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Abstract:

Background:

Uncertainty is an integral part of decision-making process which arises due to the lack of knowledge, data or information. Initially
fuzzy set theory (FST) was used to handle this type of uncertainty. Later, intuitionistic fuzzy set (IFS) was developed to encounter
uncertainty in a more specific manner. However, it is observed that due to the existence of different types of uncertainties, the
membership function (MF) of IFS itself is uncertain and consequently, the concept of interval-valued intuitionistic fuzzy sets (IVIFS)
came into the picture. But IVIFS is also not capable of handling uncertainty. To overcome the limitations of the existing IVIFS,
generalized interval valued intuitionistic fuzzy sets (GIVIFS) have been defined and it has been observed that it has utmost
applicability in real world situations as the parameter height characterises the degree of buoyancy of judgment of decision maker in a
very specific compartment.

Objective:

An arithmetic operation on GIVTIFNs is always a critical concern and the conventional way of performing arithmetic operations on
GIVTIFNs has some shortcomings. This paper attempts to devise a novel technique to effectively resolve the drawbacks of
conventional arithmetic operations on GIVTIFNs. Numerical examples are illustrated herewith and to justify the need of a new
solution. Furthermore, an application of multi-criteria group decision-making problem was also carried out under this setting.

Method:

For the arithmetic operations on GIVTIFNSs, the largest membership function is truncated at the minimum height first and the non-
membership function is truncated at the maximum height. Accordingly, arithmetic operations on GIVTIFNs are defined. For this
purpose, Decomposition theorems for GIVTrIFNs are discussed first.

Result:

The outputs are obtained as generalized interval-valued trapezoidal intuitionistic fuzzy numbers (GIVTrIFNs). The interesting part of
the proposed approach is that it produces GIVTrIFNs. To check the validity and novelty of the approach, a multi criteria decision
making was performed which obtained desirable results.

Conclusion:

The arithmetic GIVTIFNs conventional approach produces invariant output in the form of GIVTIFNs for GIVTIFNs of different
height. But for the same input GIVTIFNs, the present approach provided different GIVTrIFNs. It was observed that the proposed
approach is efficient, simple, logical, technically sound and general enough for implementation. Researchers may apply this approach
in any field where GIVTIFNs are involved.
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1. INTRODUCTION

In the presence of different constraints in real life situation and due to highly complex environment, decision makers
may provide their opinion under uncertain and imprecise nature. Due to the involvement of uncertainty crisp data are
not always adequate to model in many real-life situations whereas FST introduced by L.A. Zadeh [1], is more suitable
and realistic to handle such type of situation. After the development of fuzzy set theory, further developments have been
made by different researchers. Chen [2] further developed the fuzzy set theory (fuzzy numbers) and named as
generalized fuzzy numbers (GFN) and performed all arithmetic operations between GFNs based on function principal.
GFNs have been applied in different fields such as reliability analysis, risk analysis, pattern recognition, Rotor Fault
Diagnosis, maximal flow problems, series-parallel system etc.

On the other hand, an important generalization of fuzzy set theory is the theory of Intuitionistic Fuzzy Set (IFS),
introduced by Atanassov [3] describing a membership degree and a non-membership degree separately in such a way
that sum of the two degrees must not exceed to one. It is observed that fuzzy sets are IFSs but the converse is not
necessarily correct. Further, Atanassov and Gargov [4] developed the notion of Interval-Valued Intuitionistic Fuzzy
Sets (IVIFSs) in relation with interval-valued fuzzy sets and IFS. The IVIFSs are characterised by a membership
function and a nonmembership function that take interval values rather than the exact number. In human cognitive and
decision making processes, it is not absolutely justifiable or technically sound to represent the membership and
nonmembership in terms of a single numeric value. Thus, IVIFSs have got more attention due to its ability to handle
imprecise and unorganised information in terms of intervals instead of taking a single numeric value [5]. IFS and IVIFS
have been successfully applied [6 - 12] in different areas like decision making, pattern recognition, medical diagnosis.
Yager, Yuan and Li [13 - 15] studied the cut set characteristic of IVIFS. Following the work of Szmidt and Kacprzyk
[16], Xu and Qiansheng [17 - 19] applied IVIFS to pattern recognition. Further Yingjie and Qiansheng [20, 21] studied
the interval-valued intuitionistic fuzzy reasoning. Xu and Li [22 - 24], successfully carried IVIFS to decision making
problems. The Generalized Intuitionistic Fuzzy Sets (GIFSs) were proposed by Mondal and Samanta [25] under the
constraint that the minimum of the two degrees does not exceed half. Shu ez al. [26], first introduced the concept of
Generalized Intuitionistic Fuzzy Numbers (GIFNs) and defined arithmetic operations between them. But later, it was
found that there are some errors and misprints in the definition of the four arithmetic operations and those errors were
conducted by Li [27]. Zhenhua et al. [28] introduced the construction method of the Generalized Interval-Valued
Intuitionistic Fuzzy Sets with Parameters (GIVIFSP), and defined complement operation, intersection operation and
union operation on GIVIFS. Furthermore, they proved that like IFS and IVIFS, GIVIFS is a closed algebraic system for
all these operations. Bhowmik et al. [29], Zhi et al. [30], and Adak et al. [31] also studied different concepts of
GIVIFSs. Baloui and Nadarajah [32] extended the IFSs to the concept of GIFSs and introduced some operators on
GIFSs. Based on GIFSs, Shabani and Baloui [33] introduced GIFNs. Baloui [34] considered a new GIVIFSs and
introduced some operators on GIVIFSs. He studied different basic operations like union, intersection, subset
complement efc. and also transformed the operations on IVIFSs for the GIVIFSs.

This paper presents a novel efficient approach to perform arithmetic operations on GIVTIFNs using cut method.
This approach effectively resolves the shortcomings of the existing approach. Numerical examples are illustrated. Also,
to show the proper justification, validity, efficiency and applicability of the proposed approach, a multi-criteria group
decision-making problem was carried out. The detail work has been compressed as follows. Section 2 starts with some
relevant preliminary definitions. In section 3, decomposition theorems are discussed by using GIVTrIFNs. Section 4
presents the proposed approach of arithmetic operations of GIVTIFNs for different heights and the positivity of the
proposed method in comparison to the earlier methods. Numerical examples are shown in section 5. Section 6 discusses
the ranking of GIVTrIFNs. A multi-criteria decision-making problem is discussed by using the proposed arithmetic
operations in section 7. Finally, a concrete conclusion has been drawn in section 8.

1.1. Drawback of Existing Approach and Motivation

In this section, we perform all the conventional basic arithmetic operations on GIVTIFNs. However, the problem
can be seen in the arithmetic on GIVTIFNs due to different heights.

Considering two Generalized Interval-Valued Triangular Intuitionistic Fuzzy Numbers (GIVTIFNs)
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But this approach has some drawbacks and gives illogical results as during the operation, first it reduces the height
of their respective (LMF and UMF) higher MFs to the height of the lower ones (i.e., make it as GIVTFN by reducing
the height based on Cheng’s [26] function principle) and similarly for the respective (LNMF and UNMF) NMFs, it
increases the minimum height to maximum one to make it a generalized interval-valued triangular non-membership
function. Therefore, this approach produces GIVTIFN with MF at the minimum height of the given respective (LMF
and UMF) MFs of the GIVTIFNs and height of the NMF is maximum of the given respective (LNMF and UNMF)
NMFs of GIVTIFNs to perform the arithmetic operations. The major drawback of this approach is that when
performing arithmetic operations between a fixed GIVTIFN with different GIVTIFNs with the same support but
different heights, the height of MFs of the fixed GIVTIFN is lesser and the height of NMFs is higher than other
GIVTIFNS; then it is seen that each time, the resultant GIVTIFN remains invariant, which is illogical. For example

consider A:< [(2v4’6;0'7)’(1'4’7;0-8)]1[(1’417;0-3)’(0-5'4’8-5;0'2)] > be a fixed GIVTIFN and
B{= [00141808) 81420,09)] [6141902) (714,201)] )

and

e arithmetic

A+B=

&

B, :<[(1O’14’18;0'9)’(8’14’20;0'95)]' [(9'14'19;0'1)'(7'14’21;0'05)]> be two different GIVTIFNs with different heights.

Then performing 4*B; (i=1,2), where * is the basic arithmetic operation using the existing approach to provide the same
GIVTIFEN. That is, the conventional approach gives

A+B) = A+B, =([(1218,240.7),(918,27,08)] [ (1018,26,0.3) ,(7.5518,29.5:0.2) ) . which is clearly illogical as and
are two different GIVTIFNs and the sum of these two GIVTIFNs with the fixed GIVTIFN 4 is identical. The following
Figs. (1, 2 and 3) represent the above example.
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Fig. (3). Sum of GIVTIFNs.

1.2. Motivation

GIVTIFNSs play an important role while dealing with uncertainty modeling problems in real life situations as they
have the capability to represent imprecision, uncertainty in a proper manner, and are desirable to address such problems.
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GIVTIFNs are used as mathematical assessment for different linguistic variables, ratings, and weights in various
problems like decision making, medical diagnosis, pattern recognition etc. Proper arithmetic operations on GIVTIFNs
are very important for the correct output in different problems. The existing approach produces some illogical results
while performing arithmetic operation on GIVTIFNs with different heights. To overcome the shortcomings of the
existing approach and for proper evaluation, it is always useful to define novel techniques for arithmetic on GIVTIFNs.

2. PRELIMINARIES

In this section, some basic definitions of FS, IFS and IVIFS have been discussed.

2.1. Definition (Fuzzy Set)

Let X be a universe of discourse; then the fuzzy subset 4 of X is defined by its membership function
:uA . X - [011]

which assigns a real number u, (x) in the interval [0, 1], to each element X € A, where the value of u, (x) at x
shows the grade of membership of x in 4.

2.2. Definition
Given a fuzzy set 4 in X and any real number a € [0, 1]. Then,

(a) (a-cut) the a -cut fuzzy set 4, denoted by “4 is the crisp set:
“A={xeX:u(X)=a}
(b) (Strong a- cut) the strong a -cut, denoted by “'4 is the crisp set:

aA:{Xe X :,uA(X) >a}

2.3. Definition (Support)
The support of a fuzzy set 4 defined on X is a crisp set defined as:

Supp(A) = {x € X ipup(x)> 0}

2.4. Definition (Height)
[1] The height of a fuzzy set A, denoted by 4(A), is the largest membership grade obtained by any element in the set

and it is denoted as h(A) =Ssup ,LIA(X) .
xeX

2.5. Definition (Generalized Fuzzy Numbers (GFN))
The membership function of GFN A= [a,b,c,d;w] where a <b < ¢ <d, 0 <w <1 is defined as:

0,x<a
X—a

w ,a<x<b
b-a

yA(x)z w,b<x<c

- X

w ,c<x<d
d-c

0,x>d

If w=1, then GFN 4 is a normal trapezoidal fuzzy number 4 = [a, b, ¢, d]. If a = b and ¢ = d, then A4 is a crisp
interval.If b = ¢ then 4 is a generalized triangular fuzzy number. If a = b = ¢ = d and w = 1 then A is a real number.
Compared to normal fuzzy number, the GFN can deal with uncertain information in a more flexible manner because of
the parameter w that represents the degree of confidence of opinions of decision maker’s.
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2.6. Definition (Intuitionistic Fuzzy Set (IFS))

An Intuitionistic fuzzy set A on a universe of discourse X is of the form:

A={(X, up(X),vp(Q) 1 x e X},

Where VA(X) €[0.3] is called the “degree of membership of x in A”, VA(X) €[0,1] s called the “degree of non-
membership of x in 4”, and where u ,(x) and v,(x) satisfy the following condition:

0< up(X)+va(X) <1

The amount z,(x) = 1 - (u,(x) + v,(x)) is called hesitancy of x which is a reflection of lack of commitment or
uncertainty associated with the membership or non-membership or both in A.

