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Abstract: Fractional Fourier transform (FrFT) is a new tool of time-frequency analysis, and a good one to compress chirp 
signal and to process non-stationary motion error. Aiming at the problem of the conventional SAR imaging algorithm 
based on FFT and two-step motion compensation, that the effect of non-stationary error elimination is not obvious and the 
improvement of resolution is restricted, an improved Chirp Scaling imaging algorithm based on FrFT and motion com-
pensation is put forward in this paper, which is expected to eliminate the influence of range motion error, so as to obtain 
high quality SAR images. Simulation results and imaging results of real SAR data show that the proposed algorithm can 
eliminate the influence of range motion error effectively (the real SAR data provided by Institute of Electronics, Chinese 
Academy of Sciences).  
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1. INTRODUCTION 

Motion error is a crucial factor to limit airborne SAR 
resolution improvement. It is necessary to take measures to 
compensate the motion error caused by air turbulence to ob-
tain high quality SAR images [1-3]. The two-dimensional 
spatial-variant property of SAR motion error is a challenge 
to motion compensation technique. Two-step motion com-
pensation algorithm can eliminate the influence of range 
motion errors, but the effect of compensation is not obvious 
when motion errors are non-stationary. 

Fractional Fourier transform (FrFT) is proposed by V. 
Namias in 1980 [4], which is a new time-frequency analysis 
tool. Compared to Fourier transform, FrFT has incomparable 
superiority in processing non-stationary signals. Chirp signal 
can be well focused after fractional Fourier transform with 
the specific rotation angle which provides a possibility to 
achieve high resolution and high accuracy in SAR imaging. 
Especially when signal and interference source are coupled 
to each other, good separation effect in fractional domain can 
be obtained [5-7]. 

There have been literatures putting forward SAR imaging 
algorithm combining with FrFT. Literature [8, 9] proposed 
an improving CS imaging algorithm based on FrFT. Litera-
ture 10 and 11 also proposed a combination of FrFT and RD 
imaging algorithm. These research results show that FrFT 
can contribute to the improvement of SAR resolution. 
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In order to eliminate the influence of motion error more 
effectively, in the paper, FrFT is combined with SAR imag-
ing algorithm and motion compensation technology, through 
utilizing the superiority of FrFT in processing chirp signal 
and non-stationary signal, so as to obtain high quality SAR 
images. 

2. FRACTIONAL FOURIER TRANSFORM 

Fractional Fourier transform is the general form of Fouri-
er transform, and its transform kernel is 
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where 
2

p πα = ⋅ ， p  is the order of FrFT, when 
2
πα = ，the 

FrFT becomes the Fourier transform. 

 Fractional Fourier transform and its inverse transform 
for signal ( )x t  is defined as: 
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 Fractional Fourier transform for chirp signal 
( ) 22j ktx t e π=  is as follows: 

( ) ( ) ( ) 2 2 2cot 2 cot 2 csc, j u j kt j t j ut
pX u x t K t u dt Ae e e dtπ α π π α π α∞ ∞ −

−∞ −∞
= =∫ ∫  



432    The Open Automation and Control Systems Journal, 2015, Volume 7 Gewei et al. 

where 1 cot
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So the optimal-order fractional Fourier transform of a 
chirp signal is an impulse signal. 

FrFT has the following time-shift and frequency-shift 
properties, 
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According to frequency-shift property, there is,  
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Just using the optimal-order fractional Fourier transform, 
chirp signals will be well focused, where there is no need of 
additional matching compression, thereby improving pro-
cessing efficiency. 

3. MOTION ERROR MODEL AND SAR ECHO SIG-
NAL  

 Motion error in range direction is divided into range-
independent and range-dependent motion errors [12]. The 
part unrelated to range slant is called ( ),m mr t rΔ , and the part 
that is dependent on the change of range slant is called 

( )0,vr t rΔ . Range motion error refers to the difference of the 
nearest distance from one target to real track and the nearest 
distance from the target to the nominal track [13].  

( ) ( ) ( )0 0, , ,m m vr t r r t r r t rΔ = Δ +Δ  (7)  

where mr is the nearest slant range of swath band center, 

rw is the width of swath band, 0r is the nearest slant range 
of the target P under nominal track. 

