problem of the control law design of the sys-
tem (1), we may consider first the second-order input con-
strained system which has the following forms:

X1 = x2
{ X2 = sat(uo) )

In order to design for the original system, we take u as
linear feedback, that is, uo = (~kix: - k2xz) . Then, the system

(3) can be converted into:

{ X1 = X2 )

X2 = sat(—kixi — k2x2)

Among them, k;>0,k,>0. Obviously, the equilibrium
point of the system is still (x1, x2) = (0, 0), but there is no
one in the following:

domain—{(xL x2) || —kixi = kexo > 1}.

If the system (4) is stable, according to the linear feed-
back, we can make a further design for the original system.
Below we discuss the salability of the system (4).

For the convenience of analysis, we transform the sys-
tem (4) into the following coordinates:

{ z1 = —kixi — kaxe (5)
Z2 = X2
Then the system (4) is turned into:
z1 = -kesat(zi) - kizz
(6)

Z = -sat(zi)

To judge the stability of the system (6), we take the fol-
lowing positive definite function:

. 1
vi = aif sat(t)dt+ 5 axz; (7)
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Among them, a;>0, a,>0. The time derivative of v;, along
the track of the system (6), is:

vi = —aisat(z1) [kzsat(m) + klZz:I + azzzsat(z) (8)

We let a,=ak;, have:
Vi = —aikesat®(z1) < 0 9

Based on the invariant set principle, the track of the sys-
tem (6) when it is in ¢ — oo will converge to the invariant

set of{(zb ZZ) | z1 = 0}. Whilezi - 0, z1 — 0. Thus,

z2 — 0Oand the system (6) is asymptotically stable. Accord-
ing to the coordinate transformation (5), as ¢t — oo,
x1 = 0 and x2 = 0. So the system (4) is asymptotically
stable. That conclusion can be described by the lemma as
follows:

Lemma 1: As for the system (3), the second-order input
constrained system, influenced by the following linear feed-
back control law;

uo = -kixi - kaxz (k1 > 0,k > 0]

the closed-loop system is globally asymptotically stable.

3.2. The Non-smooth Feedback Design

For the original system (1), if the state variable x; can re-
produce completely the linear feedback control law (10), the
closed loop system will be asymptotically stable according to
Lemma 1. So we can take:

x3 = —kix1 — koxe )
And we get:

i3 = =k — keko = —kixz — kosat(x3) (10)
Then, the control law u = —kix2 — kesat(xs), which is

obviously a non-smooth function of the state variable. Under
the action of the control law, the closed-loop system is:

X1 = x2
X2 = sat(xs) (11)
X3 = —kixs — kosat(xs)

However, the formula (11) is gotten by the integral for
the state variable x;. Therefore, the gotten results are differ-
ent under different initial conditions. The following discus-
sion is about the stability of the closed-loop system (13) un-

der different initial conditions. We take x:(0) = x3, ,
x2(0) = x3,,x3(0) = x3, as the initial conditions of the sys-
tem (1). Then the equation (12) has:

J: x3dt = J: [—klxz - kzsat(xs):ldt (12)

We thereby get:
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x3(t) - x3, = -ki[xi(t) - x1,] - k[ x2(2) - x2,] (13)
That is to say:

x3(t) = -kixi - kax2 + do (14)

Among them, 80 = X3, + kixi, + kaxz,. Since the

system state x3 has been known, the system (13) can convert
into the following the second-order constrained system:

X1 = x2

15
X2 = sat(-kixi - ka2 + 80) (13)

And the system (17) is transformed into the following
coordinates:

Zi = -kixi - kax2 + do)

(16)
Z2 = X2
Then it can be turned into:
21 = -kasat(zi) - kiz (17

% = -sat(z)

Both the system (19) and the system (6) are consistent in
form except that their definitions about state variable are
different. So positive definite function is still used:

Z1 ]
v = alJo sat(t) dt +5 az; (18)

Then the system (19) gotten is asymptotically stable,
which shows that, att — oo, —kixi — kax2+ 6o = 0
and X2 —> oo, Thus, x1 = 60/ ki. And then we may
draw the conclusion below by the closed-loop system (13).

Theorem 1: Under the action of the following control law
of non-smooth feedback:

u = -kix: - kasat(xs) (k> 0,k > 0) (19)

the third-order constrained system (1) when it is in ¢ — oo,
the system sate is x1 — 8o/ ki, x2 > 0, x3 —> 0.

Theorem 1 shows that the non-smooth feedback control
law (21) may make the state of the third-order constrained
system (1) bounded stable. The feedback control law is only
connected with x, and x3, not the system state x;. The control
law contains the limited output of the system state x3, is the
non-smooth function of the system state x; and to a certain
extent it can limit the amount of feedback control.

In addition, under the action of the non-smooth feedback
control law (21), the third-order constrained system (1) is
that its state is bounded stable. That is to say, its states con-
verge to 0 except that the state x; eventually converges to a
constant value Jo / ki, which is influenced by the form of
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the feedback control law (21). Because of that the feedback
control does not contain the system state x;, eventually the
state of the system x; does not converge to 0. The final value
of x; will reflect the steady-state error of the system, which
is distinctly related to the initial condition do and the con-
trol parameter k;. When the initial condition is zero, i.e., the
initial condition of the original system (1) satisfies:

x3, + kixiy + kexz; = 0 (20)

the system will converge to the origin.

4. THE SIMULATION STUDY

We take k=2, k,=1,and then, respectively under differ-
ent initial conditions, conduct the simulation study on the
closed-loop systems which is under the action of the control
law (21). Fig. (1) shows that when the initial condition is

(x1,, x2,,x3,) = (1,2,3) , the response time curves (see

Fig. 1a) and the controller output (see Fig. 1b) in the closed-
loop system state. According to Fig. (1a), we know that both
the sate of x, and the state of x3 converge to the origin at this
moment, but the state of x; converges to 3.5, not to the
origin. Then we get 6o = 3+ 2’1 +12 = 7. Based on
Theorem 1, the state of x; should con verge to
60 / ki = 3.5, which is consistent with the results of the
simulation. Fig. (2) displays that when the initial condition is
(x15, X2, X3,) = (1,2,-4), the response time curves (see
Fig. 2a) and the controller output (see Fig. 2b) in the closed-

loop system state. If the initial condition is (x1,, x2,,
x3,) = (1,2,-4), the equation (22), 6o = -4 +2'1+172

= 0, is true. According to Theorem 1, we may know that
the stats of x;, X, and x; will converge to the origin. Seen
from the controller outputs under different initial conditions,
controller outputs have an obvious characteristic of satura-
tion, but the non-smooth feature does not affect its control
effect.

CONCLUSION

This paper designs the linear state feedback control laws
for the second-order input constrained systems so as to guar-
antee the asymptotic stability of the closed-loop systems.
And then it generalizes the conclusion to the control law
design problem of a class of the third-order state constrained
systems and gives a kind of non-smooth state feedback con-
trol law. Based on that, the paper discusses the relationship
between the system steady states and the initial conditions of
system states and makes the quantitative relations between
the two clear, which can be considered in the design. Of
course, the non-smooth state feedback control law gotten can
not guarantee the asymptotic stability of the closed-loop sys-
tems for the origin. That point still should be realized by
choosing proper initial conditions.
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(b) The outputs of the controller and saturation

Fig. (1). The simulation results with the initial conditions (1, 2, 3).
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(b) The outputs of the controller and saturation

Fig. (2). The simulation results with the initial conditions (1, 2, -4).
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