2.7. Definition (Generalized triangular intuitionistic fuzzy number (GTIFN))

The membership function of GTIFN A= <|:31, b, C W] ’I:aZ b, Cos 77]> ,where a'<a<b<c<c'isdefined as:

X —a,
wi,algxsb
b—al
) C; — X o
U (X) = w b<x<c
A Cl—b 1
0, otherwise

and the non-membership function of the GTIFS A is defined as:
(b—x)+(x-ay)n

b—a2 ,azsxsb
Xx—-Db)+ (c, — X
va(Xx)= ( )c (_E M,bSXSC2
2

1, otherwise

For example, consider the GTIFS A= <[4, 6,8, 0.7] , [2, 6,10; 0.2]> . The MF and NMF of 4 are shown in Fig. (4).

1

o9l --.__ __:. B
os| . A J
o7
o6

05

Membership values

0.4

0.3

02

01

0

L L
1 2 3

Fig. (4). Membership and non-membership of GTIFS A = <[a1, b, c, dl; W:I ,|:a2, b,c, d2; 77:|>
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2.8. Definition (Generalized trapezoidal intuitionistic fuzzy number (GTrIFN))

The membership function of trapezoidal GTIIFN A= <|:31, b,c,d;; W] 1|:3-2, b,c,d,; 77}> , where
a'<a<b<c<d<d"'isdefined as:

,UA(X)=

0, otherwise

and the non-membership function of the GTrIFN A is defined as:

(b_X)Jr(X_az)’],azsbe
b—a2
vA(x): n, b<x<c
(x=c)+(dy - x)y
d2—c . _xsd2
1, otherwise

For example, consider the GTrIFS A= <[4, 6,8,10; 0.6],[2, 4,6,12; 0..3]> . The MF and NMF of 4 are shown in
Fig. (5).

1

0.9 s . . :". —
0.8 [ = - g -
0.7 [ -, = a
0.6

05

Membership Values

0.4

0.3

1 L L
8 9 10 11 12

1
T
Y

Fig. (5). Membership and non-membership of GTrFS A = ([4,6,8,10;0.6],[2,4,6,12;0..3]) .

2.9. Definition (Positive and Negative GIFS)
A GIFS is said to be positive GIFS a, > 0 if and negative GIFS if @, <0.

2.10. Definition (Support of a GIFS)

Let A= <|:a1' b, c ;W} ,[az b,c,; 77:|> be a GIFS then support of A is defined as:
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Supp(A) ={xe X : 1£,(x) > 0&v,(x) <1}

2.11. Definition (Height of a GFIS)
Let A= <|:a1’ b,c ;W:l ’I:aZ’ b,c,; 77}> be a GIFS then height for MF is defined as:
Hot(A,) = Sup{u,(X)} and height for NMF is defined as Hgt(A ) = Inf{v,(x)}

2.12. Definition (Level Set of GFIS)

Let A:<[a1,b,c;W],[az,b,cz;n]> be a GIFS then level set for MF is defined as

A(A) = {a U (X)=a,ae [O,W]}

and level set for NMF is defined as A(A ) = {a U (X)=a,ae [77,1]}

2.13. Definition (The o -cut of MF and NMF of the GIFS)

The a -cut of the MF of the GIFS A=<[a1,b,c ;W],I:az,b,cz;n]> is defined as:
a a
aA+={W(b—a1)+a1,cl—w(cl—b)},ae[O,W]

The @ -cut of the NMF of the GIFS A= <[al, b.c ;W] ![ag’ b.c,; ’7]> is defined as:

b-a,n)—(b— —b)-(c,n—b
“A_{( azni_; az)a’a(cz 1)_:277 )}ae[ml

2.14. Definition ( The a -cut GIFS)

Let A={(X,up(X),vp(X):xe X}, bea GIFS and —cut of MF (u,) be aA+ =[L R@] and NMF (v,) be

@1
‘A = [Lx,, , RX,, ] respectively. Then —cut of GIFS 4 can be evaluated by the following formula:
([L@, R@],[Lxﬂ, Rxﬁl), a<h(A;) & a=h(A).
(#.[Lx,, Ry, D >h(A;) & a2 h(A.).

Ly Re1.#)a <h(A) & a<h(A.).

(4. 4).a >h(A,) & a <h(A).

where VO L& < L@ < R@ < Rxﬂ , A, & A. mF and NMF such that h(A;) = Supup (X) is the height of MF,

h(A_) =inf v 5 (x) is the height of NMF and @ is an empty set.

2.15. Definition (Special IFS)

Let A={(x,up(x)vp(X):xe X}, be a GIFS defined on the universe of discourse X, then a special IFS can be
defined as a4 = a."4.



80 The Open Cybernetics & Systemics Journal, 2018, Volume 12

In particular, for MF a4, = a."A,, and for NMF, ad_.= a.4..

Dutta and Talukdar

2.16. Definition (Generalized Interval-Valued Triangular Intuitionistic Fuzzy Number (GIVTIFN))
The membership functions (lower MF (LMF) and upper MF (UMF) of GIVTIFN

[t [ o]

ay <am <p<ch<cy, ay <a" <b<C" <CJ is defined as:

,UA(X):

and the non-membership function of the GIVTIFN A is defined as:

VA(X)=

Im
X—a
w! } ,allmgxsb
b—alm
Im
cM —x
wim 1| ,b<x<e,M LMF
clm -b
0, otherwise
Um
X—a
whm 7%] ,afm <x<b
b—alm
Um
c, M —x
wlm 17,bsxs0um UMF
Um 1
) -b
0, otherwise
| I
b—x)+(x—a4')p'n
(b—x)+(x-ay" )7 ’a;ngxgb
b—aIn
2
| |
x=b)+(c —x)p'N
(x=b) (I o —X)n ,bsxscln
02n -b
1, otherwise
u u
b—x)+(x—a5n n
(b=x)+(x=ap ) ;M <x<b
b—adn
2
u u
x=b)+(cyM =x)p"n
(x=b) (u2 )7 ,bSXSCSn
czn—b

1, otherwise

where

LNMF

UNMF
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For example, consider the GIVTIFN A = <[(2,3,4;0.4),(1,3,5;0.6)],[(1,3,5;0.5),(0,3,5.5;0.3)]> . The MFs and NMFs

of A are shown in Fig. (6).

e
e
0

0.9
0.8 —
0.7 —
0.6
0.5 —

04—

MF & NMF Values

0.3

e
e
0

e
e
0

2 3 4
GIVITFNS A

Fig. (6). MFs and NMFs of the GIVTIFNs A = <[(2,3,4;0.4),(1,3,5;0.6)],[(1,3,5;0.5),(0,3,5.5;0.3)]> .

2.17. Definition (Generalized Interval-Valued Trapezoidal Intuitionistic Fuzzy Number (GIVTrIFN))

membership

,UA(X):

functions

(LMF and

Im
X—a
w! } ,a1|m3x<b
_alm
b ay
wlm, b<x<c
|
d,M —x
wim 17,c£x£dlm
dIm —-C !
1
0, otherwise
Um
X—a
wim 7t,alum <x<b
_aUm
b ay
Wum, b<x<c
u
d, M —x
wlim 17,c3xsd1”m
dlum —c

0, otherwise

UMF) of GIVTrIFN

;wIm j(afm ,b,c,dfm wHm H,Kalzn ,b,c,d|2n ;ryln ),(ag” ,b,c,déJn -pUn )D where

<b<c<d <d} are defined as:

LMF

UMF

and the non-membership functions (lower NMF (LNMF) and upper NMF (UNMF)) of the GIVTrIFN A are defined

as:
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| I
b—x)+(x—ays")p'n
MGy L AT
_aln
b a,
nln, b<x<c LNME
I I
x—c)+(d M —x)p'n
(x=c) (I 2.~ ,csmdé”
d-c
1, otherwise
VA| (x) =
u u
b-x)+(x—a," n
(oxr 02"y
_aUn
b a,
nun, b<x<c UNME
u u
x—c)+(d,N —x)p"n
(x=c) (u2 )1 ,csxsdgn
d,N-c
1, otherwise
For example, consider the GIVTrIFN

A:[(9,10.73,11.27,13; 04),(7.10.73,11.27,15;06) ,(7,10.73,11.27,15,05), (5,10.73,11.27, 16 5; 0.3)] The MFs and NMFs are
shown in Fig. (7).

MF & NMF Values

GIVTHAFN A

Fig. . MFs and NMFs of the GIVTrIFN
A= [(9, 10.73,11.27,13,04),(7,10.73,11.27,15;06),, (7,20.73,11.27,15,05) ,(5,10.73,11.27,165; 0.3)]

2.18. Definition (Support of a GIVTIFS)

| | | |
Let A= <Ka1m b,cM wim )(afm ,b,CiJm wHm ﬂ,[(azn b.c3! ;nln j,(ag” ,b,an 7N ﬂ> be a, GIVTIFS then support of
A is defined as:

Supp(A) = {x e X :u'Am (0 >0, 4,"(x)>0& v'/g () <L, (%) < 1} .

2.19. Definition (Height of a GIVTIFS)

Im | In vl
Let A= <Ka1m b,gM wim j(a{‘m g™ jwhm H,Kazn b,c! in j,(agn eyt m be a GIVTIFS, then height for
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MFs is defined as:

| | u u
Hot(A,) = Sup{u ™ A ()}, Hgt(A,™) = Sup{z ™ o(X)} and height for NMFs are defined as

Hot(A™) = Inf o' L (03, Hat(A™) = Inf ", (03

2.20. Definition (Level Set of GIVTIFS)

| | u u | | u
Let A= <[(a1m,b,clm ;Wlm j’(alm’b’clm;wum ﬂ KaZn’b ¢y I j(azn,b ¢, nﬂ> be a GIVTIFS, then the level

set for MF is defined as:
| | | u u u
A(A}) = {a M A =@ e[0,w™ ]} AAT) = {0‘ M pa () =aae[Ow m]} and level set for NMFs are
defined as

AWM = i 00 = w11 AW = {41 ) 00 = < n™ 1)

2.21. Definition (The a -cut of MFs and p -cut of NMFs of the GIVTIFS))

The a -cut of the MFs of the GIVTIFS A = <Ka{m ,b,c{m wim j(afm e M wtim H[(a‘zn ,b,c|2” i j,(ag” b.ey )D

is defined as

| i n ol % hn
| 5oy e b acoul

a Unn U AUn a o u, n
“A“+{Wm(b—a1 yean g @ —b)}ae[ow]

of the NMFs of the GIVTIFS

The o -cut

A= <[(aim ,b,Cim wim j[a{’m ,b,ci“'m -wHm )}Kalzﬂ ,b,clzn ;77|n j [az b, C )D is defined as

B [ N ool
pal__| -2 - a)p A ~0)=(¢}7 _b)},ﬂe[n'",ll.
L 11" 1=
g _| 0" -(-ay)p ey - b)—(f;n“—b)}ﬁemun’l]'
L =" 1-17"

2.22. Definition (The a, p -cut GIVTIFS)

Let A= { X [ﬂAI (x), upU (x)],[vAl (x),vaU (x)} ZXEX)}, be a GIVTIFS and a-cut of MFs (#A| (X)'”Au (X)) be
A
+

L' R'*} YA = [L”*R o™ } and NMFs (VA| () (X)) be

a o a ,u
A [ 'A+}, where al
+
l: U: U Ru

, x5
_ | respectively. Then a,f-cut of GIVTIFS A4 can

A :[ﬂAI_’ﬂAE} , where

be evaluated by the following formula:
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([L‘* R'*],[L“Xa,R“* ) R [ RY ,ash(AL),h(AE)& azh(pl),h(AH).

aBp_lly A>h(Al)h(Ad)& g=h(al)n(al)

], e R ) o] <h(al)h(af)& @ <n(al)n(at).