Suppose that SAR transmit chirps to an observed sce-
ne, their echoes after the demodulation are 

 
 

( ) ( ) ( ) ( )

( )

2

0 0 0

0

2 / 2
, ; , exp

4
                                exp

p

s

R t c R t
sd t r x r rect j k

T c

R tt trect j
T

τ
τ σ π τ

π
λ

⎧ ⎫⎛ ⎞− ⎛ ⎞⎪ ⎪= ⋅ − −⎜ ⎟ ⎨ ⎜ ⎟ ⎬⎜ ⎟ ⎝ ⎠⎪ ⎪⎝ ⎠ ⎩ ⎭
⎛ ⎞ ⎧ ⎫− ⎪ ⎪⋅ −⎜ ⎟ ⎨ ⎬

⎪ ⎪⎝ ⎠ ⎩ ⎭  

(8) 

where τ is fast time in the slant range direction, t is slow 
time along the radar flight path, c and λ are speed of light and 
radar wavelength respectively, and k  is the chirp rate. 

( )rect  is the rectangle function, in which pT  and sT  are the 
pulse duration and synthetic aperture time respectively. ( )R t  
is the instant range from the radar to a point target in the 
observed scene, which includes motion error. 

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0, , ,m m vR t R t r t r R t r t r r t r= + Δ = + Δ + Δ  (9) 

where ( ) ( )22 2
0 0 0R t r v t t= + −  is instant range from radar to 

the point target under nominal track. 

Ignoring azimuth motion errors, range-Fourier transform 
is first performed by the stationary phase principle, the result 
is: 
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where rf  is range frequency. 

Range-independent motion errors can cause the echo en-
velope delay errors (the second exponential item) and azi-
muth phase errors (the fifth exponential item), which should 
be compensated along with range compress. Range-
dependent motion error (the third and sixth exponential item) 
is related to slant range. In real SAR data，all point targets 
are spread out in range direction and azimuth direction, so 
compensation to such error must be implemented when 
range compression and the range cell migration correction 
(RCMC) are completed and azimuth compression is unfin-
ished. 

4. IMPROVED CS ALGORITHM BASED ON FRAC-
TIONAL FOURIER TRANSFORM AND MOTION 
COMPENSATION 

Processing flow of the improved CS algorithm based on 
FrFT and motion compensation is shown in Fig. (1). 

Firstly, perform range-Fourier transform for raw data 
and the result is formula 10, which when multiplying with 

1mocoH can complete first-order motion compensation, and 
the phase compensation function is: 

( ) ( ) ( )1
4, ; exp ,moco r m r c m mH t f r j f f r t r
c
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(11) 
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So range-independent motion errors are removed from 
the raw data. After first-order motion compensation, the 
echo signal is, 

( ) ( ) ( )

( ) ( )

00
0 0 0

2
0 0

4
, ; , exp

2 / 2
           exp     

v

s

v v

p

R rt tsd t r x r rect j
T

R r c R r
rect j k

T c

π
τ σ

λ

τ
π τ

⎛ ⎞ ⎧ + Δ ⎫− ⎪ ⎪= ⋅ ⋅ −⎜ ⎟ ⎨ ⎬
⎪ ⎪⎝ ⎠ ⎩ ⎭

⎧ ⎫⎛ ⎞− + Δ ⎛ + Δ ⎞⎪ ⎪⋅ ⋅ − −⎜ ⎟ ⎨ ⎜ ⎟ ⎬⎜ ⎟ ⎝ ⎠⎪ ⎪⎝ ⎠ ⎩ ⎭

  

Then performing azimuth-Fourier transform, the result 
is 
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where af  is Doppler frequency, 2C  is a complex constant, 
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Next CS operation is performed, the corresponding pro-
cessing function is: 
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Then multiplying formula 13 with formula 12, the re-
sult after CS operation is: 

 

( ) ( ) ( )
( ) ( ) ( )

( ){ } ( )( )

( ) ( )( )

0 0

0
2 0 0

0 0

2

0

, ; , ; , ;

4
   , exp

1 2       exp ;

2       exp 1

CS a a CS a ref

va
a

d

a ref s a
p

m s a ref s a

Sd f r Sd f r H f r

r rfC x r rect j f
B

j f r rect r r C f
T c

j k C f r r C f
c

τ τ τ

π
σ γ

λ

τ

π τ

= ⋅

⎛ ⎞ ⎧ + Δ ⎫⎪ ⎪= ⋅ ⋅ −⎜ ⎟ ⎨ ⎬
⎪ ⎪⎝ ⎠ ⎩ ⎭

⎡ ⎤⎛ ⎞⋅ − Θ − +⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎣ ⎦
⎧ ⎫⎪ ⎪⎡ ⎤⋅ − ⎡ + ⎤ − +⎨ ⎬⎣ ⎦ ⎢ ⎥⎣ ⎦⎪⎩ ⎪⎭  

(14) 

where Θ is residual phase caused by CS operation, 
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From formula 14, it is known that the migration track 
of point target of different range is same as that of refer-
ence point. So bulk RCMC can be performed. 

