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Abstract: Nervous networks in the spinal marrow are capable to produce rhythmic movements, such as: swimming, 

jumping, and walking. These specialised nervous systems are known as central pattern generators (CPGs). Nonlinear os-

cillators can be used in control systems of locomotion as pattern generators similar to the pattern of human gait, providing 

the approach trajectories of the legs. The objective of this work is to present the simulation of the biped gait using a cen-

tral pattern generator formed by coupled nonlinear oscillators. Using nonlinear oscillators with integer relation of fre-

quency, the transient motion and stable limit cycles of the network formed by oscillators were determined, showing the 

behavior of the hip and knee angles. Modification of the step length and gait frequency can be obtained by means of the 

change of few parameters in the oscillators. 
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INTRODUCTION 

 The first indications that the spinal marrow could contain 

the basic nervous system necessary to generate locomotion 

date back to the early 20th century. Nervous networks in the 

spinal marrow are capable to produce rhythmic movements, 

such as: swimming, jumping, and walking, when isolated 

from the brain and sensorial entrances. These specialised 

nervous systems are known as central pattern generators 

(CPGs) [1]. The human locomotion is controlled, in part, by 

a central pattern generator, which is evidenced in some 

works [2-4]. 

 Nonlinear oscillators can be used in control systems of 

locomotion as pattern generators similar to the pattern of 

human gait, providing the approach trajectories of the legs. 

The central pattern generator is formed by coupled nonlinear 

oscillators, where each oscillator generates angular signals of 

reference for the movement of the legs. Each oscillator has 

amplitude, frequency and parameters, and coupling terms 

makes the linking to the other oscillators. Several works on 

central pattern generators applied in the locomotion of bi-

peds can be seen in [5-12]. 

 The present work shows a central pattern generator simu-

lated by means of Rayleigh oscillators, which was very little 

explored in previous research, mainly its application in the 

locomotion. Despite the apparent similarity with the van der 

Pol oscillator, the Rayleigh oscillator presents distinct behav-

ior. From electrical point of view, in the van der Pol oscilla-

tor, an increase of the voltage implies in increase of the fre-

quency, while in the Rayleigh oscillator this increase of the 

voltage implies in an increase of the amplitude. This charac-

teristic can make possible a new way of control. 
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 Another important point of the present work is that the 

proposed system uses mutually coupled oscillators, which 

represents an advantage in relation to other coupling sys-

tems, since the mutual influence between the elements pro-

vides a mutual reaction, when one of them is submitted to a 

disturbance, making possible a most proper functioning of 

the pattern generator system. 

 Taking into consideration these aspects, the objective of 

this work is to present the simulation of the biped gait using 

a central pattern generator formed by nonlinear oscillators. 

Some concepts about the human central nervous system, 

including its main structures and characteristics, are pre-

sented. In the analyses, a 2D model with the three most im-

portant determinants of gait was considered, that performs 

only motions parallel to the sagittal plane. Using nonlinear 

oscillators with integer relation of frequency, the transient 

motion and stable limit cycles of the network formed by os-

cillators were determined, showing the behavior of the hip 

and knee angles. Modification of the step length and gait 

frequency can be obtained by means of the change of few 

parameters in the oscillators. 

CENTRAL NERVOUS SYSTEM 

 The nervous system is constituted by the central and pe-

ripheral systems. The peripheral nervous system is consti-

tuted by nerves and ganglia. The central nervous system is 

divided in two main parts: encephalus and spinal marrow. 

The encephalus is subdivided in cerebrum, cerebellum and 

cerebral trunk or brainstem. Fig. (1) shows the division of 

the central nervous system. 

 The cerebrum is formed by two main parts: diencephalus 

and telencephalus. Telencephalus is related to the cerebral 

hemispheres. The function of the diencephalus is to transfer 

the sensorial information to the cerebral cortex. In relation to 

the locomotion, it is involved in the regulation of the posture 

and movement. The motor cortex is part of the cerebral cor-
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tex and its cells supply a direct canal between the cerebrum 

and the neurons of the spinal marrow, the so-called motoneu-

rons. 

