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Convergence Estimates for a Linear Backward Euler Scheme for the

Saturation Equation
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Abstract: In a previous work, stability and consistency results were established for a linearized Euler scheme for the
saturation equation. In this paper we continue the mathematical analysis of the scheme, in preparation for its numerical
treatment in a future work. We use the regularity results, obtained previously, to establish error estimates in L*(€2) for the
linear scheme. This work is done with the degenerate nature of the saturation equation in mind, but it is also valid for the
non degenerate case like the concentration equation. We show that, if the regularization parameter B and the spatial
discretization parameter h are carefully chosen in terms of the time stepping parameter At , the convergence is at least of
order O((At)*) for some determined o >0 . Examples of choices of 8 and h are given. We also establish a new (at our
knowledge) regularity result for the continuous Galerkin formulation of the Saturation Equation and a new regularity

result for the linear scheme.
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1. INTRODUCTION

In considering a numerical
saturation problem

approximation of the

(p%f+V-(f(S)U)—V~(k(S)VS):Q(S) onQx(0,T,]
(F(Su-k(SVS)-n=q onaax[oT,] @D
S(x,0) = SO(X) onQ

obtained from modeling a two-phase immiscible flow
through a porous medium [1-4], where Q is a bounded
domain of R", n=1,2,3, one encounters two major
problems: the nonlinearity of the equation and the
degeneracy of the diffusion coefficient k. The degeneracy is
often addressed by regularizing the problem in some way,
though some works bypass this step (see [5]). One then
produces a numerical scheme which, often, is still nonlinear.
So a linearization in some sense follows in order to
implement the scheme on a computer. Two earlier papers [6,
7] dealt with the latter part of the problem. This work is a
sequel of these papers.

In (1.1), the unknown S is the saturation of the invading
phase. The diffusion coefficient k (see Fig. 1) is the
conductivity of the medium and is assumed to satisfy the
following conditions.

k(0) =k(1)=0 (1.2)
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cé" if 0<é<e
k()=1 c, if o, <é<a, (1.3)
c(1-&F ifa,<E<],

where 0<a1<%<a2<1,and O<u<2.

A
k(s)
0 1 °
Fig. (1). Example of a graph of k(s).
By [8] and [9], we have
IK(s,)-K(s) F<CIK(s,) - K(s)lIs, — s I (1.4)
thanks to the fact that K is Lipschitz (K’(s) = k(s)), and
Is, s [""<C|K(s,) - K(s) . (15)
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For the derivation of the error estimates, we assume that
k is continuously differentiable in the variable s.

The function f is twice continuously differentiable in
the variable s, and
f’(0)=f’(1)=0. (1.6)

We notice, by [8] and [9], that if (1.3) and (1.6) hold,
then

[ f(s,)- f(s)F<CIK(s)-K(s) s, -5 | (1.7)
where
K(s) = _[Osk(r)dr. (1.8)

We also notice, through (1.7) and (1.8), that
| /() K C{k(s). (1.9)

We assume that the porosity of the medium, ¢, satisfies
the condtion

0<@, <o(X,1) =p(X) <@, <.

As in [8-10] and [6], we assume that the Darcy velocity
u is given and has the necessary regularity we need for this
analysis.

(1.10)

The main purpose of this paper is to establish error
estimates for a linearization of the Backward Euler scheme
obtained by fully discretizing Problem 1.1 (see [6]) Problem
1.1 has been studied by many authors under various forms
and conditions (see for instance [8-15], among others). Also
similar studies have been done in [16-19] for the Richard's
Equation which models water flow (single phase flow)
through a porous medium, among other physical phenomena.
We also refer to [20] which, in addition to our concern here,
includes the study of problems with phase change (Stefan
type problems). However, our approach in this work, is
different from the approaches in the cited papers in the sense
described below.

Because of the degeneracies (k(0) = k(1) =0), Problem
1.1 has often been regularized into a family of nondegenerate
problems whose solutions converge to the solution of (1.1)
(see [8-10, 12, 13, 15]). Usually, the numerical
approximation of the solution of (1.1) is done in three steps:
regularization, continuous Galerkin method, and fully
discretized Galerkin method. In the last step, some of the
works cited above obtain a nonlinear implicit scheme
(backward Euler). Therefore, one needs to linearize in some
way for a computer implementation of the scheme. Often, a
Picard iteration is used (see for instance [21] and [16]). For
the third step (Discrete Galerkin Method), we choose, in this
paper, to linearize the nonlinear functions intervening in
(1.1) by Taylor approximations, of first order, of these
quantities (see [6]). We then establish error estimates
corresponding to this choice.

This paper is a continuation of [6] (where a method was
proposed that linearizes the scheme), and of [7] (where some
regularity results were established).
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The remaining of the paper is structured as follow.

In section 2, we state some preliminary results
established in previous works. We establish a new (at least at
our knowledge) regularity result for the continuous Galerkin
Method. The is helpful in the derivation of error estimates
for the linear scheme.