(¢¢)ﬂ>h ALlh(ad) & p<n(al)n(al).

where Al A& A'  AY MFs and NMFs such that h(AL) = SUpﬂA| (x), h(Aﬂ) = SUD,UAU (x) are the height
of MFs, h( ) inf v Al (x), h( ) inf Y pu (X) are the height of NMFs and is an empty set.

3. DECOMPOSITION THEOREM FOR GIVTrIFN

In this section, decomposition theorems for GIVTTIFN have been discussed.

3.1. Theorem (First Decomposition Theorem)

Let X be a universe of discourse. For any GIVTrIFN
A=(|[am b,c.amum | alm b, almwtm || b,c,dinn'n | &b b.c,dgn pUn
={||a™bc,dMwm |fa™bcd™; " ) aym, ; inX,

U o Alm

acfowm]

| for MFs
U oA
o,w!m
A ael ]

| ﬂAI_n
In 1

pelnt Al for NMFs
| IgAEn

Belnn ]

where \Uand M are standard fuzzy union and intersection, respectively.

Proof

[
For MF, let for each X € X, ,UA|n (x)=a where ae[0,w n] which indicates the degree of belonging in A.
Then,
U A= sup o%Am
ae[O,Wlm] ae[O,WIm]
3.1

=max| Sup aaALm, Sup aaAJlrm
a€g[0,a] ae(a,w]
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If a€[0,a] then o <a = yAIm (x)

. | |
ie, ae 0!A+m then aaA+m =qa

|
If ac@W M ]then o > a = #Alm (X)

: a plm aplm _
ie,ag "Althen a " AT =0.
Hence from (3.1), we have

U aALm :max{ Sup a,O}
aclO,wim] a€[0,a]

=a

:#Alm (X)

u
U eA™-4 (%
Similarly, gefowfm] A

In
For NMF, let for each X € X.,v Aln (x) =bwhere be[7™, 1] which indicates the degree of non-belonging in A.

| pan = e gBaln
peln'n 1] peln'n 1]
(2)
=min| inf  gPAn It pAaln
Beln'n b) pelb]

it Beln™b) then § <b = i ®

ie, B A then pPan —1.

If Bebthen B>b= VA'n (x)

ie., fe ﬁAI_” then ﬂﬂAl_” =p.

Hence from (3.2), we have

I ﬂﬂAl_”zmin{l, Inf 8 ]
Beln'n 11 Belbl]
=b

(x)

:VI
A'n
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LA =y )
. . - n
Similarly, ge[ph 1] A :
3.2. Theorem (Second Decomposition Theorem)
Let X be a universe of discourse. For any GIVTrIFN

A= <Ka{m b,c,dym i )[afm b,y um )M(a'zn b,c,df i j,(ag” b,y ;pUn m in X,

u oa+ ALm

Im
aelOwm] for MFs
U] a+A4u_m

A= ae[O,Wum]

I B+Aln
peln'n 1]

| S+AuUn
Belnn 1]

for NMFs

where \Uand M are standard fuzzy union and intersection, respectively.

Proof

For MF, let foreach Xe€ X ,VAln (x) =awhere a0, WIn ] which indicates the degree of belonging in A.
Then,

U a+AM= sp o%TAM
acfow'm] acow'm]
(3.3)
=max| Sup aa+ALm, Sup aa+A_Lm

a€l0,a) ae[a,wlm 1

If 0,a) th =
a<[0,a) then & < a yAIm(x)

a+

. a+
ie, ae | then o =q.
Alm

Alm

Im
If aela,w ]then o > a = “ ol (x)

: a+ ,lm a+ \Im
e, a¢ A+ then « A+ =0.
Hence from (3.3), we have
U a+ Aim =max[ Sup «,0]
ae[O,Wlm ] ae[0,a)
=a

=4 (%)

Alm
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u
U a+AM= #Aum (x)
Similarly, ar€[0,w'm]

|
For NMF, let for each X€ X,V (x)=b where be[n",1] which indicates the degree of non-belonging in A.

| pAn = e pPal
peln'n 1] peln ] (3.4)

=min| inf plaln it pAaln
peln'n b] pe(b]

If ﬂe[n'n,b] then f<b= Y (x)
ie, fe ﬂAI_” then ﬁﬁAl_” =1.
If Be(blthen ﬁ>b:vA|”(x)

ie, fe ﬁ+AI_” then g+ 'B+AI_” = f.

Hence from (3.4), we have

I ,BﬂAI_”:min{l, Inf B }
Beln'n 1 pelbl]

=b
:VAII‘I(X)

3.3. Theorem (Third Decomposition Theorem)

Let X be a universe of discourse. For any GIVTrIFN
A <Ka1m Dedfmwlm | afm b, jim st )Ma'gn bedf i )& be.dgnin )D in X,

u aALm

aeA(A) for MFs

u aA_Ln
aeA(A)

I aAm
BeA(A)

Un
I A

BeA(A)

for NMFs

where \Uand M are standard fuzzy union and intersection, respectively, and A(4) is the level set of A4.

4. PROPOSED ARITHMETIC TECHNIQUE FOR GIVTIFNS
GIVTIFN is the extended version of GTIFN. Arithmetic on GIVTIFNSs is a crucial issue. Let us consider that and



88 The Open Cybernetics & Systemics Journal, 2018, Volume 12 Dutta and Talukdar

are two GIVTIFNs with different heights. Here a novel approach will be discoursed to perform the arithmetic operation
between GIVTIFNs 4 and B. In this approach, the MFs are truncated at the smallest height of their respective (LMF and
UMF) MFs. Similarly, the NMFs are truncated at the maximum heights of their respective (LNMF and UNMF) NMFs.

The interesting part of this approach is that it produces GIVTrIFNs.

Supposing that the MFs and NMFs of two GIVTIFNs

e gmaimn s ]

B= <Ka|3m ,b,c|3m ;w|m ),(aé‘m ,b,cgm wim j}[(azn ,b,c!,r” 377'” ),(azn ,b,CZn -ptn ﬂ> are:

x—a,Mm
WIAm 1 ,allmsxsb
b—alm
1
Im
Im 61 —X Im
WA ,bsxgcl LMF

Im
1 -b

0, otherwise

o (x) = u
x—a, M
Wl;\m 1
b—alum
Um
WUAm S
Um
1
0, otherwise

u
= m <x<h

b<x<e!™ L UMF

| |
b—x)+(x—a )p N
(R DY

In
b—a2

| |
x=b)+(cN —x)p 0
(b)eleg’ = x)mp. )(|2 )74 ,bsxsclzn LNMF
n_
¢l -b
1, otherwise

VA (x) =
(b-x)+(x-agM)phn
#Vazm <x<b

Un
b—a2

u u

X=b)+(cyM =x)n ,"
()(uz—m,nggcgn UNMF
¢, b

1, otherwise

and

X |
m
by<x<cg™ t LMF

0, otherwise

ug (x) =
x—aam
S T8 alm <x<iy

u
wgM Jag

bl—a:l;m

u

Wum cyM —x
B Um

ez —by

0, otherwise

by<x<cgM t UMF
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(b —x)+ (x-a )y

I ,a!lnsxgbl
b]_—a4n
| |
x=bp)+(c M —x)pd
(x-by) I( 4 —X)ng ybleSCLn
04n -
1, otherwise
vg (X) = u "
by -x)+(x-a,")np"
(b —x)+( 4 )]B ,aZmSXSb]_
b-ayn
4
u u
x—bp)+(c M =x)ngh
(x=b1) L(|4 )7g ,blsxsczn
C4n7b1
1, otherwise
respectively.

LMF

UMF
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then, the «, f—cut of A are “A:[“Al ,“Af] ﬂA:[ﬂAi ,ﬂAf] where

|

a

o

Mm

(b_aim)ﬁ“aim,cllm —ﬁ(Cllm -b), a e[o,w!&“ﬂ
A

(b—a'n)+al cir —ﬁ(cf” “b), & e[o,qumﬂ
A

In
1-71a

Jo-arpry--ar)p By -b)-(c

[
1-14

[o-ainn-m-ah)p sk -b)- (ol —b)}

1-7,

?ﬂ?—M}
1-17,"

On the other hand, the &, # —cut of B are “Bz[“Bl ,“Bf], ﬁB:[’BB'_ ,ﬁBﬁ'] where

Proof

(2

m
B

(2

Wy

(b -+ & - (6 ~by), @ [0 |
B

[ y-aing)--ap)p pep -b) - g -by) |

o
= V\/l:m(bl—aémna;m,c;m b cy -bl),ae[o,wgﬂﬂ

A
1-71g

A
1-17g

_7%—6?0?%%%—%ﬂﬁ BCy —b)~(Cymy —by)

1-7g"

1-7g"

4.1. Theorem (Addition of Two GIVTIFNs with Different Heights Produces a GIVTrIFNs)

To determine the addition of GIVTIFNs A and B, we first add the o, fcuts of GITVIFNs 4 and B using interval

arithmetic.
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For MFs functions

a, apl | @ o W, % 0 Al a7 A
A, + B*{V\/Am(b a")+a, +W.Bm(bl a3')+ag", ¢ W,Am(Cl b)+C; vv'Bm(C3 bl)}

where

w mln(V\/I VV'ET)andae[o,w']

| | | |
b-a" b-3a5 ¢"-b G-
= (a1'm+a;m)+a |a1 +bl Iag ,(C1'm+Cém)—a Lo+ 3 Ibl .1
Wy We' Wy We'
To find the LMF #A +B' () we equate both the first and second component of (4.1) to x which gives

b— I b, — In Clm—b Clm—b
X:(ajI.m +aém)+a{ |a1 + 1 |';a3 }and X:(C]I-m'f'cém)_a{ 1 I " 3 I 1

Wi Wg Wi We'

Now, expressing o in terms of x

I
e x—(a" +ag )I
b a{" b, - a5’ “4.2)
A Wy
(C™+C")—x
o =
¢ b CI by 4.3)
wir Wy

Setting 20 & «a < w' in (42)and a < w & a>0in (4.3), we get the domain of x,
I b - I I -b C b
| | I | a1 m o ey _ m
X € mLanm ) mram™)+w and X € (Cl +C3 ) W 0 + ] (C +C3 )
{(ai A7+ &) { A w,'; H { WAm Wg'