Using the focusing properties of FrFT in processing chirp 
signal, and its time-shift and frequency-shift properties, the 
range compression and RCMC are shown as follows. Formu-
la 14 is rewritten as a chirp signal with time-shift, 

( ) ( ) ( ) ( )0
0 0 0

4
, ; , ; exp v

CS a d a a

r r
Sd f r s f r j f j

π
τ τ τ γ

λ
⎧ + Δ ⎫⎪ ⎪= + ⋅ − − Θ⎨ ⎬
⎪ ⎪⎩ ⎭

  (16)  

  

s
d

f
a
,! +!

0
;r

0( ) = C
2
"# "rect

1

T
p

! +!
0( )

$

%
&
&

'

(
)
)

exp * j+ k
m

1+C
s

f
a( )$% '( ! +!

0( )
2{ }  

(17) 

where ( )( )0 0
2

ref s ar r C f
c

τ = − + , and the RCM term is 

2 /ref sr C c− . 

According to formula 6, phase compensation function 
( ), j

rcmcH e πρττ ρ =  is needed to offset the influence of RCM 
term. Then range-Fractional Fourier transform of the optimal 

order ( )( )2 cot 2 1opt m sp arc k C
π

= − +  is performed, the result is: 

  

F
p

Sd
CS

f
a
,! +!

0
;r

0( )H
rcmc

f
a
,!( )"# $% u( ) =

F
p

s
d

f
a
,! +!

0
;r

0( )e j2&'!"# $% u( )

                           (exp ) j
4& r

0
+ *r

v( )
+

, f
a( )) j-

.
/
0

10

2
3
0

40

= C
3
sinc u +!

0
cos5 ) ' sin5( ) (

exp j&
!

0

2 sin5 cos5 + 2u!
0
sin5 + 2u'cos5

)'2 sin5 cos5 ) 2'!
0
sin5

6

7
8

9

:
;

.
/
0

10

2
3
0

40

                                  (exp ) j
4& r

0
+ *r

v( )
+

, f
a( )) j-

.
/
0

10

2
3
0

40

 

(18)  

 

Fig. (1). Processing flow of the improved CS algorithm based on FrFT and motion compensation. 
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In order to eliminate the influence of RCM term, it re-
quires 
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The next step is to compensate to the residual phase, so 
the phase compensation function is: 
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In the following, second-order motion compensation in 
two-dimensional time-domain is performed, and the com-
pensation function is: 
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After this step, range-dependent motion errors can be re-
moved. 

The last step is to carry out azimuth-FrFT in range-
Doppler domain, so 
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5. SIMULATIONS AND SAR IMAGING RESULTS 
BASED ON REAL DATA FOR THE PROPOSED AL-
GORITHM 

5.1. Simulations of Point Target for the Proposed Algo-
rithm 

Simulations of point target with motion error for the al-
gorithm put forward in this paper are as follows; the simula-
tion parameters are shown in Table 1. 

The range motion error is non-stationary random motion 
error whose mean value is exponential function, so range-
dependent motion error is ( ) ( ) ( )0 0, , ,v m mr t r r t r r t rΔ = Δ − Δ . 

Fig. (2) is a simulation comparison of the conventional 
CS algorithm based on FFT and the improved CS algorithm 
based on FrFT and motion compensation about point target 
with motion error.  

From the simulation results, it is known that both of the 
algorithms can eliminate the influence of motion error effec-
tively. The azimuth impulse responses after compensation 
are close to that when there is no motion error. Fig. (2c and d) 
indicates that the main-lobes of impulse response both in the 
range and azimuth direction after processing using the pro-
posed algorithm in this paper, are narrowed than that taking 
the conventional FFT-based CS algorithm, which proves that 
the new algorithm can improve the resolution and obtain 
good focusing effect.  