In section 3, we state and prove our second main result,
after establishing a regularity result for the linear scheme.
Error estimates are obtained through a choice of B (the

regularization parameter) and/or h (the spatial discretization
parameter) in terms of the time-stepping parameter At .

Finally, we set additional notation which will be used
throughout the remainder of this paper. We define

(f,9):=(f,0)y = J.Qfgdx when this has a meaning. The
notation || f || ;:=I| f ||, is used for the standard Lebesgue
L LP(Q)

norm of a measurable function, when this quantity is finite.

Similarly, we denote by || f ||Lp(Lq)::|| f “Lp(O,T,Lq(Q)) the mixed

Lebesgue norm for f. We will also denote
L2(t",t™, L2(Q)) == LX(Qx[t",t"™]). We use C, c, to
denote positive constants which may change from line, but
which are independent of the parameters S, h and At,

unless otherwise explicitly specified. For u,v>0, the
notation U=V means there exist positive constants ¢, and
C, suchthat cv<su<c,Vv.

2. PRELIMINARY RESULTS

In this section, we summarize previous results that are
useful for the present analysis and establish a new regularity
result.

2.1. The Regularized Problem

In order to get a family of nondegenerate problems
approximating (1.1), we replace k by k;, with k; —k

strongly as S — 0 strongly, and with Kk, satisfying the
condition:
0 <kg(s) <l k.. = sup{k(s),s€[0, 1]} (2.1)

For example, let 0< s% and define k; by

6 =min(k(B),k(1- B)). (2.2)
Define k; by
ks (s) = k(s) if k(s)=>6

1 ) (2.3)
56 <ks(s)<d6 otherwise

(see Fig. 2) Set
Ky(s) = joskﬁ (7)dr. (2.4)

Then, for each 3, we get the nondegenerate problem
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)
qoa—st“V(f(Sﬁ)U)—V-(kﬁ(Sﬁ)VSﬁ)=Q(Sﬁ) onQx(0,Ty] (2.5)
(F(S-k(§;)VS) n=q on 9 Qx[0, T,]
S(x,0= S(x) onQ.
ka(s)
)
[
2
0 B §

Fig. (2). Example of a perturbation of k.

For the remaining of this paper, we assume, to simplify,
that Q=0 and q=0. Also, because of (1.10), we can

assume, without lost of generality, that ¢ =1.

Let
Co(B) =K, ()= KO I (2.6)
where

_2+pu

e y (2.7)

is the conjugate of 2+u. Let S and S; be solutions of
(1.1) and (2.5) respectively. Then, by [9],

| K/}(Sﬂ)_ K(S)HLz SCIBZW' (2-8)

()
2.2. Continuous Galerkin Method

Let {M,},., be a family of finite dimensional spaces,
with M, c H'(Q), and assume that M, has the
approximation property:

inf || f—xIl SChZ|f|W2,p for all f eW?P(Q).(2.9)

ZeMy, LP@)

We will also need the inverse estimate assumption on
M, (see, for example, Section 4.5 of [22]):

I I:<Ch™lixll, foral xeM,, (210)

To account for possible numerical oscillations, extend k;
as follows (and call it again K;):

k() ifE1

k()= ky(-&) if £<0.

(2.11)
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For the same reason, extend the fractional function f as
follows.

f(@), ifé=1
f={ @ 1 @.12)
f(=£), ifé<0
Then Ky is bijective from R to R. We set
Hy = K[gl. (2.13)

Consider the discretized problem: Find V, € M, such
that

(M0 2 | (1, 0 V2) + (P, V0 =0 24

forall y e M, and t € (0,T,] with the initial condition:

RH;(V,(0)=RS (2.15)

where S’ is as in (1.1), and P, the L* projection on M, .
V, is hopefully the Galerkin approximation to K(S) with S
the solution to Problem 1.1. Indeed, by [10], we have

-
IV = K(S) Iz 2, < C[h”ﬁl“‘ +/32“‘], (2.16)
where

2+
y:I:ﬁ. (2.17)

Remark 2.1 Differentiating (2.14) with respect to the
time variable t, we obtain

%(«Hﬁ(vh»t,x)—(f(Hﬁ(vh))u,Vx)+(vvh,Vx)):o (2.18)

forall y e M, and forall t [0, T].

Because we will be using Taylor expansions of up to
order 2 in this analysis, we assume that the solution, V,,, to
(2.14) and (2.15) is three times differentiable in the time
variable t .

2.3. Regularity Results for the Continuous Galerkin
Method

The following regularity result was established in [7] and
will be useful in this paper. We give a note on an improved
proof of this lemma.

Lemma 2.2 Let V, be the solution to problem (2.14)-
(2.15). Then

1V I 2, < CUDS .

-2 (2.19)
Remark 2.3 Note on the proof of the Lemma 2.2.

The proof of this lemma in [7] seemed to assume that
Vi o0, < C

independently of B and h. In fact we do not need this

assumption. Using the last term on the righthand side of
Equation (3.6) of [7], we can write
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‘(\/H (Vh)vht’(\/H ) ) ht)
|y, e,
SCH\/WVm L

where we use the fact that

(W) =3 e

With this different manipulation of the terms, Equation
(3.14) of [7] becomes

2 dt “mvm < C“mv

1
+C(u)(vvm IF 5 Vi I + 1 ||fz).