Hence the LMF #Al 4B ) of is

X—(ailm+aém) « | | V\){b—a;’” bl_asm} |

,Xe| (@ +ag), + +(a +a3")
b-a b-a U e [
wp oowp

_ R PR

(" +Cr)—x el @ . d |{'”” b o bl}

 xe| @ +c)-w (c+cln)
C{m_bﬁ.m_bl {q o P o +Cy
wWpoowh
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In a similar manner we also have the UMF # AU BU (X) of A+ B as

X_(afm"_a(l;m) xel (@ 4 u{b_a;m b_l__ail;m} Uny
'~ xe| @ +aim),w ¥ +(a +ay")
g oo [ W g [
Wy w
b-ar bl—a;’"‘ Un . alny /aln |, Al " —b C\L“wjm_bl
CCE B M T }“31 e )'Wu{qw&m T H

AR S u{c;m—b csbl} "
: , Xe| (@™ +Gm) -w +——=, (" +G")
cijm_b+c3m_bl { Mm V\}B]m
wWrooowg

To obtain NMFs, we proceed as:

ﬂAl+ﬂBu:{w—aknkrwb—dwﬂ,ﬁwk—by-mynk_m}+
S 1-175 1-7;
(b —aymg)-(0-3;)p Aley ~by)—(CLrpg ~by)
1-78 , 1-70

i {(b—a'z"nk)—(b—a'z”)ﬁ L (b -armg)-(b-ay )ﬂ}
1-77; 1-77g |

p(e ~b)~(Chmk —b)  B(Ci ~by) - (C{1g b))
1-ny 1-7g

:[{(b—a?ﬂk)+0ﬁ—akné)}_ﬂ{(b—a?)+(b—ak)}

1-1% 1-15 -7 1-7g
ch by ©r-b)| [chyt -0y (Cimg-b)
B ot L[ A I,
1_77A 1_778 1_77A 1_778

Let‘s equate each component with x, we have

X:{m—abﬁ)+<%—abﬁ>}_ﬁ{m—dm+xb—$w}am

1-17 1-17g -7 1-7§
o ch_ [ Chph _

_p @2IP+(4 Ep _(%nA%m+(4th%>
1-7, 1-17g 1-14 1-1g

Now, expressing in terms of x, we obtain

(b-arny) .\ (b, a7 775) Ly
1-77; 1-77g (“4)

B = Iy I,
{w—%>+m—m)}
1-ng  1-1pg
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and
{X {(CzﬂA 2 (CL"n'B"—bl)H
Iﬂ
5= 1 77A | 1_778 4.5)
(ch b) (04“—b1)
1- 77A 1_7721

Putting <1 and /5’277' in (4.4), where 77' = max {77!,? ,ng‘ } , We have
(b-agng) (- a;77g) .
1_77;4 1- 778
1> |
(b—az")+(b—a4”)
-7 1-7g
_ [ _ [P | b _a
Then {(b a|2)+(b a)} (b azlqA) (b, -7 75) .
1-1a 1-71g 1-1a 1- 773

(b-apk) | (- mB) {(b ay) (b—a!f)}
1-175 1-778 -3 1-78

That is, x > {

_aa-m) & (- nB>
1_77:2 1- 7713

ie, x>ar+ap

Again, taking 4 >17'in (4.4), we have
{(b 8277 ) (bl—aL"ﬂ'B”)}_X
I 1- 77A 1_77:3n

n <
{(b a;) (b- a)}
177A 1778

{(b 1), ® ams} n{(b al) (- an}
1- 77A 1 775 1 77A 1- 778

b(- 77)+ag(f7 ~17%) b]_(l 7+ah e -mh)
1- 77A 1- 775

ie, X<

In |_ 1—
Thatis, X €| ay +ay, b(l=7 )+a2|(77 "IR) bl( 77)+a4 G for (4.4)
1-1a 1- 775

Next, Putting 3 >177'and 3 <1in (4.5), we have
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{(Cz A — b) (C4 UB bl)}
| B

1-773 1-17
n <
{(Cz b, @ bﬁ}
1 77A 1- 778
X_n{(cz b bﬁ} {(CzﬂA—b) (ch7y - bﬁ}
1 77A 1- 773 1 77A 1- 778
80 77A)+b(1 1), & @ 773)+b1(1 1)
’ 1- 77A 1- 778
Lk -b) (i by
1- 77A 1_77|Bn

Again for, 1= >

{(02 b (C bl)}
1 77A 1- 773

Then, {(C b) (C4 bl)} {(sz b) (C4773 bl)}
1 77A 1- 773 1 77A 1- 778

x<{(02 -b) (€ bl)} {(CZUA—b) (Cyy - bl)}
1 77A 1- 775 1 77A 1- 773

ie, X<Cp +Cp.

2 (7 77A)+b(1 7) &0 ’78)+bl(1 77), c'2n+cjp}or(4.5).

That is, Xe{
1- 77A 1- 773

Hence the required LNMF Va8 (X) is

- azm) b - |
1-77% 1-173
(b-dy) (b —ay) ’
T+ 7,
177714 177713
/ / ! 1, 1 1,
e a£"+aﬁ’,b(17n )+ag'[(77 7772')+b1(1—77 )+a4l(f7 -175)
1= -1y

/ I
b—n"y+ds (! A )+l (7" =1p)

/ 1-17 1-175
Vo ](x): m,xe ! / !
A'+B ch (' m)+b(1—77) c4'(77 —n3)+b(d-71")
1- 77A 1_77?;'

{(Cz 4 *b) cimny -b)
1- 77A 1_77113”

(b (€f—b)
ot 7,
=174 =175

|G —nD b=y e Of =)+ h A=) -y
1% 1—1; o )

1, otherwise.
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In a similar fashion, we have the UNMF v AULBU (x) ofA+B

G-y, dini)]
l=mny 1=15"
(b—a) (b —di) ’
R

b—n" )+ ay o —nf) A=)+l o —77;")}

X e a§”+af{”, - -
1=y 1=175"

bA—n")+dy (" —mp)  BA-n")+d ("~

B

v x) = 7, xe 1-n7y 1-175"
AU 4 B o' (" —ny)+b(d—n") N ey (" —ng)+b(d—n")
1-n 1=y

ey N (cy' 175" - by)
1=y 1-175'

(4" —b) N (cy" —=b)
l-ny 1=y

x{cz"(n S/ FORR (Sl DINCALU Ml PO R Y Y “’ff”J
1=} 111y

1, otherwise.

Thus, we have
A+B={l{tl £l ¢l ¢l fu fuwu I LT[ U 4U AU U U
112013 14 W B T g 01,9 939477 }{91:92:93.94:77

where flI = (ai'm +a§m)

£l -

W {b;\fl blee }+(al ral)

m b Cém_b_l_}
= (C" +C3) -
3 C" +Cg W{W'A + V\I'é”
f, =@ +cp)
and V\/I:min(V\fA“,V\fé“).

f=@"+a;")

u_.u b—a" bl_agm Uy,
fo =w { W + W }+(a1+a3)
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b Gy

fu: U Uny U
3 =@+ )W S

f, =" +c)
and W' =min(wy, wi)

Also gi -ap +af

b—7")+ab (7' —n) N b,-r)+al o7 -7)
1-77; 1-77g

I
9, =

_ G —np)+bA-n") o (7' — )+ (A7)
1113 175

I
93
I I Iy
9,=C; +C,

and 7l = max (175, 775)

u n n
91 :a; "'azllJ

o) +8f (" ~1f) @)+ (" ~17g)

u j—

2 1-1% 1775

o C' (7" —n) +bA-1") & (7" —75') +bA~77")
3 1-np 1-ry

u Uy Uy u __ Un  2qUn
gy =G +C, and 777 =max(17," . 775") | |y
u
A + Bis clearly a GIVTrIFN with height of the MFs are W \W " and NMFs are 7 +77 .
Hence the theorem.

4.2. Theorem (Subtraction of Two GIVTIFNs with Different Heights Produces a GIVTrIFNs)

Proof

To perform subtraction operation of GIVTIFNs A and B, we subtract the a, f-cuts of 4 and B using interval
arithmetic.

For MF,

ap _apg =[ ° (b-ar)+ 'm—{ I T (ch - )}, 7 ('””—b)-{ (b -ap)+ 'H 4.6
VB b—a")+a" —1C; W G- W G W b -a5")+8; (4.6)

where W = min(Wy, W) and & [0,w'].
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To find the membership function H Al_gl () we equate both the first and second component of (4.6) to x which

gives

a | | I a I a (24 I I
:7b_ m m _ m __ m _ d —cm __ m_b_i _ m m
X W'Am( a")+a" —1C; W.Bm(Cs b)) rand x=C W.AT(Cl ) W'Bm(bl ag")+ay
Now, expressing in terms of x
3 x—(a{”’—cé’")
a_
(b—a#)+éW—@ 4.7)
Wi

/ /
3 (" -a)—x
“ {(c’"’ —b) b —dlr
1 +1 2 } (4.8)
Wi
Setting >0 & a <w' in (4.7) and a < w" & o> 0 in (4.8) we get the domain of x

/ /, / /
by  da (o 1)(b-a") " —h ey Jl@" =) b-a |
xe|(aq"—c"), (@ —c3")+w {+ and xe|(¢" —a5")—w y———+——— . (q" ~a&")
[ Wi Wi

B

The required LMF is “al_gl (x)

l /

/ /
x—(a" -¢" b_am cm_b
e e e
(b—01")+c3 -b A B
Wﬁn W’;

!l / /, I}
h—da"y " —p by b —a
/ ](X): Wla xe|:(a1]m_c§n)+wl{( M/ll )+ SM/ 1}’(Cllm_a§m)_wl{( lW/ )+ 114/ 3 }i|
A-B i 5 A 5

u

where V\) = min(W'm ,WIB"‘) and a €0, WI] )

i (x)
.. / u_ ol LS
In a similar way,we can have the UMF AT-5 as
U, u, u, U,
x—(a" —c" b—an ' —p
( 1 3 ) xe (au,,, _cum ), (au,,, —Cum)'l-Wu ( 1 )+ 3 1
Uiy ol 1 LR W W
(b —4 ) + G _b1 A B
M/Zim M/lém
bh— a“m Cl‘m —b cu,,, _b) b - au,,,
U . u(x): Wll, Xe (alu”'—C;"")-‘-w” ( ‘] )+ 3 - 1 ’(Clum_a;m)_wll ( 1 : )+ 1 43
Au_B Wi Wi W Wi
U, u, U, u,
gy x by b —g
( 1 3 ) xe (C”m _aum)_wu ( 1 ) + 1 3 ,(C”m _a”m)
(C"m b) b a”m 1 3 W“m W"m 1 3
1 - 1~ 4 B
+ S
W‘m W’m
A B
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For NMFs
B Pyl _ [(b diii)=-an)p et ~b)-(cin] b)}
- B 1- 77A 1- 77A
{(b ~djt-(-d)p p; —bp—(cw;—bp}
1- 773 1_772'
(b-din)—(b-di)p  Bcq —b)—(cim —b)
~ 1-17} 1-173 ’
ek by~ (chrly —b) (b —aimy)—(b—ai)p
117} 1-17;

Iyl I l
b- a”77 C4 Mg —b 5 b—aé’ +C4 —-b
L e =n; 1

ﬂ{C”—b b- a4} chigy—b b -diny
e e -y temg ]

Let‘s equate each component with x, we have

/
_)b-aym; 64773 _plb=a i h
/ / /
1-14 77é’ l-n; 1-1ng

and

. ﬂ{ —b+b a4} cznA—b b, —d;my
- - 1-17; 1-173

Now, expressing £ in terms of x, we obtain

/
b- am e b |
- 1-ng

B= bah &b (4.9)
{1—772 T }
{02"77 b, by 04773}
5= 1-17; 1_7721
b b-d, (4.10)
{ 1-17 1 773}

Putting <1 and > 77' in (4.9), we have
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Lol
b—aé”ﬂi7+c4773 —b y
ln ln
1> 1-17; 1;773
b-ds +C4"_b1
/ /
l-ng 1-n

/ 1] Lyl
b-dy ¢ =b|_|b-ayny cing b
Then,{ 2 4 1> 2114 + 415 0 -X

lﬂ 1” ln ]/7
l-ngy 1-13 -1 1-ny

hool / I,
b-dymy G b | Jb-dy b
Then, X 2> _— + - - - + -
—174 —17g —14 —1g

s 0= e (-my)

Th 7 7
1=} 1—m3

That is, x = aé" —cf{ .