 The cerebellum is important in the regulation of the fine 

and complex movements, as well as in the temporal and spa-

tial determination of activation of the muscles in the course 

of movement or in the postural adjustment [13]. In the loco-

motion movement, the cerebellum participates actively or-

ganising and updating, based in the analysis of sensorial in-

formation of position and speed of the limbs at every mo-

ment. 

 The cerebral trunk is formed by three main parts: mesen-

cephalus, pons and bulbus, and summarily, its function is to 

connect the cerebrum with the spinal marrow, which repre-

sents the main way of communication between the cerebrum 

and the rest of the organism. 

 The human gait requires a coordination of the muscular 

activity between the two legs, which is made by a flexible 

neural coupling to the level of the spinal marrow [14]. Thus, 

in the course of the locomotion, a disturbance in one of the 

legs leads to a pattern of proposital reply of the spinal mar-

row, characterising the existence of the central pattern gen-

erator. 

 

Fig. (1). Division of the central nervous system. 

BIPED LOCOMOTION SYSTEM 

 Despite people not walking in completely identical way, 

some characteristics in the gait can be considered universal, 

and these similar points serve as base for description of pat-

terns of the kinematics, dynamics and muscular activity in 

the locomotion. The greater interest in this work is related to 

the patterns of the kinematics, in particular, related to the hip 

and knee angles. From the knowledge of these patterns of 

behavior, the simulation of the biped gait using the oscilla-

tors system becomes possible. 

 Fig. (2) presents a scheme of the control system of the 

human locomotion, controlled by the central nervous system, 

which the central pattern generator supplies a series of pat-

tern curves for each part of the locomotor. This information 

is passed to the muscles by means of a network of motoneu-

rons, and the conjoined muscular activity performs the lo-

comotion. Sensorial information about the conditions of the 

environment or some disturbance are supplied as feedback of 

the system, providing a fast action proceeding from the cen-

tral pattern generator, which adapts the gait to the new situa-

tion. 

 

Fig. (2). Control system of the human locomotion. 

 In relation to the hip, the movements are performed in 

one only articulation, and these movements can be divided 

in: flexion or extension, aduction or abduction and external 

or internal rotation (Fig. 3). This articulation of the hip per-

forms the function of a spherical joint and is formed by the 

head of femur and acetabulum, located in the pelvis. 

 In relation to the knee, it represents a articulation with 

two degrees of freedom, being the flexion-extension the 

main movement, and the rotation around of the longitudinal 

axle of the leg is a auxiliary movement, which only appears 

when the knee is bent. Fig. (4) shows the movements of the 

knee. More details about the physiology of the articulations 

of the hip and knee, as well as other parts of the body, can be 

seen in [15]. 

 Taking into consideration only motions parallel to the 

sagittal plane, from the use of an optic-electronic system of 

three-dimensional kinematical analysis [16], it is possible to 

define the angular behaviour of the hip and knee in the 

course of the locomotion cycle. 

 Figs. (5) and (6) present the graphs of angular displace-

ment and phase space of the hip, related to the movements of 

flexion and extension. Figs. (7) and (8) present the graphs of 

angular displacement and phase space of the knee, related to 

the movements of flexion and extension. 

BIPED LOCOMOTOR MODEL 

 The modeling of the biped gait is made more feasible by 

reducing the number of degrees of freedom, since there are 

more than 200 degrees of freedom involved in legged loco-

motion. The most important determinants of gait are: the 

compass gait; the pelvic rotation about a vertical axis; the 

pelvic tilt; the knee flexion of the stance leg; the plantar flex-
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ion of the stance ankle; and the lateral displacement of the 

pelvis [17]. 

 

  

Fig. (3). Movements of the hip. 