(2.20)

o IHs CVi

(12 ”H (Vh)vht"L2

(2.21)

Now integrate (2.21) on the interval (O,t), for
t €(0,T,). and notice that

.[;H\/va -2y |||_|ﬁ”(v'“)vh%||L2 d
= ”mvht

L= (L2) -[(; "Hﬁ(vh)vhf”Lz dr

L NCHUOA N [} IMilfs oz (2.22)
where we have used (3.51) and the fact that
IV =V, (2.23)
forall ve L*(Q). But then,
t 2 t 2
[Vl dz <CJ Voo e
t
<ch?[ Vi f de
<Ch?||V, ||L2(L2 . (2.24)
Going back to (2.22), we obtain
t T "
JNH MV 2y M5 (vh)vhflle de
- 2
H 5 (Vi )Vie - 2) 5°h™* ||V, ||L2(L2 (2.25)

Finally take the sup over [0, T] after integrating and then

hide the first term of the righthand side of (2.25) in the
corresponding term on the left hand side of the final result to
get the lemma.

Next, we state and prove a new (at least at our
knowledge) regularity result for the Continuous Galerkin
Method which is useful in the analysis below. This is the
first main result of this paper.
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Lemma 2.4 Let V, be the solution to problem (2.14)-
(2.15). Then

|H S VVi

Proof of Lemma 2.4.
In (2.14), set y =V, . Then

§ 2 -18,-12
22y PTIVV I 2 S CW)Eh™ (2.26)

((H 5 ()1, Vi) = (F(H 5 (V))U, PV ) + (VY V) = 0.(2.27)

Let us treat separately each term on the lefthand side of
(2.27). Using the product rule, the first term can be written as

((Hﬁ(Vh))thm)‘ ((Hﬁ(vh))t’ Vi) = (Hg (V)i Vi)

d
= a((Hﬁ(Vh))thn)
_(H ﬁ'(vh )Vhtt !th) - (H ﬁ"(vh )Vh% 'Vhtt)

d
- a((Hﬁ(Vh))thn)

2
[ VHS Vi > = (H (V2 Vi)
We write the second term on the lefthand side of (2.27)

(2.28)

as

(F(H; (V)W Vi) = (f(Hﬁ(Vh))U VVir)

=((F(H5(Va)u), VVie)- (2.29)
We rewrite the third term as
(VWhi VW) = (VVhﬁVVm) | Wi Il (2.30)

Going back to (2.27) and putting (2.28), (2.29), and
(2.30) together, we obtain

A +

d
_a((Hﬁ(Vh))t'

2 < L vy, I,
Vhtt) - (Hﬁ"(\/h)Vz,Vm)

d
~q F(Hs (MU V)

HF(H (VWG V) + (VVh,V Vie)- (2.31)
Now, by (2.18), if we choose y =V,,, we have
((Hﬁ(Vh))w Vi) = (f(H,;(Vh))u VWae)

d -
o (VYY) =0, (2.32)

So (2.31) becomes
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AV +

=—(H ﬁ”(vh Wit Vi)

2 " vy, I8

H((F(H, ())U),, PV, (2.33)
which we treat as follows.
NH M +5 dtnvvm I,

H thI

# RNGEAA

TI (FH, 04 ﬁvvm LZ

H thI

% AR

b [T R 0| Jﬁ;—nv

H thI

% A NGECAYA

2| I G H, 0+ 2 [V, 2:39)

L 2 4 L

where we have used (2.1), the inverse estimate assumption
(2.10), the fact that

1 1
H, (V) = >
A RO

by (2.13) and (2.1), and the definition of k;, (2.3). Also,
notice that we have made use of the following fact:

h 1 1
\/E\/_hb |J_hb|

< 1 h2a? + h2p?
4

(2.35)

lab|=

(2.36)

Finally, hide the second and fourth terms on the left hand
side of (2.34) in its righthand side and then integrate over
[0, T] to obtain

RCEAA|

2
L2(L2) +77 ” Vvht || oo

L= (L2)

2
Hy" (Vo Vie

JH(V)

<C

L2(12)
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2
2 L2)

KT (F(Hp (4u) ]

VY I oo (237)

The first term on the left hand side of (2.37) can be
treated as follows.

H, v
SR

<CO° IV, I C°h 1V, IS

<COP IV IS CO° IV Iy

(2.38)

where we have used (3.51), the inverse estimate assumption
(2.10), and the fact that H*(Q) is continuously imbedded in

L*(Q), for the spatial dimension n=2 or 3 [23, 24].

The second term on the left hand side of (2.37) can be
treated in the following way.

TKI- (0], <cn i £, H, vV

O | £ (H, (V) I
<CN87 [ UIP N Vi s +CN7 1, I (2.39)

where we have used (3.52), (1.9), and (2.3). Now by Remark
3.1 of [10],

Vi Il 2,2, = C(W)- (2.40)
We also have

Vi s o, Vi I (o, < CO 20, (2.41)

by Lemma 2.2.