Again, taking 3 > 77[ in (4.9), where 77 = max{nﬁ;’ ,772’ } , we have

IVI ]’1
b-agmy il —h

A (Y
/ 1- ¥ 1- g

n <
b—a} cf{—bl
Tt T
l-n; 1-n3
Lo _p bigle b — b
P)b—ay G b _Jb-ayny  CiTlz —H
n I + (= A + T —X
/R 1-m74 1-175

[P U A A o —p
¥ < b aZZ]A+c4nB lnl _77] b alzn +C4 [”1
1-n; 1-m7 l-mg  1-nmy
c< M=) +ds (o =) i (' =) +b(1-17)
h 117 115 '

y, bA=m)+ay (' =) ;' —mp)+b(1-1")

. 1 A
Thatis, x €| a; —¢;, 7 7
1= 1=ny

Next, Putting #>7'and S< in (4.10), we have

|/ In gl
crn't —p b_an
x+{277,4 i e B}
/

lﬂ lﬂ
1-17; 1-178

n <
cé”—b b—aff
T T
l-n; 1-1m5

which gives

Dutta and Talukdar



Generalized Interval-Valued Triangular and Its Application

xZn’{ ~b_b- a4} iy —b b a4773
-1 1—773 =17} 1-173

o> G =) +b(=1) _di (o —r5)+b(1=7)

Again for f < 1, we have

b _ gh
That is, X< C;' —ay

177,&7 1773

H{ o

1> 77 7719
P—b b= a4}
77; 1 773

/ /

cr—b b-ay
{ i+ ;‘W}Zer
-y 1-15

77 —b b, a4773}

277A—b by a47713
1- 77A 1- 77"

Then, X € {

Hence, the required LNMF v, (%) is

cé”(?]l—ﬂi;‘)+b(l_771)_ai"(77 773")_'_])(1 77) n for (4.10)
- 11 o

The Open Cybernetics & Systemics Journal, 2018, Volume 12

b— a 77 Ci”ﬁé”—bl .
1_77A 1_772"
b—az ¢ b ’
1—77A 1 773
e 1, I _ l, /, I _ /, e
xe[a;n_c;n,b(l n)+ds (' —nl) _ (' —nmg)+ b 77)}
1—m7% 1—m
b—nY+ay (' —n%) s ' —ny)+b(A—1")
I 1—17; 1—1
Vg = ' —nD+b(-1") ar (' —nip)+b(-7")
1—17 -5
Lo 1,
s éWﬁ;b+ﬁ_%7B
1—77; -7 |
—b b—a4
_77A 1 773
E[Cﬁ"(n —D+bU-n) diGf —mp+b (-1
! Ji > 4
1= 1—my

Similarly, we can have UNMF v

AU —BU

1, otherwise.

(x) as follows:
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bh— a;n 772;1 N cgn 77;‘;1 _ bl i
=17y 1-175

b—ay ¢ —b ’
2
l=ny 1-n

bA—n")+a (" —ny) <@ —772")+bl(1—77”)}

uVI J— Mn
xe[a2 cy,

1-1s 1—ny
b(l—n" )+ (" —n) (" —ne) +b(1—17")
uo 1=ny 1=y
Yo gu_pu = (' =) +b(l—1") _a (" —me)+b(1—1")
1—n [
s Clzln 771];” u_ b N b] _ agnungn
1-my -7 |,

o —p b — a’"
S
1 — 77AH 1 _ 773"

xe[cz"(n i) b= _d G =)+ )’cgn_ag,}
1=y 1=n

1, otherwise.
Thus, we have
A-B= <[(f11 N W ),(fl“ S S5 Ty )} ) [(gf ¢h.g5.ghr ),(g{‘ 83-85-841" )]>

where fll = a]]’” —Cé’”

/ /
O S A B L e I & it
fH=@"-c")+w { +

I I
1 I i 1)(q"=b) b-ay
y: =(c]m—a3m)—w{ I
‘,Vizl M/én

fi=c-dy
and W =min(wy,wh).

Uu uln uln
N =a" -G

fy =@ =y +n'

B

b-a™) N " b,

c”m -b b, — a”m
f3“ =" —aymy—w" @ -b )+71 3
W W

S = -ar
and W = min(\/\’/im ) V\ém)

| Iy I
Also 91 =87 —C4
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| b(l- n)+%(n -nz) ¢y (i nw+QG 1)

92" 1- 77A 1- 775

o G ) +blor) ay(r —ng)+hl-n)
3 1-7; 115

oh = —al

| (R
and 17 =max(77x,773 )
g =8 —C;

qu_PA=n)+ay (" —ny) c(r” —1g) +b(1=1")

N

1-ny 1-77g
o = ¢ (7" —na)+bQ-7") ar (' —ng) +b(1-7")
: -7 1-my

gy =C;" —ay’
u (VAT
and 777 =max(1,", 17g")

Thus, 4 - B is also a GIVTrIFN, where height of the MFs are WI ) w and NMFs are 77' , 77” .

Hence proved the theorem.

4.3. Theorem (Multiplication of Two GIVTIFNs with Different Heights Produces a GIVTrIFN)
Proof

To calculate multiplication of GIVTIFNs 4 and B, we first multiply the a, f-cuts of generalized fuzzy numbers 4
and B using interval arithmetic.

For MF,
a larl o I I I a I a
AYB = (b alm ) + alm }{ (bl _asm ) + a3m }’ {Clm . (Clm —b)}.{c{’ _ (CSW _bl)}:| (4.11)

where V\) =min(W|Bm,WlA”‘) and o €0, WI]. )

S

To find the LMF Hy g (X) , we equate both the first and second component of (4.11) to x which gives

a / /
(b- al'" )+ al"’ }{ (b1 -a")+ay }
{w/ g
2

w/"'m/ (b=ay" by —dy )+M/ wh (b-af)+ M/ ay (b —ay)+apray
B

/

20 aryb-ay) Jarb-ar)  arb-dr) b

+a + +(a"ay —x)=0
Wl,"w/m M}il wg 173

which is a quadratic equation and by solving it we obtain
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(bW +al (b~ W )+t (b W +al (b e Wi 4w (b~ b, i Yal e ) @.12)
2(1)—01"’)(1)1_‘13"')

(04 a
(Clm —b)p.Ach == (clr —b,)  gives

Similarly x = Cll/” -

) 4.13)
cf'" (cém -b )\4//'1" + cé"’ (cllm - b)w//'l” - \/{c{"’ (cf{l -b )wﬁ;’ + c:’;l (cfm - b)wﬁg } - 4M/Am wg (c{m - b)(cém -b )(cf'" cém -X)

2c -b)(clr —h)

Now, setting a >0 & a <w" and a <w" & a > 0 in (4.12) and (4.13), we get the LMF of the resulting GIVTrIFN
after multiplication of 4 and B together with the domain of x

o=

—{a} (b-ar W + (b —al Wy + ik (b-ar Wy + (b —alr i ? 4wy wl (b—al b - al Yadl —v)
2b-ay )b, —dlr)

. oo o 6P / /
if xe|aray,a"ay + (b- al )b a3 )+ a3 (b- al'")+ a"(b-a;)
Wi Wi W
afmalm+{ (”/) (b e a3m)+liaém(b—a{"mi m (by-alpm),
/ Wit wi g
/ l(x)— w, xe
vy w

llem+ ("\/)l (lm b)( bl)_%cém m_p) Clm(élm ~by)
gn m

WA B

2
G n (c " —b )M}Aj" + cé'" (cll’" - b)wg" - \/{cl’" (c " —b )M/’" + cé'" (cll’" - b)wg" } - 414/; wg" (cf’” - b)(c;’" —b )(cl""cgm -X)
2(c,’" - b)(c " —b)

(W) / I W, W, 5
if re C,,,C,,,+ e —b) (e —b) = e (e =By =2 e (¢ — b)),
if { M/AM/B(l )es —by) M/Amg(l )M/é”l(x ).

Also with a similar manner, we have the UMF # AU BU (X) as

—{ay" (b—al" Wy +a" (b —a5" Wyt + \/ {ag (b—ai" Wy +ai" (b —as" YWy }2 —dawirwy (b—a )b, — a5 Y(a," a5 — x)
20b—a )b, - ;")
2 u

u
w w
(b al U )(b a:’;m ) + a:l;m (b _ al“m ) + all'm (b] _ a:l;m)
Wy wp wy Wy

;- U oyt U oyl
1fxe|:a| a",a"ay" +————

W u
a'm ”m%(b ™ )b a3y L A (b=a)"M )+ i (by—a§m),
ATBT | 3 1 3

w
g )= W re g Wi B
’ Um Mm Um Hm w m Hm W HUm
Qe _b)(ﬂj, (g -b)- 41 (C M—by)
W s WB

2
Cl m (C3m _bl)M),l;m + C3m (C1 m —b)WZ’" _ \/{Cl m (03/" —bl)Wi{" +C3m (cl m —b)VV;”’} _41,‘)114,,1 ‘,ngm (Cl m b)(C3’" _bl )(Cl rrrc3r71 _x)
2(cf”“ —b)(cS" b))

w
(e =Bt =)= et —h)— et —bl),cl”"f?"}
B

i U Al
if xe| ey +

14/2

For NMF
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BB _ [(b din)-(-app pick-b)-ci; b)}

1- 77,4 1- 77A
(b, - a4 773 )= (b- a4 )ﬁ ﬂ(c4 —b) —(04" 7713" -b)
1- 773 1- 772;”

_ {(b dir)-0-ah)p —dbnl) -~ a4)/5’}
1- 77/1 1- 773 ,

{ﬂ(cz ~b)— (c277A b B(ci —b)- (6‘4773 —b)}
1-n" 1-175

Now, equating both the terms with x, we obtain

B (b—de )b, — ) - Bib— e )by — il )+ (b— gl by -l )} +
{(b—demy )b —aymy) —x(1—n)(A -1} =0

and

By —b)(Ch —b) = BUCE —b)Chly —b)+(ch —b )ity — b)) +
(crmly —bchn’s —b)—x(-n)A-nk) =0

It can be expressed in terms of x by solving this quadratic equation,

{(b—d )by —dymg) +(b—ag (b —dj )} - @.14)