 

  

Fig. (4). Movements of the knee. 

 

Fig. (5). Angular displacement of the hip in the sagittal plane (mean 
± deviation). 

 

Fig. (6). Phase space of the hip in the sagittal plane. 

 

Fig. (7). Angular displacement of the knee in the sagittal plane 
(mean ± deviation). 
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Fig. (8). Phase space of the knee in the sagittal plane. 

 In order to perform all determinants of gait, a 3D model 

is needed. In this work, to simplify the investigation, a 2D 

model that performs motions parallel only to the sagittal 

plane was considered (Fig. 9). This model characterises the 

three most important determinants of gait: the compass gait 

(1), the knee flexion of the stance leg (4), and the plantar 

flexion of the stance ankle (5). 

 

Fig. (9). Biped locomotor model with the most important determi-
nants of gait and relative angles. 

NONLINEAR OSCILLATORS SYSTEM 

 Oscillators are used to describe mechanisms that repeat 

its action periodically, such as: some neurons, electric cir-

cuits, waves, cells, etc. The behavior of an oscillator can be 

described by a differential equation, whose solution presents 

cyclical behavior. Thus, nonlinear oscillators can be repre-

sented by nonlinear differential equations. 

 One of the oscillators more known and used in diverse 

works about locomotion is the van der Pol oscillator. An-

other similar oscillator to the van der Pol is the Rayleigh 

oscillator, which is used in the oscillators system proposed in 

this work. The equation of Rayleigh used in the analyses 

was: 

 
x 1 qx2( ) x + 2 x x0( ) = 0                 ,q 0         (1) 

where: , q and  correspond to the parameters of the oscil-

lator. 

 Considering xy = , we have the following autonomous 

system: 

 

x = y

y = 1 qy2( ) y 2 x x0( )
           (2) 

 Choosing values for , q,  and x0, by means of a pro-

gram that integrates the ordinary differential equations 

(ODE), is possible to plot the graphs of x and  x  as function 

of the time and the trajectory in the phase space. 

 Taking into consideration oscillators with the same fre-

quency, from the Eq. (1), considering a net of n-coupled 

Rayleigh oscillators, and adding a coupling term that relates 

the velocities of the oscillators, we have: 

         (3) 

where: i is the angle, and i, qi, i and ci,j are the parameters 

of the system. 

 For small values of parameters determining the model 

nonlinearity, we will assume that the response is approxi-

mated by low frequency components from full range of har-

monic response. Therefore periodic solutions can be ex-

pected, which can be approximated by: 

i = io + Ai  cos t + i( )            (4) 

 In this case, all oscillators have the same frequency . 

Deriving the Eq. (4) and inserting the solutions in Eq. (3), by 

the method of harmonic balance [18], the following system 

of nonlinear algebraic equations are obtained: 

 Ai i
2 2( )  cos i + Ai i 1

3 2Ai
2qi

4
 sin i +

ci, j
j=1

n

Ai sin i Aj sin j( ) = 0

 Ai
2

i
2( )  sin i + Ai i 1

3 2Ai
2qi

4
 cos i +

ci, j
j=1

n

Ai cos i Aj cos j( ) = 0

        (5) 

 With this system of equations, the parameters qi and i 

can be calculated: 

qi =
4

3 2Ai
2 +

4

3 2Ai
3

i

ci, j
j=1

n

Ai Aj cos i j( )

i =  1, 2, ..., n

         (6) 

i =
2

Ai
Ajci, j sin

j=1

n

i j( )

i =  1, 2, ..., n

           (7) 

 Given the amplitude 
i
A  and jA , phase i and j, the 

frequency , and the chosen values of i and ci,j, the value of 

the parameters qi and i can be calculated. 