Therefore, combining (2.37) through (2.39), we get the
lemma.

3. LINEARIZATION AND ERROR ANALYSIS

In this section, we consider the perturbation given by
(2.2) and (2.3) and establish error estimates for the linearized
scheme proposed in [6].

3.1. The Linearized Scheme

As done in [6], we consider first order Taylor expansions
of the functions Hy and foH:

Hﬁ(vz) - Hﬁ(vl) = (Vz - Vl)H;i(Vl) + O((Vz - Vl)z)’ (3-1)

(fo Hﬁ)(VZ)_ (fo Hp)(V1) =(v,—v)(fe Hp)/(V1) +O((v, - Vl)z)' (3.2)

If we discard the second order terms in (3.1) and (3.2),
and replace in (2.14), we obtain the approximate problem:

Find a sequence of functions {U]}\, of M, verifying

U:ﬂ UE n n+l n
[TH u; )x] ({cFompun+ur-unx
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(foH,YUN}u™, Vy)

+(Vup,vy) = Vxem,
0<n<N-1 (3.3)
RH,U. =RS (34)

where H is defined by (2.13). Here u" :=u(,t") = u(, nAt) .

In this section we wish to show that the solution obtained
through this scheme converges to the solution to Problem 1.1
(for Q=0 and g=0) in some functional space. For this, it

is enough to show that the solution to Problem (3.3)-(3.4)
converges to the solution to (2.14)-(2.15) in that same
functional space, independently of  and h, by [9, 10].

Let A be the matrix of the system of linear algebraic
equations given by (3.3)-(3.4) (see [6]). The following
theorem, which shows the existence and uniqueness for the
system above, was proved in [6].

Theorem 3.1 Let ve M, . Then under conditions (1.2)-
(1.7), we have

Jate,(u
(VA2 (1—% IVIE,, *AIVIE,  (35)

where ¢, and c, are independent of B, h,and At.

The following regularity result was established in [7] and
will be used in the present work

Lemma 32 If (U))N,eM,
problem (3.3)-(3.4), then

, U;]Hl—U,:I 2
> At H,UD) —At .

0<nsN-1
< C(u)s™ (3.6)

is the solution to the

2
+1 max [VUI™)| 2
0<nsN-1

forsome n>0 and § asin (2.2),and C=C(u,U2,VU;)

Next we state and prove a new discrete regularity result
for the linearized full discretized scheme that will also be
helpful in establishing our main result in this paper.

Lemma 3.3 If (U)),eM,
problem (3.3)-(3.4), then

is the solution to the

n+l n | n+l |2
— \V/ —
max Uy Uy +NAt max (CH Up)
0<n<N-1 At 2 0<n<N-1 At 2
< C(At +1)5h (3.7)

forsome n>0 and § asin (2.2),and C=C(u,U’,VU;)

Proof of Lemma.

n+l n

Set y =—" =1 in(3.3) to get
X Al (33)tog
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2
Ut:Hl_Ur:I !
T O

12

n+l n
+(VUR+1, V(Uh _Uh)J

At

:((f oHﬂ)(uh”)unﬂ,—wuﬁﬂ‘uf?))

At

H{UP-UD(F o HyYUD)

n+l _ n
ur2, Yl =Un) Uh)J. (3.8)

At

We split the second term on the lefthand side of (3.8) as
follows.

(VUSH,V(UQ“—U:)) _ Y -unf
At At |||_2
(VUV(UT;U)] (3.9)

Next, combining (3.8) and (3.9), and using the obvious
inequality

| ab |< h’2 “a +%h20'b2 (3.10)
by the Young Inequality we get

U -u;
At

HyUn| +At

HV(U n+l U )

L2
<c@{o ™ II(foH)UDIE
+o I (o H, Y UDU™ -UD I,

n+ m I?
V(U"-Up)

-1p—2 n 2 2
+o [ VUL I} + o |2

(3.11)

I_2
By the regularity assumption on f , we obviously have:

I1(f o H U 1< C. (312)

The second term on the righthand side of (3.11) can be
handled in the following manner.

I1(foHgYUNU™ -UDII%=

2
, n . N UI‘H—l_un
f (Hﬂ(Uh))Hﬁ(Uh)At [%]

2

= [F(H,UmM)H, U )At(\/H ()

2
Ut:Hl_Ur:I !
T VO

12

Un+1 Unj

12

< C(At)? , (3.13)

where we have used (1.9) and the fact that
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H,'(s) = m, (3.14)

by (2.4) and (2.13). Thus, by Lemma 3.2, we have

II(f oHﬁ)’(U,f)(U”*l—UQ)||fzs CAt§™. (3.15)
Also by the same lemma,

| VU, ||52£ Cs™. (3.16)

Thanks to the inverse estimate assumption (2.10), and
because U™ —U; € M, the last term of the righthand side
of (3.11) can be treated as follows.

n+l _ n 2 n+l _ n 2
H—V(U“ Un) <Ch? —U“ Us (3.17)
2 At 2
We also notice that
Hﬁ‘(s) > L (3.18)
KO

by (2.1) and (3.14). Hence the first term on the lefthand side
of (3.11) is bounded below as follows.