\/{(b az )by a4 773)+(b az 77A )by a4 )} —4(b— az )by 614 MG az 77A )by a4 773) x(1- 77A )= 773 )}
2(b— 612 )b, 614 )

and,

(ch D)y —b)+(cy —B)(Chny —b)} - 415

J{(cz —b)(Chly — b))+ () — b)Y — A —bY(Ch —b) (il — By — by~ x(A =1 -1}
2(ch —b)(cr b))

| nh |
Putting <1 and B>7' in(4.14), where 77 =Mmax (77,&‘,775?) we have
X=a£"aL“ and

_a-n)+ar@ —mpyea-n)vds o -l
A-775)1-77)

|
Again, ,B 21 and ﬂ <1 Putting and in (4.15), we have

_ o —np+na-n ek @ —nlp -0y
(A-17)0-175)
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and X = Cg‘ C!{‘.
Thus, the LNME Vag (X is

VAZ.BZ (x)=

In a similar fashion, we can have UNMF v AU U

v
ALI . Bll

(x)=97".x

{(b—db b —aimp)+(b-dim’y b —al )} -
Jib—db b — iy )+ (b—dsmly by~ )V — 4 — s by — ) (b -l by —dbagly) —x(1 = =17l )
2Ab—al )b —al)
=0y +dy ' ~miviba-n"y+ds ' -nln
ifxe aé”ai", 1 4 B[ [ 2 A
A-n)a-ny)
O A 1R e iy o Ul A RN U RSB
’ A-na-np) ’ -na-np)
{(Ch =b)chml b))+ (ch —b )Xoy — b)) -
s —bXChls — )+ (Sl —b Xl — b — 4k —b)Cy —B) iy —BXChns - —x(-a-T)
2ch —b)(cy -h)

l.fx{{cff(ﬂl—772”)+b1(1—771)}{(3§”(f71—Uﬁ)+b(1—nl)},céncin}

(A-na-ms)

(%)

as follows:
{(b—ay" by —ay" ")+ (b-ay" ' by —ag™ )} -
J{(b — Gy (b, — )+ (b — s by — T — 4 - ay by — )b — gy by — a1 = )
2(b-ay" by ~ay")
foe [a;‘"ag’", by a-n")+a)" (" —77%:1)}{5(1; n"y+ay " - )}}
(I=n1-ng")
- [{bl(l—ﬂ"HaZ’” 0" =ngba-n")+ay" (" =y ey 0" —ngh) + b a0 0" ) + -1}
’ -7 -ngh ’ (-7 1-ngh
1" = b)eg™ g =)+ (eq™ by "~ b)) -
J{(c&’” — BT —by)+ (4 — by ey b)Y — (ST — B —by) e — by ey by~ x(1 =1 =i}
2" ~b)ey" ~by)

. [{eﬁ{n (" =g+ b (=" (" = b0y, ,u,,]

U, U, 260 4
(1—77An )(1—773”)

Thus, we have

s =([(d el o o ohabolin o o]

| [
where f1 =a,"a
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()

l l
fl=apdr + s (b—dl" )b, —dr) + e dr (b-dly+ e (b —d)

WY W W
/ L A, ( / / / / / /
fa=cred + (e =b)(cy —b)———c7 (¢ —=b)———¢" (¢ — b))
3 =G"G Wy 3 7 h W 3G Wi 3 —h
fi=dvet
and W =min(wy,wh) .
2
u u, _u (Wu) U, Wu U, Wu
/s :alma3m+w/j;"wg" (b—a )b —ay" )+@a3m(b a” )+w’g a” (b —ay")
f-&w+mewm@um—W@m“w4ﬂq@um
’ WiwWg Wy Wy

Ji=de

and W' =min(w,", W)

| Iy ol
Also 9 =73,

4 +de G —mloy -+ de o -nlpy
£2° (A-15)1-175)

! {6’4(77 —15)+b (1 77)}{6‘2(77 77A)+b(1—77)}

&g

3 (A-n'1-1)
/ /]

gy =cic

and 77l = max(17 . 77 )

o = b A-n"y+d (" =g -n") +ay (" -1}
2 (-1 A-17)

G 2@ =) T b A= G O i) + b))
: A=17)A-175)

u U, U,
g4 =66
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and 77" =max(77y , ;)

|
Thus, 4B is clearly a type of GIVTrIFN, where height of the MFs are WI ,Wu and NMFs are 7] , 77”.

Hence proved the theorem.
4.4. Theorem (Division of Two GIVTIFNs with Different Heights Produces a GIVTrIFNs)

Proof
To divide two GIVTIFNs A4 and B, we first divide the a, f-cuts of 4 and B using interval arithmetic.
For MF,

@ N R P e
W(b_al )ra” g _7(01 -b)
a oy _| Wi f (4.16)
" * clm a (cl/n b ) , a (b a[/n ) + a]m
£ Al U St Dyl O 3
W w;

where W = min(Wy , W) and & € [0, w].

To find the LMF Hy g (X) we equate both the first and second component of (4.16) to x, which gives

a lm Zm lm a Zm
W (b-a")+aq qr = e (" =b)
_ "4 _ A
x= and x =
/ o / (24 / /
cr — (Cm —b) 7([7 _am)_,’_am
3 &3 1 S B 3
Wy Wy

Now, expressing a in terms of x and setting a > 0 & o < w and a < w & a > 0 in the above expressions, we get o
together with the domain of x

i /
w
e g e bh- a]’m )+ g]’n,
ie o= 7 3 /1 . , X€e a{"’ /C;’” e 7 and
(b-a") (¢ =b)x oW
AR s H A e -2 -h)
WQ M/[;. L M//Bm
I / Wl A
o ———(¢" b
cfr —dlx 1 Wy @-n b )
=1 B 6 —dn] xe 7 .qlay
(" - = ay” x} / w |
+ 2 ay +—— (b —ay")
{ M/;, ‘/vém I M/é’ 1
The required LMF 4 ) ;1 (X) is:
Al/B
Wl / /
v — g - (b—ar)+a”
g [3 (Il 5 L xe LI{"’/CQ", A ;
(b—d"y (& —p x} 3 | W ,
Ry m— " —— (e —b)
Wl / / / W/ /
M/m (bia]m ) + alm Clm _ M/,,, (Clm 7b)
a0 = W, xe| Wi . g
Al/B! L W . W )
C}m _ (sz 7b1) a3m + (bl _ a3m )
i i
/ w y
. . Clm _ (Clm 717)
i —alnx wh L
7 - 7 , xe 7 o/ ay
{L‘m -0 (bi—a)x )x} dr+ (b~
m m 3 m 1 - 3
W W W




Generalized Interval-Valued Triangular and Its Application The Open Cybernetics & Systemics Journal, 2018, Volume 12 107

In a similar way, we can have the UMF H AU/BU ) as:

u

w U U
. " b—a)+aq
G x—ap” u, u, W:im
u,,l u,, s xela/6r, u
b-—a™) (5" —b)x W i
W T a" - W (" =b)
A B B
u u
w w
(b _ a]“m ) + alum Clum _ (Clum _ b)
1, 1,
H x)= w xe wi' Wi
u ) gu > u ’ u
A /B U w U, U w U
cy" — W (" —b) a +7w"”' (b —ay")
B B
u
i — (et —p)
1 1
e —alnx Wi ., ,
@b B-dx 8 e
c,” — —ay" )x w
{ W } A+ (=)
A B B

Where W' =min (W, w" )

For NMF
B Byl {(b—aé'nﬁ”)—(b—aé)ﬂ B —By—(chagl _b)}
) B =17} 1-1"
(b —dbmh)—~(b—di)p Bk —b)~(chnly —by)
1_771{5 ' 1—77/1;

((b ~ay; )‘“’—aé”)ﬂj (ﬂ(cé" b~k _b)j

_ 117} 1-17;
ey ~bp—(cimy —b) [ (b —dimy)-(b-di)p

A 1

1=173 1-175

Equating each component with x, we have

((b—aé"ni:)—(b—aé" )ﬂj

o 177,
- 1/1 lﬂ IVI
Bley —bl)—(C4 U _bl)

lﬂ
1175
Now, expressing f in terms of x, we obtain

b A Lol .
(C4 —bl)x+(b—a2) _ (b—aznA)+(C4773 bl)x

1 7 T A
1-mp 1-m7 1-mn4 1-ny
Lo 1—771" Lo
(b—az”ﬂj)+( 7)(04”775 —b)x 4.17)
1-m75
ﬂ: l ]/1
[ z)(ci"—bl)w(b—aé’)
1-ny

(ﬁ(CQ' ~b) -y ~b)

o)
. 1] i . in terms of o we have
(b] —ajng )—(b- ay )B
1-17;

Again, expressing -
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N

177A

b
1—77 ](

—dmix+(cin’ —b)

" —b
{(C )J{l

77A

j(b ay )x}
77

B

Dutta and Talukdar

(4.18)

Putting <1 & ,BZUI in (4.17) as well as ﬂZ?]I&ﬂﬁl in (4.18), where 77I = max(n';, 77:;) we

have

(b-ayny)—n'(b-ay)
77A
773

a’
xe|—,
04(

Thus, the LNMF

VA'/B' (X) is

1-nls
<b—a£"nir>+(;‘ J(dmﬁ; —b))x
L=173

and X € :
][77(04 ~b)— (g —bp) | (

lﬂ
=

(3 =b) = (31 =b)
—_— ln , a
777,1, j[(bl —ayng) =1 (b-aj )] 4
1=173

77A , e (1=n I, o
(ch —b)x+(b-db) [ by~ )]
1_773 1=1m5
b_alﬂ [N lb—a’" lcln —b)— cln Iy b
VAZ/BZ(x): 77/, ‘e l_nln( 317 =17 ( ) , 1_77]:7( ) —b)—(cn; —=b)
( zJ[vf<cf—bl>—<czwz—boJ 2 et -t
1-178 1-1g

1-17"
1_77

[

](b a4 773 )x+ (Cz -b)

77’ (cy —b)—(chnly —b)

77A

77A

|:(C” b)+(

B

,X €
s j(b —ay )x} ( -

1=13

i j[(b ~dmlyy -1 b-dp) |

Following the same procedure, we can have the UNMF v AU/BU () as:

Uy aolh,

(b—ay )+

=

- j( iy —byx

(

1_77;”
1-175

B

(

j(q —b)x+(b az)

Uy aall,

b-ayny)—n"(b-ay)

,XE

u,

)
Cy

U,

Uy arll,

(b-ayn)—n'b-a)

" j[ﬂu (cy

,(1— y
=17y

7(¢y —b) = (5" —b)

Uy o,

—b) (e 11y

_bl):|

Yy pu =

[1 un
1-175

J

77A

_B

Uy ool

(b —ay g )x+(c'n, —b)

Uy ool

|:77 (cy —b)— (¢4’

Uy oo,

_,,)J[

74

Uy, 1,

7" (cy" —b)—(c5" 1y —b)

E
Thus,

AIB= <[(f1 £, 64, thwd | (11115

4

1—
b
.

B

wu)] [(gl 95,9594

X e

1-1

A \(by i )x —L
U"jl ) } [1_’73

: j[(b] ~dyny) - (b-a) |

')(gf,gg 03 ,gﬁ{;n”)b

>

(b —ayng)—n"(b-ay)
%j[ o ;

u,

]

G

uVV
a,

n
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f 2 Wl
[m lm
&= g (G b
B
} Wl /
clm _ M/m (Clm _b)
fl- A
/37 /

and W =min(wy,wr) .

