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Abstract: In this paper, a class of coupled Riccati equations by using some special solutions of nonlinear coupled Schrod-
inger-KdV equations of a number of exact analytical group, obtain the precise solution and two groups of new solitary
wave solutions of the equations and several general forms. With the help of computer symbolic computation technology,
using F- expansion method to obtain exact solutions of the coupled Schrodinger-KdV equations, including the trigonomet-
ric function solutions, hyperbolic function solutions and Jacobian elliptic function solutions, the precise solution is widely
used in plasma physics. In the past few decades, many scholars on the nonlinear Schrodinger equation and the existence of
solutions of multi solution problem is studied, and the nonlinear term of the proposed restriction conditions become more
and more weak. This paper firstly studies the ground state spectra with zero point solutions of Schrodinger equation.
When the nonlinearity is superlinear, we give a more direct, simple and convenient method.
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1. INTRODUCTION

In recent years, with the establishment and development
of the nonlinear phenomena of the in-depth study and soliton
theory, with many equations have been appear in several
fields of fluid mechanics, solid state physics, physics, ele-
mentary particles in optical fiber communication and other
nonlinear soliton solutions of the evolution.

At present, there are many kinds of methods for solving
soliton solutions of nonlinear evolution equations, such as
Backlund transform, Jacobi elliptic function method, hyper-
bolic function method, homogeneous balance method, bi-
linear method. The demand equations are nonlinear coupling
Schrodinger-KdV equations [1-3]:

i, +u_ =uyv,

1
v.+ovw +fv = (|u|2)x. M

It is an important model to describe the interaction be-
tween long and short wave nonlinear dissipative medium,
wherein U represents a real long wave, said V. o,  complex
shortwave, control parameters, with the physical background
can be found in reference 2, 3. In the literature gives equa-
tions by Yoshinaga et al [4, 5]. The improved Hirota method
4 (1) in the five groups of solitary wave solution. Recently,
the reference 5, respectively, 6 Improved hyperbolic tangent
method 7-10, and obtained some nonlinear equations and the
equations of the exact solution by this method (the extended
application of these methods in equations (1), with the aid of
computer algebraic system Maple and obtained the equations
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(1) of the seven groups of solitary wave solutions, these
solutions not only contains the Yoshinaga results, more im-
portant is to obtain two new sets of regular solitary wave
solutions [6].

Fractional order partial differential equation (pde) was an
important equation of optics, electromagnetism, quantum
mechanics, fluid mechanics, atomic physics, quantum - me-
chanical system field etc. Many scholars have carried out
extensive and in-depth research on it, making the relevant
fractal dimension of the problem was well solved. The essen-
tial and key of problem in the nature of things were more
accurate described by fractional order pde with important the
physical background, outstanding research value and broad
prospects for the study. At present, research of correlation
properties and the application of fractional order pde has
become the focal point, in the numerical solution, exact solu-
tion and well posedness of the definite solution of problems
has made a breakthrough progress [7, 8].

This paper discussed the existence of solutions of three
types of fractional order nonlinear Schrodinger equation
(group). We mainly studied the existence and uniqueness of
solution for a class of generalized fractional order nonlinear
Schrodinger equations, the cycle boundary value of whole
smooth solution for a class of fractional order nonlinear
Schrodinger equation with multiple potential, the existence
and uniqueness of global smooth solution for a class of the
fractional order nonlinear Schrodinger equations with weak
damping.

It widely used in plasma physics, such as can be used to
describe the Laugmuir wave, electromagnetic wave. The
literature [9] equation (1) discussed the integrability of the
literature, using [10] elliptic function expansion method is
used to solve the equation (1) some exact solutions. With the
aid of symbolic computation technology, by using the F-
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expansion method [11, 12] to solve the equation (1) exact
soliton solutions.

2. SOLITARY WAVE SOLUTIONS OF THE NON-
LINEAR COUPLED SCHRODINGER-KdV EQUA-
TIONS

In order to seek the equations (1) and the traveling wave
solution, the introduction of the traveling wave transforma-
tion [13]

U(sz)zV(é)exp[i%(x—Vf)], )
Vx,t)=V(E).

The e=x-ct, c is an arbitrary non-zero constant (in the
transform (2) type

Equations (1) into a system of ordinary differential equa-
tions [14, 15]

U'+S(x-vnu =uv,
2 3)

ﬂV"+%V2—cV=U2—C2.