2
Upt-uy
H IUn
= H, N,

Substituting (3.19) in (3.11), multiplying the new
inequality by || k(')”m’ and using (3.12), (3.13), (3.15), and

(3.16), we obtain

2
n+l n
Uh _Uh

21kO 1= =7

(3.19)

12

SN
At

n+ n [I?
V(U -Uup)
At

KO At

12 12

<Cu)oh?(1+Ats"+67)

2
n+l n
Uh _Uh

+o |l KO | P

(3.20)

12

Now, choose o
inequality (3.10) so that

in the arithmetic-geometric mean

1
kOl <3,
in order to hide the last term on the righthand side of (3.20)
in the corresponding term of the lefthand side. Finally, take
the maximum of both sides over 0<n<N to get the
Lemma.

(3.21)

3.2. Error Estimates
We now establish the second main result of this paper.
3.2.1. Preparation for the Main Theorem

To prepare for the statement and the proof of our main
results, we do some preliminary work.

Let V, € M,, be the solution to Problem (2.14)-(2.15).
Let V' :=V, (,t") with t" = nAt.
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Using a first order Taylor expansion of the function
H; (V) in the variable v, we obtain

’ V, =V, i v
)~ Hy () = 0~ Hj) + 228 )
(3.22)
with v, between v, and v, . Hence, we have
HyO) —HyUD) U U] ey
At At
Up"=UR)’

+—" " H 3.23

oAl s (Wh) (3.23)

for some y, between U and U,

Similarly, using a first order Taylor expansion of the
function (foHg)(v), we get

(FoH UM =(foH UM +(Upt-up)(fo

n+l ny2
+(Uh _Uh) (fo
2

H,)Up)

H, )" (w?) (3.24)

for some ¢ between U and U,

We can rewrite (2.14) as

Hy(Va) - H p(Vh")
At

J ((f Hﬁ)(\/ml)uml,vx)

+(a(Hﬁ(V”» Hy (V™) - Hﬁ(vh"),xj
ot At

+(VV,vy) =0, vr e M, (3.25)

Next using (3.24) and (3.23) in (3.3), we get

U™y —H,U! urt-ur)’
[ ol )At ol ),xj—[( o )HZ{(!//E),XJ

(f H (Un+1)un+1 )

((U U ) (foHp),,((pE)unﬂvVXJ

+(Vurtvy)=o0,  Vyem,
0<n<N-1
Now, subtract (3.25) from (3.26) and rewrite to get
ﬁ(Unﬂ) Hﬁ(\/ml) _ Hﬁ(UrT)_ Hﬁ(vhn) X
At At ’

(3.26)

+(V (Urr:ﬂ _th+1) , VZ)

—(((F o HNUI = (F o HVT U™, V)
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Un+1_Un 2 ., N e
[ BB (g em, e ﬂw]

_ a(Hp(Vn)) _ Hp(\/hn+l)_ Hg(vhn)
ot At X

(U -uy

2
- —)Hé’(wﬁ),x]w, VxeM,.

3.27
2At (3.27)

We need the following for the proof of Theorem 3.4
below.

3.2.2. The Discrete Analogue of the Poisson Solution
Operator

We give some properties of the discrete analogue of the
Poisson operator, which we need in the proof of our second
main result below. For more details on this operator, see the
appendix of [7], for instance.

We define the operator T, from (H'(Q)) into M,
(defined in section 2) by T, f =, , where @, is the unique
solution of the discretized elliptic problem:

{ Vo, Vy)=(f-f,.x) foralxeM,,

(3.28)
(wh)Q = f&l
where g, ::Elljgg(x)dx, is the mean value of g over Q.

In the present analysis, we assume that | Q |=1, to simplify.
Then we have the following properties.

(VT £.V)=(f,0)— foxo YX eM,, (3.29)
(T ) =2 g =N X Mo VI € My, (3.30)
VT2 <N 212 Y2 €My, (3.31)
and

1Tt e STt =l 2 1 oo V2 € M (3.32)

Finally, by definition of T, , and by the fact that

f, :J.Qfdx:(f,l):(af,l):(th)g, (3.33)
(since 1€ M,), we have

T, f=T,Rf (3.34)

for all fe(H'(Q)), where P, is the L’-projection onto
M, .

3.2.3 The Main Theorem

Thanks to the above preparatory work, we can now state
and prove our second main result.

Theorem 3.4 Suppose conditions (1.2)-(1.9) hold. Let
V, be the solution to (2.14)-(2.15). Denote

Koffi B. Fadimba

Vi =V, Gt =V (G nAt), 0sn<N. Let {Up},.. be the
solution to (3.3)-(3.4). Then

n+1l n+14|[?
02?5\13)51||PhHﬂ(Uh )-RHg )Hal
1Y, AU =) HG U = Hp ()
0<nsN-1

< C(u)((At)*(h™67)), (3.35)
for some 1 > 0.