 At the same time, picture (2c) also shows that the first 
side-lobe of range impulse response for the proposed algo-
rithm falls below -35dB, which for the conventional algo-
rithm only reaches about -25dB and there is a burr in -11dB, 
all of which proves that the effect of suppression side-lobe 
and anti-interference for the proposed algorithm is obvious. 
The performance comparison of the two algorithms is shown 
in Table 2 and Table 3. 

  

Table 1. Simulation parameters. 

Parameter   Value  Parameter   Value 

Carrier Wavelength  0.24m Forward Velocity  180m/s 

Bandwidth for Transmit Signal 30MHz Duration of Synthetic Aperture   5.12s 

Pulse Duration of Transmit Signal  10µs Pulse Repetition Frequency  100Hz 

Sampling Frequency in Range Direction 40MHz Range-independent Motion Errors  t2 
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(a) Comparison of azimuth impulse response when no error and when error exists but processed taking the conventional motion compensation 

algorithm 

 

 
(b) Comparison of azimuth impulse response when no error and when error exists but processed using the proposed compensation algorithm 

 

Fig. (2). Contd… 
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(c) Comparison of range impulse response after the two compensation algorithms processed 

 

 

(d) Comparison of azimuth impulse response after the two compensation algorithms processed 

Fig. (2). Comparison of point target simulations for the conventional and the proposed algorithm. 
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Table 2. Performance comparison of azimuth impulse response. 

 Main Lobe  ISLR   PSLR 

No Error  1.05m  -24.311 dB  -32.012dB 

FFT-two-step Motion Compensation CSA  1.0906m   -15.556dB  -21.038dB 

FrFT- two-step Motion Compensation CSA  1.0825m  -23.109dB  -31.332dB 

 
Table 3. Performance comparison of range impulse response.  

 Main Lobe  ISLR   PSLR 

No Error  1.195m -25.361 dB  -29.110dB 

FFT- two-step Motion Compensation CSA  1.1416m   -15.884dB  -20.882dB 

FrFT- two-step Motion Compensation CSA  1.209m  -24.450dB  -28.086dB 

 
 

 
(a) SAR image with motion error 

 

Fig. (3). Contd… 
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(b) SAR image after FFT-two step motion compensation CSA 

 

(c) SAR image after FrFT-two step motion compensation CSA 

Fig. (3). Comparison of imaging results before and after motion compensation (resolution: 3 3m m× ). 
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(a) SAR image after FFT-two-step motion compensation CS algorithm processing 

 

 
(b) SAR image after FrFT- two-step motion compensation CS algorithm processing 

Fig. (4). Imaging results of X-SAR data combined motion compensation (resolution: 0.5 0.5m m× ). 
 

5.2. Comparison of Imaging Results of Real L-SAR Data  

Fig. (3a) is imaging result of the real SAR data with mo-
tion errors. The blurring image shows there are obvious 
quadratic phase errors.  

Processing result for such SAR data using the conven-
tional CS algorithm based on FFT and two-step motion com-
pensation is shown as Fig. (3b). Due to the elimination of 
most motion errors, image resolution is improved signifi-
cantly, but some areas are with more details (such as parts of 
the circle line), the image is not clear and image resolution 
deteriorates because of the residual phase error.  

The processing result with the improved CS imaging al-
gorithm based on FrFT and two-step motion compensation 
technology is shown in Fig. (3c). As the detailed information 
increases, the image resolution is further improved. 

5.3. Comparison of Imaging Results of Real X-SAR Data  

Fig. (4) shows imaging results of X-SAR data. Since the 
motion error is stable and the azimuth beam is narrow, so the 
processing results using the conventional algorithm and us-
ing the proposed algorithm are approximately the same. But 
in some areas with more details, Fig. (4b) is clearer than Fig. 
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(4a), which further proves that the proposed CS algorithm 
based on FrFT and motion compensation can effectively 
enhance the resolution of SAR images.  

CONCLUSION 

Motion error is a crucial factor to limit airborne SAR 
resolution improvement. Due to the continuous pursuit of 
modern SAR for high resolution, how to overcome the mo-
tion error caused by air turbulence becomes an urgent prob-
lem for radar workers. The improved CS imaging algorithm 
based on fractional Fourier transform and two-step motion 
compensation proposed in this paper can reduce various mo-
tion errors effectively, especially it can eliminate the image 
blurring caused by non-stationary motion errors. The re-
search results of the paper provide an effective solution 
scheme to motion error processing. 
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