 A similar procedure can be performed to the oscillators 

with integer relation of frequency. Oscillators of a coupling 
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system, with frequency , can be synchronised with other 

oscillators with frequency n , where n is an integer. There-

fore, a net of coupled Rayleigh oscillators can be described 

as: 

 

h h 1 qh h
2( )  h + h

2
h ho( )

ch,i i i io( )
i=1

m

ch,k h k( )
k=1

n

= 0
         (8) 

where the term 
 
ch,i[ i i io( )]  is responsible for the coupling 

between two oscillators with different frequencies, while the 

other term 
 
ch,k h k( )  makes the coupling between two os-

cillators with the same frequencies. 

 If the model nonlinearity is determined for small values 

of parameters, periodic solutions can be expected which can 

be approximated by the harmonic functions: 

h = ho + Ah  cos 2 t + h( )             (9) 

i = io + Ai  cos t + i( )            (10) 

k = ko + Ak  cos 2 t + k( )           (11) 

 Deriving the Eq. (9-11) and inserting the solutions in Eq. 

(8), by the method of harmonic balance [18], we have a sys-

tem of nonlinear algebraic equations, which provide the pa-

rameters qk and k: 

qh =
1

3 2Ah
2 +

1

12 2Ah
3

h

Ai
2ch,i cos h 2 i( )

i=1

m

+

1

3 2Ah
3

h

ch,k Ah Ak cos h k( )
k=1

n

         (12) 

h =

4 2
+
2Ah

Ai
2ch,i sin h 2 i( )

i=1

m

2

Ah
Akch,k sin

k=1

n

h k( )

        (13) 

 Given the amplitude Ah , Ai  and Ak , phase h, i and k, 

the frequency , and the chosen values of h, ch,i and ch,k, the 

value of the parameters qh and h can be calculated. 

ANALYSIS, RESULTS AND DISCUSSION 

 To study the behavior of knee angles 3 and 12, and hip 

angle 9 (Fig. 9), a set of three coupled oscillators had been 

used. These oscillators are mutually coupled by terms that 

determine the influence of each oscillator on the others. 

 Applying the Eq. (8) in this configuration, the system can 

be described by the equations: 

 

3 3 1 q3 3
2( )  3 + 3

2
3 3o( )

c3,9[ 9 9 9o( )] c3,12 3 12( ) = 0
        (14) 

 

9 9 1 q9 9
2( )  9 + 9

2
9 9o( )

c9,3[ 3 3 3o( )] c9,12[ 12 12 12o( )] = 0
        (15) 

 

12 12 1 q12 12
2( )  12 + 12

2
12 12o( )

c12,9[ 9 9 9o( )] c12,3 12 3( ) = 0
        (16) 

 The synchronised harmonic functions, corresponding to 

the desired movements, can be writing as: 

3 = 3o + A3  cos 2 t + 3( )          (17) 

9 = A9  cos t + 9( )          (18) 

12 = 12o + A12  cos 2 t + 12( )         (19) 

 Considering 3 = 9 = 12 = 0 and deriving the Eq. (17-

19), inserting the solution into the differential Eq. (14-16), 

the necessary parameters of the oscillators (qi and i, i  {3, 

9, 12}) can be determined. Then: 

q3 =
4c3,12 A3 A12( ) + 4A3 3 + A9

2c3,9
12 2A3

3
3

        (20) 

3 = 2            (21) 

q9 =
4

3 2A9
2

          (22) 

9 =             (23) 

q12 =
4c12,3 A12 A3( ) + 4A12 12 + A9

2c12,9
12 2A12

3
12

        (24) 

12 = 2            (25) 

 From equations (14-16) and (20-25), and using the MAT-

LAB, the graphs shown in Figs. (10) and (11) were gener-

ated, and  present, respectively, the behavior of the angles as 

function of the time and the stable limit cycles of the oscilla-

tors. 

 

Fig. (10). Behaviour of 3, 9 and 12 as function of the time. 

 These results were obtained by using the parameters 

showed in Table 1, as well as the initial values provided by 

Table 2. All values were experimentally determined. 