Proof.

We first notice that, for y € M, , we have

(Hﬁ(Ur:Hl)_ Hﬁ hnﬂ)u)f) = (Ph(Hﬂ(U:+l)_ Hﬁ hn+1))v}f)
(3.36)
Also, by [7], page 376,

IR, U= 04D Iy =3 R H,UD - Hy ()
S(Ph(Hﬁ(UrTﬂ)_Hp hml))aTh(Hﬁ(UrTﬂ)_Hp hn+1)))-(3-37)

In (3.27), set )(:Th(Hﬁ(UQ+l)—HBNh“+1)), and use

(3.32), (3.36), (3.37), and the arithmetic-geometric inequality
to obtain

Z_:IA-t{"Ph (Hﬁ(UPTﬂ) - Hﬂ(vhnﬂ))":ﬁl

—IR(Hp(UD) = Hz (W) ||jgl}

+(V(Urr11+l _thﬂ)! VTh(Hﬂ(U;+1) - Hﬁ(vhn+l))
<oy [ (F(HpUR)) = F(H, (U™ I, +E
+F+G+CII VT, (Hy(Uy™) = Hy (V™) 11 (3.38)

where o, can be made arbitrary small thanks to the

arithmetic-geometric inequality, and where the terms E, F,
and G are to be specified and treated below.

Using (3.29), the third term on the left side of (3.38), can
be treated as follow.

(VUL =V, VT (H (U ) = H (V™)
=(Un" =V H U™ = H (V™)
(U =) (Ha U = Hy ),
We rewrite (3.38) using (3.31), (3.34), and (3.39):

{IF (Hp 0 - Hy )

(3.39)

1
2At
—namgwn—wwam@J

+((UrT+l _th+1), (Hﬁ(U:+l) - Hﬁ hnﬂ))
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< (U =), (H U = Hy ()
40, | (F(Hy(U™) = F(H, (U™ I, +E

+F+G+CIIR(H; (U - H; (V™D I (3.40)

Next, we treat each of the terms on the righthand side of
(3.40) separately. The first term on the righthand side of
(3.40) is treated as follows.

(Ur =), (Ha O = Hy (), I o, (Ur =)
1

2
Q

n+; n+1y )2
+G_(H,}(uh D= Hy ). - (3.41)
2
We have
|(U rr]1+1 _ th+l)g| = UQ(U £+1 _ th+1)dx‘
n+l n+l
U =V, ||L2, (3.42)

by Holder Inequality (using the assumption that |Q|=1). In
the same way, we have

(M= Hyu) | = | (Ha U = H, (v )ax

J R (H U~ Hy (4
SR (Hp O™ = Hy (D L1 2L

<IR(H, U™ = Hg (V™) [ (3.43)

where we have used (3.33).
We can now rewrite (3.41) using (3.42) and (3.43):

(Urs=vi), (Hpue - Hy (), |
S O-2 || Ul'r11+l _th+l ||52

+CIIR(Hs (UR™) = Hy (DI - (3.44)

The second term on the righthand side of (3.40) is
bounded as follows.

I (F(HgUR™) = f(H (U™ 11

SCHUHZN (U;+1_th+1’Hﬁ(Ulr11+l)_ Hp(vhn+l))1

- ) (3.45)
by (1.7).
To treat the term
a(Hﬁ(Vn)) _ Hp(\/hn+l) - Hp(vhn)
ot At "L2

2

F

we notice, using Taylor expansion, that
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a(Hﬁ(Vn)) ~ Hﬁ(vhml)_ HB(th)
ot At
= i J:nn+1(Hﬁ(Vh (.' T)))n (T _ tn)d‘[,

Hence, the term F is bounded as follows.

(3.46)

1

F= HE J:nml(H B (Vh ('v T)))tt (T - tn)dT

2
12

1 i )
S(E.[t” ”(Hﬁ(vh))tt || (z—t )dfj

< AU (Hy VD s o o 2 (3.47)

@)’

To bound the terms E, F, and G, one can check easily
that, for ve R,

Hyw) = e (3.48)
(ks (H 5 (v)

and

(1ot = (0= WK H O o o

(ky(H, )’
where we have used (2.4) and (2.13).

Thus, with the assumption that k is continuously
differentiable and f twice continuously differentiable, we

get

[CEEREOISS (3.50)
and
H) W, (3.51)
forall veR . Also
B Y

[Hy () F o (H, () < 5 (3.52)
by (2.3) and (2.13).

Now
(Hp (). = Hy (VVE + Hy (Vy Vi (3.53)
and
"Hﬁ'(vh)vhtt |||_2 :“\/ H[il(vh)\’ Hﬁl(vh)vhrl 2

1 :
Sﬁ“,/H 3V, - (3.54)

Therefore
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I (Hp VoD 112 <l Hg (Va)Vis Il2

(ln,t”+l,L2(Q)) (l”,tn+1,L2(Q))

1 .
+ﬁ H H B (Vh )Vhtt ||L2(tn,tn+1,L2(Q)) (355)

where we have used the fact that H'(Q) is continuously

imbedded in L*(Q), for n=2 or 3 (see for instance [23,
24]), and (3.58) below.