Uu U, U,
S =a" /G

u
w
——(b-a")+a"
fu - W:m
2 - W
um um
G" - o (C3 _b1)
Wg
W
c;/m _ (Clum _ b)
M]‘m
;= !t
3 - u

w

a" +——(b—a3")
Whn
B

u —_— um um
Ji=ad" 14

and W = min(V\/j\m , V\/ém )

[’1
)

L
Cy

/
Also & =

(b-ayny)—n'(b-ay)

!
&= I
1=p'™
[1_22 J[nl(df SARGL AN

B
o - ' (ch —b)—(chn’s —b)
3 /
1=n"
[ ”zjﬂbl—ai"n;r)—n’(bl—ai")]
1-15
C/”
g ==
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and 77I = max(175, 75)

o= (b-ayny)—n"(b-a)
& 2 -
1-ny u "
(777[1 j[ﬂ (" =b)—(cymy ’bl)J

1-ny

Uy ol

gt = n"(cy" —b)—(cy'11y —b)
3 - u,
1=y o
[ Z j[wl a1y —d) |

1_3

Uy,
u _ (&}
84 = a

u n n
and 17" =max(17y . 7g)

|
Thus, A/B is also a GIVTTIFN, where height of the MFs are W ; W! and NMFs are n, 77”.

Hence proved the theorem .

4.5. Graphical Representation of the Proposed Approach

Let us consider the same example discussed in section-1 where,

A= < [(2.46,0.7), (14,7,038)], [(L4.7:03), (0-5,4.8-5:0-2)]> is a fixed GIVTIFN while

B1=([001418,08), 614,20,0.9)}] [01419,0.2), (7.14,21;01)] } and

B)=([(101418:09),(814,20,095)][(91419:0.1),(714,21,0.05)] )

1
0.9

0.8 [—

MFs and NMFs values
° ° ° ° ° °
S b b & S 2
T I I I

°
T

T

Dutta and Talukdar

be two different GIVTIFNs with different heights. In
section 1, we have seen that the existing approach [26] produces identical GIVTIFN while carrying out the addition
operation between 4 and B, & A and B, which are depicted in Figs. (8 and 9) respectively. On the other hand, while
performing the addition operation for the same pairs of GIVTIFNs by using the proposed approach, it produces two
distinct GIVTrIFNs. Thus, the GIVTrIFNs are given as:

o

Fig. (8). MFs and NMFs of GIVTIFNs A and B,

GIVTIFNs A & B1
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0.7 —

MFs and NMFs values
°
o
I

25
GIVTIFNs A & B2

Fig. (9). MFs and NMFs of GIVTIFNs A and B,

A+B, =([(12,17.5,185,24,0.7),( 9,17.33,18,67,27;0.8) |,[(10,17.375,18625,26;0.3),( 7.5,17.22,18.78,295,02) | )

and

A+B, =([(1217.11.18:89,24;07),( 9,17.05,18.94,27;0.9) |,[(10,16.88,19.11, 26;0.9, ( 75,16.89,19.105,29.5,0.9) |)

The following Figs. (10 and 11) are the graphical representation of the GIVTrIFNs 4 + B, and 4 + B,.

GIVTriFN  A+B1

1 o

MFs and NMFs values
&
T

GIVTrIFN A+B2

Fig. (11). MFs and NMFs of GIVTrIFNs A+B,
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Similarly, different outputs will be obtained other arithmetic operations which is logical and correct while the
existing approach leads to illogical output.

5. NUMERICAL EXAMPLES
Let A=([10,15,20;0.6];[8,15,22,0.7],[7,15,22;0.25][6,15, 24;0.2]) and
B =([4,6,8,05];[3,6,10;0.65] [3,6,9;0.4][1 6,13,0.25]) be two triangular GIFNS,

Then, using the proposed approach we have

A+B =([14,20.17,21.83,28,05];[11,20.5,21.5, 32, 0.65] [10,19.4, 22.4, 29;0.4]: [ 7,20.44, 21.56, 37;0.25))

whose MFs and NMFs are:
05514\ 1420.17] 04297°% 11019.4]
6.17 6.268 °
0.5,x20.17,21.83] 1 LMF 0.4,x€[19.4,22.4] LNMF
0.5 268 ¥ xe[21.83,28] 04%6367 xe[22.4,29]
ﬂA+B(X)= and VA+B(X): oy
0.655—, xe[11,20.5] 0252 xe[7,20.44]
9-1 748
0.65,x¢[20.5,21.5] UMF 0.4,x€[20.44,21.56] UNMF
065257 xd21532) 0471642 191 5637
10.50 51457
respectively.

Then, A-B=([2,8.165,9.83516;0.5];[-285,9.5,19;0.65] [-2,7.4,14.5,19;0.4]:[7,8.437,9.563, 23,0.25))
whose MFs and NMFs are:

0522 xd28.165] 41367 | 110,19.4]
6.165° 6.268
0.5,x€[8.165,9.835] LMF 0.4,xe[19.4,22.4] LNMF
05187 1 f0.835.16] 0452 v ef22.4.9]
_ 6.165 B 13.2
Uy p(x)= 5 and vy_p®)= 1358
0.65°=, xe[-2.85] 0.25 xe[7,20.44]
105 5146
0.65,x€[8.5,9.5] UMF 0.25,x€[20.44,21.56] UNMF
06519—" [9.5.19] 025"454083 xe21.56,37]
respectively.

Also AB = ([40,84.99,95.01,160;0.5]; [24,87,93, 220;0.5],[21,80.4,98.4,198; 0.4] [ 6,86.625,93.375,312; 0.25])
whose MFs and NMFs are:

- . I . 0
TIISY | 120,56.67] 8IS 8225H44x 16 86.625]
10 48
0.5,x€[56.67,63.33] LMF 0.4,x€[86.625,93.375] LMF
—Bi+12x 3+/136.89+37.8x
W, x[63.33,120] 5.3+ 1162 B93T8Y 03375312
/UAB(X): ’VAB(X): >
~11+/3x 15-1.8225+14.4x
VI3 o4 87] 78IS 8D HAAT | 1606 625]
10 48
0.5,x€[87,93] UMF 0.4,x€[86.625,93.375] UMF
" . . .
2496+3x “1%“3)‘, x[93,220] 453+ “162 891378x  [93.375312)

And
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AlB =([0.462,2.027,3,24;0.2];[0.8, 2.416,2.583,7.33,0.65],[0.78, 2.23, 2.73,7.33,0.4 ][ 0.462, 2.406, 2.594, 24; 0.25])

whose MFs and NMFs are
83710 104622027 13:2573x 078,223
8.33+4x 8+3.75x
0.5,x¢[2.027,3] LMF 0.4,x€[2.23,2.73] LNMF
20-4x xe[3,24] 6x=9.5 xe[2.73,7.33]
8.33+4x 743.75x
P87 oy ST A T
0 xd0.8,2.416] OR8] 0.462,2.406]
10+6.154x 9+7.47x
0.65,x€[2.416,2.583] UMF 0.25,x€[2.406,2.594] UNMF
_2253x L 12583,7.33] 6.13x102 '\ 15 504.24]
10+4.615x 9+5.33x

6. RANKING OF GIVTRIFNS BASED ON VALUE INDEX

Deng Feng Li [35] introduced the concept of value and ambiguity of GTIFN and the same concept has been put
forward for GTrIFN by De and Das [36]. In this section, we will extend the concept of the value of GTrIFN to
GIVTrIFNs.

Definition: Let A=<Ka1m b,c,dim w'm)( im b,c,dm w“mﬂ,[(alzn,bl,q,dlzniﬂ'“)(ag”:bllcl’dgn?”u"m be 2

GIVTrIFN and [LI RI —] [Lu u’“g] & [LI” ’Lﬂ ) ] [LU” Ru” ] be a, f-cuts of the MFs and NMFs of

A, respectively. Then the value of MFs and NMFs of A is defined as:

wm Lm——i-R wh L”—-i—R

ym (=] e % g, i D=1 Yo %@ f(g)dgand
0 2 0 2
/ u u
I, +Rn L. +R™
1 X X X
Vlnv(A) = | ug(ﬂ)dﬂ yin p(A)= f ug(ﬂ)dﬂ respectively.
77[,, 2 i 2

wm
Where f{a) is a non-negative and non-decreasing function on [0, WI”‘] with F(0)=0 and g) f(a)da = wh

wim
and on [O’ Wum] with f(O) =0¢& g) f(a)da :V\/Jm. The function f{f) is a non-negative and non-increasing
1
function on [UI” ,LJwith g(1) =0and Ij g(p)dp=1- 77|n also f{) is a non-negative and non-increasing function
n n
1
on [ Jwin g)=0& | 9(pdp=1-77"
n n

Like [35] and [36], we also choose,
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2 2 2(1—
f(a)zTa , ae[O,wIm] & f(a):Ta , ael0,W™] and g(B)= ( ﬁ) ae[nln,l] &
2(1- )
2« =1 qepnn.
1-5"
Thus the value of the MFs and NMFs of A are evaluated as:
I
m u, u,
/ a" +d" +2(b+c) u a” +d" +2(b+c)
ym (A4)= whm & VM (4) =" ! w ™ and
# 6 # 6
! 1 u, u,
ar +dr +2(b, +c a +dyr +2(b, +c
i (4y="2""2 . T U A yin gy =272 ; P () respectively.

Zeng et al. [37], devised value-index to rank trapezoidal IFS and we extend it for GIVTrIFNs.
That is, for a GIVTrIFS

A= <Kaim b,c, d Wlm)( b.c, dlm;wumﬂ'K br.e1, d2 7 j(agnvbl'qldgn?ﬂu” ﬂ> the value-index of 4

is defined as:

_ 5(ym Um ) _ ('n Un )
Vit ;L(V pA VLA A=AV (A +V T (A) , where A € [0,1] is a weight which

represents the decision maker’s preference information.
7. MULTI-CRITERIA GROUP DECISION-MAKING USING ARITHMETIC OPERATIONS ON GIVTIFNs

In general, multi-criteria group decision-making problems include uncertain imprecise data and information. For
validity and justification of the approach and to show the application in real-world problem of the proposed approach, a
multi-criteria group decision-making model has been carried out to rank the best alternative among the available
alternatives based on GIVTIFNs.

7.1. Methodology

Let us suppose that a committee of K expert decision makers D,, D,...D, will choose the best alternative among n
alternatives A4,, 4,,..., 4, based on m criteria where C,,C,,...,C,, are for each alternative respectively.

The procedure for the decision process is given below:

Step-I: Decision makers choose linguistic weighting variables with respect to the importance weight of criteria
and the linguistic ratings variable to evaluate the ratings of alternatives with respect to each criterion which are
expressed in terms of positive GIVTIFNs.

Step-11: Decision makers evaluate the importance weight of each criterion using linguistic weighting variables.
Step-I11: The weights of criteria are aggregated using.

1
W, = e [W (DT () .. .. (W]

to get the aggregated fuzzy weight Wj of the criterion C,.

The new weight vector can be written as:



Generalized Interval-Valued Triangular and Its Application The Open Cybernetics & Systemics Journal, 2018, Volume 12 115

where each ij is GIVTIFNs.

Step-IV: Decision makers give their opinion to get the aggregated fuzzy ratings X;; of alternative A; under
criterion C,. That is,

m
Al *11 XIZ ........ 2

R= A2 X51 5(22 ........ X5
An _~m1 %mz ........ )~Cmn_

where each 555/ is GIVTIFNS.