 Comparing Figs. (10) and (11) with the experimental 

results presented in Figs. (5-8), despite of the different am-

plitudes demonstrated by the experimental tests and by non-

linear oscillators system, taking into consideration only the 

cycle of locomotion, where 100% of cycle in the Figs. (5) 

and (7) is equivalent to 6.28 s in Fig. (10), the graph gener-
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ated by oscillators system represent the pattern of behavior 

of the elements (hip and knees), being able to be used to 

generate the approximate trajectories for the legs. This con-

firms the possibility of the use of coupled Rayleigh oscilla-

tors in the modeling of the central pattern generator. 

 

Fig. (11). Trajectories in the phase space (stable limit cycles). 

Table 1. Parameters of Rayleigh Oscillators 

 

c3,9 c9,3 c3,12 c12,3 c9,12 c12,9 3 9 12 

0.001 0.001 0.1 0.1 0.001 0.001 0.01 0.1 0.01 

 

Table 2. Experimental Initial Values 

 

Cycle A3 A9 A12 3o 9o 12o 

0 < t   29 50 10 32 0 13 

 < t  2  10 50 29 13 0 32 

 

 Before implementing the oscillators system, from the 

biped locomotor model and applying the system to generate 

the degrees of freedom of the biped, a simulation was per-

formed take into consideration the Eq. (14-16) and Eq. (20-

25), with the values showing in Tables 1-3. The simulations 

presented here were performed only through a kinematical 

analysis. Fig. (12) presents the biped gait for angular ampli-

tude of the hip equal to 50°. 

Table 3. Model Dimensions 

 

Model Part Length [m] 

Foot 0.14 

Tibia 0.37 

Femur 0.37 

 

 In this case, the adopted value for amplitude of the hip 

angle provides a step length equal to 0.63 m. A alteration of 

this amplitude value cause a change of step length, conse-

quently modifying the gait. Thus, the pattern generator sys-

tem makes possible the change of step length by means of 

amplitude alteration. 

 Fig. (13) presents the biped gait for angular amplitude of 

the hip equal to 40°. In this case, the step length is equal to 

0.5 m. Fig. (14) presents the biped gait for angular amplitude 

of the hip equal to 30°. In this case, the step length is equal 

to 0.38 m. 

 

Fig. (12). Gait for Ah = 50º. 

 

Fig. (13). Gait for Ah = 40º. 

 

Fig. (14). Gait for Ah = 30º. 

 Besides the change of step length, the oscillators system 

makes also possible the change in the gait frequency, which 

can be modify by means of the Eq. (17-19), choosing a new 

value for . Then, modifying the value  from 1 to 2, we 

have logically a duplicated gait frequency (Figs. 15 and 16). 

CONCLUSION 

 From presented results and their analysis and discussion, 

we come to the following conclusions about the simulation 

of the biped gait by means of coupled oscillators: 1) The use 

of mutually coupled Rayleigh oscillators can represent an 

excellent way to signal generation, allowing their application 

for feedback control of a walking machine by synchronisa-
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tion and coordination of the lower extremities. 2) The biped 

locomotor model is able to characterise three of the six most 

important determinants of human gait. 3) Modification of the 

step length and gait frequency can be obtained by means of 

the change of few parameters in the oscillators. The gait fre-

quency can be modified using the Eq. (17-19), by choosing a 

new value for . The step length can be modified by chang-

ing the angles 9 and 12, being the parameters qi and i, i  

{3, 9, 12}, responsible for the gait transitions. 

 

Fig. (15). Hip behavior with modification of the gait frequency. 

 

Fig. (16). Knee behavior with modification of the gait frequency. 

 In future works, we intend to study the behavior of the 

ankles, as well as simulate the behavior of the hip and knees 

in other anatomical planes, thus increasing the network of 

coupled oscillators, looking for to characterise all determi-

nants of gait, and consequently simulate with more details 

the biped gait. 
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