Hence, (3.47) becomes

F< CAt(HH v vl

1 . 2
+5H\/ H,B (Vh)vhn

Lz(t" ,t"*l,l_z(g))

Lz(t" "+ LZ(Q)) j

(3.56)

The term E is bounded as follows,

2

(foHy)"(o7)

2
Upt-up )’
At

12

e [ -upy
2

12

_ Clary?
5°

(At)? (3.57)

Given that

IV 1=l VI, forall ve L?, (3.58)

estimate (3.57) becomes

n+l n||? 2

E<C(At) AL U, -up .
8° At 4

The term G is treated as the term E and we get:

(3.59)

2

H(wy)

G :H(u:*l—uh”)z

12

2
C Un+1_Un 2
—| At|———"1 . 3.60
56[ At LJ (3.60)

Combining (3.44), (3.45), (3.56), (3.59), and (3.60) with
(3.40), we get

sallR(H,wr-H0)f

IR, (Ha(UD) = Hy (V) ||:Hl}
+((Un+1_vn+1) (H (U n+1) Hﬁ(vn+l))
= O-2 || UI:H-l _th+l ||52

+61”u||L o )(Un+1_Vn+1 H (Un+1) H (Vn+1))
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Urt-u;
At

, C(an?
.

2 \2
4 J
Lz(l” t+ LZ(Q))j

-1 ! 2
+6 H Hﬁ(vh)vhn||L2(1nvln+1'|_2(g)))

2 2
i@t ]
s 4

+CIIR(Hs (U™ = Hy (VDI -

+CAt(“H v, v

Upt-u;
At

(3.61)

Next, in view of (1.7), choose, in the arithmetic-

geometric inequality, o, such that

n+: n+ 1 n+; n+ n+ n+:
o, IUF™ =V < 4(u PV HUE) - Hy ().
(3.62)
In the same manner, choose o, such that
1
61||u||L ) Z' (3.63)

Then the first two terms on the righthand side of (3.61)
can be hidden in its lefthand side. After hiding these terms,
multiply (3.61) by At, and then sum for 0<n<m, with
0<m<N-1,toget

S CECASRCRIS)
IR, (H, (U = Hy (1) ||:ﬁl}

1 n+: n+: n+: n+
+3 > AU =V, (Hp (U = H (V™)
0<n<m
Urr:+1_Ur:1

At +At
<C(lull. . ) —=— Z[At o

SO 0snsm-1

H ﬁ (Vh Vi

(L2

+At (n Hy (Va)Vis I

+C 2 AUIR(H, U™ = Hy (V™I -

2
2(12)
0<n<m

The second term on the left hand side of (3.64) vanishes
thanks to (2.15) and (3.4).

We notice the following obvious fact.

(3.64)

P <p<
D IV I gty TV Wy 1S P <

0<i<n

for all ve L"(0, T,,L"(€2)) . This justifies the presence of the
second and third terms in the righthand side of (3.64).

Next, to deal with the first term in the righthand side of
(3.64), we notice the obvious fact: If (a) are nonnegative

real quantities for 1<i <n, then

(3.65)
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(3.66)

ZFfS(ZaT-

I<i<n I<i<n

Using this fact, we obtain

2 2
D [At ] g[ Y, At
0<nsm-1 L4 0<n<m-1

2 2
<[ D at
0<nsm-1 yl

Upt-u;
At

urt-u;
At

Urt-u;
At

) \2

L4]

Upt U
At

12

2 2
gCh“‘[ Y, At J , (3.67)
0<n<m-1

where we have used the fact that H'(Q) is continuously

imbedded in L*(Q) and the inverse estimate assumption
(2.10). Now, use (2.35) and Lemma 3.3 to see that

D [At
0<nsm-1

Use lemma 2.4, (2.38), (2.41), and (3.68) in (3.64) to
obtain

R (GRS RN

N+l pn 2 \?
LU | zeomantet s

14

+% z At((u;;wl_th+1)’(Hﬂ(U;+l)_ Hﬁ(vhn+l))

0<nsm

< CU)((AL)2(h 287 + h35°2))

+CAt 2 I Ph(Hﬁ(Uhn+l)_ Hﬁ(\/nﬂ)) ”iﬁl .

0snsm

(3.69)

Finally, apply the discrete Gronwall Lemma to (3.69) and
then take the maximum for O<mM<N-1 to get the
theorem.

Remark 3.5 The application of the discrete Gronwall
Lemma to (3.69) needs some justification. Split the last term
of (3.69) as follows.