Step-V: If all the weights and ratings are in the interval [0, 1] (i.e., W and R are normalized) the next step is
followed and

if not, they can be normalized by:

W*ZLand R*:L

( W.%Jxm [C%walo

Where | - |is the ceiling function, W, = Max(W;;)andC” = max(c; ).
Step-VI: Construct the weighted normalized fuzzy decision matrix

D=[dy] ~i=12..m j=12..n

Where d; ; = 71;(-)W; using our proposed arithmetic operations which are normalized positive GIVTIFNs.

~ n -~
Step-VII: Decision makers evaluate di = zdij using our proposed arithmetic operations.
j=1

Step-VIII: Based on maximum value-index of di , decision-makers will choose the suitable alternative A,.

7.2. Hypothetical Case Study

Let us suppose a committee of three expert decision makers, D1, D2 and D3 which has been formed to conduct the
interview for the post of the professor to select the most suitable candidate among the three eligible candidates, namely
Al, A2 and A3. Five benefit criteria are considered:

C1: Research Publications,
C2: Teaching skills,
C3: Subject Knowledge,

C4: Experiences in teaching,
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C5: Teaching discipline.

7.2.1. Computational Procedure is Discussed in Detail Below:

Step-1: Decision makers choose the linguistic weighting variable (Table 1) for the importance weight of criteria
and the linguistic ratings variable Table 2 to evaluate the ratings of alternatives with respect to each criterion.

Table 1. Linguistic Variable for the Importance Weight of each Criterion.

Very Low (VL) <[0, 0.0, 0.08;0.6][0, 0.0, 0.1;0.7],[0, 0.0, 0.15;0.3][0,0,0.2;0.2] >
Low (L) <[0.05, 0.1, 0.2;0.75][0, 0.1, 0.25;0.8],[0.02,0.1,0.22;0.2][0,0.1,0.3,0.1] >
Medium Low (ML) <[0.17, 0.3,0.35;0.65][0.15, 0.3, 0.45;0.7], [0.1, 0.3, 0.4; 0.25][0.1, 0.3, 0.5; 0.15] >
Medium (M) <[0.4, 0.5, 0.6;0.8][0.35, 0.5, 0.65;0.9],[0.3, 0.5, 0.63;0.1][0.3, 0.5, 0.7;0.05] >
Medium High (MH) < [0.6, 0.7, 0.8,0.7][0.55, 0.7, 0.85;0.75],[0.58, 0.7, 0.82;0.25][0.5, 0.7, 0.9:0.2] >
High (H) <[085, 0.9, 0.95;0.65][0.8, 0.9, 1.0;0.7],[0.8,0.9,0.97;0.35][0.75,0.9,1; 0.3] >
Very High (VH) ([0.95, 1, 1,0.8][09, 10, 1.0;0.85],[0.92, 1, 1;0.15][0.85,1.0,1.0;0.1])

Table 2. Linguistic Variables for the Ratings.

Very Poor (VP) <[0, 0, 0.08;0.8][0.0, 0.0, 0.1;0.9],[0,0,0.12;0.1][0.0, 0.0, 0.15;0.05] >

Poor (P) <[05,0.1,0.15,0.7][0.0, 0.1, 0.2;0.8],[0.25,0.1,0.2;0.2][0,0.1,0.25.0.1] >
Medium Poor (MP) <[0.25,0.3,0.35,0.75][0.2, 0.3, 0.5;0.8],[0.15,0.3,0.4; 0.25][0.1,0.3,0.55; 0.2] >
Fair (F) <[0.4,05,0.6;0.7][0.35, 0.5, 0.65; 0.75], [0.33, 0.5, 0.65; 0.25][0.3,0.5,0.7,0.2] >
Medium Good (MG) <[0.55,0.7,0.8,0.8][0.5, 0.7, 0.9;0.85],[0.5,0.7,0.85;0.15][0.45,0.7,0.9;0.1] >
Good (G) <[0.7,0.8,0.85;0.8][0.65, 0.8, 0.95;0.9],[0.65,0.8,0.9; 0.2][0.6,0.8,0.95;0.1] >

Very Good (VG) <[0.95,1,1;0.75][0.9, 1.0, 1.0;0.8],[0.93,1,1;0.2][0.85, 1.0, 1.0;0.15] >

Step-11: To assess the importance of the criteria (Table 3) linguistic weighting variables are used Table 1

Table 3. The importance weight of each criterion given by Decision Makers.

Dec1Cs;(i)t1; ;?oa;(ers D1 D2 D3
1 H VH MH
. VH VH VH
& VH H H
C4 VH AL Vi
Cs5 M MH MH

Step-III: The weights of criteria are aggregated using equation (1) to get the aggregated fuzzy weight Wj of the

criterion C; and decision makers give their opinion (Table 4) to get the aggregated fuzzy ratings X;; of
alternative 4, under criterion C,.

Wy = = [W] (DT () ... .. ()T
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<[0.85, 0.9, 0.95;0.65][0.8, 0.9, 1;0.7],[0.8,0.9,0.97;0.35][0.75,0.9,1;0.3] >
!
v = +[0.95, 1, 1,0.8][0.9, 1, 1;,0.85],[0.92, 1, 1;0.15][0.85,1,1;0.1])

+<[0.6, 0.7, 0.8;0.7][0.55, 0.7, 0.85;0.75],[0.58, 0.7, 0.82;0.25][0.5, 0.7, 0.9;0.2] >

= <[0.8,0.86,0.87,0.97;0.65][0.75, 0.86,0.87,0.95;0.7],[0.76,0.85,0.87,0.93;0.35][0.7,0.81,0.91,0.97;0.3] >
Similarly, we have

w, = <[0.95,1,1,1,0.8];[0.9,1,1,1;0.85],[0.92,1,1,1;0.15][0.85,1,1,1; 0.1] >

wa = <[0.833,0.93,0.933,0.96;0.65];[0.83,0.93,0.933,1;0.7],[0.84,0.93,0.933,0.98; 0.35][0.783,0.923,0.933, 1, 0.3] >

w, = <[0.95,1,1,1;0.8];[0.9,1,1,1;0.85],[0.92,1,1,1;0.15][0.85,1,1,1,0.1] >

W5 = < [0.533, 0.629,0.638,0.733;0.7];[0.483, 0.625,0.642,0.783;0.75],
[0.487,0.622,0.64,0.757;0.25];[0.433,0.623,0.644,0.833;0.2] >
Table 4. The Final Aggregate Result Obtained From Ratings Given By Decision Makers.

Criterion Alternative Linguistic variable
Al MG
Cl1 A2 G
A3 VG
Al G
C2 A2 VG
A3 MG
Al F
C3 A2 VG
A3 G
Al VG
C4 A2 VG
A3
Al F
(65} A2 VG
A3 G

Step-1V: The fuzzy decision matrix R is constructed as follows using Table 4.

C c, c, o o
<[055,07,08,08][05, 07, 09,085, <[0.7,0.8,08508][0.65, 08, 095,09], <[04,05,06,07][0.35,05,065075,  <[0.95,1,1;075][09, 10, 10;08],  <[04,05,0;0.7][0.35,05,065;0.75)

[05,07,085,05][045,07,09,00] >  [065,08,09,02][06,08,09501>  [033,05065025][03,0507,02]>  [0931%02][085 10, 10;015]>  [0.33,05,065025][03,05,07,02] >
<[07,08,08508][065, 08, 095,09],  <[0951L075[09, 10, 10,08,  <[085LL075][09, 10, 10,08,  <[0951L075][09, 10, 10;08],  <[095LL075][09, 10, L0;08],

[065,0809,02(06,08,09504]>  [0931L02][085 10, 10;015]>  [0931%02][085 10, 10,015]>  [0931102][085 10, 10;005]>  [0931%02][085 10, 10,015]>
<[095,1,075][09, 10, 10,08,  <[055,07,08,08][05, 0.7, 09;085], <[0.7,08,08508][0.65, 08, 0.95,09], <[07,08,085;08][0.65, 08, 095,09], <[0.7,08,08508][0.65, 08, 095;09],

[0931,%02)[085 10, 10;015]>  [05,07,085015][045,07,09,0]> [065,08,09,02][06,08,09501]>  [06508,0902][06,0809501>  [06508,09,02][06,08,09501]>

s

Since all the weights and ratings are in the interval [0, 1], so the matrix R is the normalized fuzzy decision matrix.

1. The weighted normalized fuzzy decision matrix is now constructed by using equation (2).

~ n
2. To evaluate di = Zdij using our proposed arithmetic operations, we have
=
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d1 =([ 2.554,3.103,3.226, 3.512; 0.65] , [ 2.23, 2.703,3.002, 3.964; 0.7,
[2.272,3.018,3.286,3.82; 0.35], [1.912, 2.93,3.354,4.106;0.3] )
d2 = ([3.661,4.183,4.282,4.518,0.65], [3.245, 4.122,4.309, 4.686;0.7],
[3.44,4.109,4.301, 4.574; 0.35][2.9,3.988, 4.359, 4.755;0.3])
d3 = ([2.949,3.51,3.738,4.209; 0.65 | [ 2.563, 3.446, 3.759, 4.494; 0.7
[2.628,3.429,3.726,4.243,0.35 | [ 2.283,3.23,3.824,4.561,0.3 |)
Table 5. Value-Index and rank.
= - = = =
di ' di d ds
Value-indexV(4) 7=0.1 4.182994 5.539223 4.750128
Value-indexV(4) =0.2 4.171798 5.547381 4.761256
Value-index V(4) =03 4.160602, 5.5556 4.772384
Value-indexV(4) =04 4.149406 5.56369 4.783512
Value-indexV(4) 7=0.5 4.13821 5.571853 4.79464
Value-indexV(4) 7=0.6 4.127014 5.58001 4.805768
Value-indexV(4) 7=0.7 4.115818 5.588168 4.816896
Value-indexV(4) 1=0.8 4.104622 5.59632 4.828024
Value-indexV(4) 4=0.9 4.093426 5.604483 4.839152
Rank 3" 1" 2"

Step-V: It is clear from the Table 5 that the calculated value-index V,(4) for d, is maximum for any given

weight A € [0, 1]. Thus, the ordering of d,’s(i = 1, 2, 3) for any 2 € [0, 1] is d2 >d3 >d;. Higher the value

index of d,'s will indicate the best selection of the alternative A,(i = 1, 2, 3). Hence, the ranking order of the four

alternatives is 4, > A, > A,and the best selection of the alternatives is.

CONCLUSION

The basic idea of IFS is the direct generalization of FST. Later, different developments have been extended, such as
IVIFNs, GIVIFNs. Evaluation of arithmetic operation between GIVIFNSs is a crucial issue. Arithmetic of conventional
approaches produces counterintuitive results. This paper presented a novel technique to perform arithmetic operations
on GIVTIFNs which efficiently overcame the shortcomings of conventional approach. The interesting part of the
proposed approach is that it produces GIVTrIFN. Numerical illustrations also corroborate the same notion. The
applicability and validation of the proposed approach have been shown by solving a multi-criteria group decision-
making problem. It is observed that the proposed approach is efficient, simple, logical, technically sound and general
enough for implementation. Researchers may apply this approach in any field where uncertainty/ imprecision can be
handled using GIVTIFNSs. Also, it is seen that both the conventional approach and present approach will be identical

only when height of the input GIVTIFNs is same.
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