CAL X, IIR(H, U = Hy V™) IE

0<nsm

= CALIR (HyU™) = Hy (V™) I

+CAL 3 IR(H (U™ = H (V™I - (3.70)
0<n<m-1
Now, for At sufficient small so that
%— CAt2c, >0, (3.71)

for some ¢, >0, the first term on the righthand side of

(3.70) can be hidden in the first term of the lefthand side of
(3.69).
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Theorem 3.4 can be made specific thanks to (1.5) and
(1.7). We do this through the following.

Corollary 3.6 Under the conditions of Theorem 3.4, we
have

Y AUt -V I, < C(u)(At)* h 257, (3.72)

0<nsN

>, At|H U - Hy (™)

0<ns<N

2+u
L2+ n

< C(u)(At)? h™267, (3.73)

where u isasin (1.3).

Clearly, Theorem 3.4 (through Corollary 3.6) states that,
for fixed B (thus &), the regularization parameter, and h,

the spatial discretization parameter, the solution to problem
(3.3) and (3.4) converges to the solution to problem (2.14)
and (2.15). More interestingly, it also states that for a fixed

B, the solution to problem (3.3) and (3.4) converges to the

solution to problem 2.5 uniformly in h, if h is appropriately
chosen in terms of At . This mean that scheme (3.3)-(3.4), as
we expected, will converge faster when applied to the non
degenerate case i.e. the case where Kk(s)=k, >0, for all

se[0,1].
4. CONCRETE EXAMPLES AND DISCUSSION

We illustrate these through examples of appropriate
choices of 8 and h in terms of At.

By (1.3) and (2.2), we have
o6 =>cp". 4.1)

As in [13, 12], for the corollary below, we make the
assumption

k(s) < c,s". (4.2)

We choose B and h in terms of At as follows.

B~h", (4.3)
and
h=~ (At)*2, (4.4)
with A, >0 and 4, >0.

Define
o =2-19uM A, —12A,, (4.5)
4.1. Choice 1

In view of (4.3), if we choose A, such that (2.16)
becomes

IV, = K(S) |2, = O(B7) = (W), (4.56)

then it suffices that,

4+2
2= £

rrer 4.7
2+4u+u? S
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Set
K"() := K(S(,t")) = K(S(-, nAt)). (4.8)

Then, thanks to the triangle inequality, we have the
following

Corollary 4.1 Under the conditions of Theorem 3.4, and
conditions (4.3) through (4.8), we have

Y, At K" -U ”fz(@)S C(u)(At)~. (4.9)

0<nsN-1

Next we choose A, as in (4.7), with u as in (1.3). If we
then set

2
=3 2T (4.10)
412+621+25u
then
1
oa==.
2

For A, given by (4.7), if we set

c 2+4u+p’
412+ 62u+ 25u°"

we get Table 1. As expected, we see that the rate of
convergence o, decreases as A, increases.

Table 1. Variation of the Rate of Convergence as a Function
of A«z
4+2u
2+ 4+
P I I T
4 3 5 2
1 1 1 2 4
o = = = = - 1
4 3 2 3 5
4.2. Choice 2

Putting (2.16) and (3.72) together and using the triangle
inequality, we get

> ALK =U R, 5 < C(u) (B

1202~
0<n=N-1

M
+h27ﬁ u+l +(At)(x)

(4.11)
Now, choose A, and 4, in such a way that
n_pnl 2 - 2+u - /113-2(2+/1)
OS%—lAt”K Un™ llzge, O(ﬂ ) O((At) )
(4.12)

For this purpose, from (4.11), it suffices that
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H _
2YA, — (m] A, = LA, (2+ )

(4.13)
2-19uA A, — 12, = A4, (2 + ).

Using (2.7) and solving system (4.13) for A, and A, , we
obtain

4+2

R
2+4u+pu

_1 2+4p+p?

2 28+33u+13u?’

(4.14)

which yields

(2+u)?

== 7 4.15
8+ 33u +13u° (4.15)

5. CONCLUSION

This paper has established three main results: a regularity
result for the continuous Galerkin formulation for the
saturation equation, a regularity result for a linear scheme for
the saturation equation, and error estimates for a fully
discretized and linearized scheme for the same equation,
under reasonable conditions on the data, and without any
pretention to optimal estimates. The choices made here are
not necessarily optimal, but they do show there is
convergence when the perturbation, spatial discretization,
and time-stepping parameters, 3, h, and At are chosen in

such away that all converge to O, with the first two as some
powers of the latter. How good is the proposed method will
hopefully come from a continuation of this work which will
concern itself with improving the present results by
improving, for instance, Lemma 2.4 above, and, especially,
doing some numerical experiments. The results obtained in
this paper show, as expected, that we have a higher rate of
convergence for the non degenerate case, i.e. for the case
k(s) =k, >0, for all s€[0,1]. Another sequel of this paper

will look more in depth at the special case of nondegenerate
problems like the concentration problem.

The author intends to pursue investigations in the H*-
norm i.e. investigations for estimates for

Y At VU -V 7, -
0<nsN
As stated above, our perspective for a next paper (in
association with other authors) is to implement effectively
the scheme (3.3)-(3.4) on a computer and compare our
results with the present estimates, and with existing methods.
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