Where c is a constant of integration

For the solution of (3) type, consider a class of coupled
Riccati equations

{f '©)=-k(5)g(®),
g &) =k(1-g* (&) -1/ (E)).

Where k, R is an arbitrary constant. Equations (4) have a
special solution of two group (referred to as the basic solitary
wave function).

“4)

1
“ﬂ@:iCWMM§+QH+/
o) STMKE+E) ®
cosh[k(E+& )]+ 7
and
fe)=+ sinh[k(éjl+ EN+r
cosh[k(E+&,)] (©)

g)= SInh[k(E +E)]+7

The g is an arbitrary constant (usually desirable to zero),
K is the wave number, in order to make (5) type solitary
wave solutions become regular, say r>0 and r#1. is easy to
see that (5) and (6) type respectively meet:

g =1-21f +(* =1)
And

g2 :1—2rf+(r2+1)f2
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Assume that U, V can be expressed as a polynomial of F
and basic g solitary wave function, number of respectively
m, N, (3) the balance of linear and nonlinear terms of the
highest order derivatives of the number, type in m=0,1,2,
n=2, and so can be set:

U:a0+a1f+a2f2+b1f+b2fg7 (9)
V=cy+ef+e,f +d f+d,fe,

The ¢2=0 or d2=0, taking into account the (7) type, type
the maximum number of times in G to 1 will (9) type substi-
tution (3), by (4), (5) and (7) type, can get on undetermined
parameters A0, Al, A2, B1, B2, C0, Cl1, C2, D1, D2, K, c,
C, V, nonlinear algebraic equations

The elimination method for solving equations (11) in the
computer algebra system was on Maple (10), to obtain the
equations. By many nontrivial solutions of (9), (5) and (2)
type, finally got the equation (1) of the seven groups of regu-
lar solitary wave solution, the obtained conclusion the fol-
lowing:

1) when the parameter 0,3, meet o+6B=0, equation (1)
has two sets of Solutions

U, (x,t) = Asech[k(x —ct)] exp[i%(x —V),

(10)
Vi(x,t)=k> +§(V —%) — 2k sech’[k(x —ct)],
In it:
A =k*Qc+4k’B+6BcV —3Bc”)
The integral constant C meet:
c? =%(4k2 —c*+2eV)(12k° B =3B +6BcV +4c),
(11)

K, C, V is an arbitrary constant. Obviously, if the 0 taken
as zero, we must make it a factor is zero, for exam-

ple4k® —c*+2¢V =0, at this time, the solution of (10)
type:

- _ o
U,(x,t) = Atanh[k(x —ct)]exp[i 3 (x=71)], (12)

V,(x,t) = %(V —g) —2k* sech?[k(x —ct)],

In it:
A’ = kz(—2c—6ﬂcV+3[3c2 +8k2[3)

k, ¢, V is an arbitrary constant, the integral constant C
meet:

2 __L 2 2 17 2.2 4
C? = 16(32ck +96Bk*cV —48Bk*c* —128Bk (13)
—12BV* +12BV —3Bc* -8V +4c)
C*= —%(32&2 +96Bk’cV —48Bk’c* —128 Bk*

—12BV? +12BV =3Bc* =8V +4c’).  (13)
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C
When we solution the equation (12), we let V' =—, then

C*=4>= 2k2(—c+4k2ﬁ), the equation (12) is the
equation 2.9 in document [16-18].

2) If parameters o, 3 meets o +2f >0, the equations
(1) have two solutions:

U,(x,t) = Asec h’[k(x —ct)] exp[i%(x -V,

_ 2
Vs(x,t)z%_

6k sec h[k(x —ct)], (14)

Among them

A2 =18k4(a+2ﬂ) 2 =M

16(a + B)
The constant of integration C is to meet
C? = c’-16B%k*
200

¢, Vis random constant,

clca+4-2Vo) o+ B)>0.

In the solution of equation (14), Take V:E—E,then
2

k= %, C =0, the solution of equation (14) degenerate to
the equation 2.8 in document [4].
3
U,(x,t)= A{l —see I [k(x—ct)]}
.C
xexpli E(x -V,

V,(x,t)= %(V —%) — 6k sec K2 [k(x —ct)],

(15)

Among them
clca+4-12V )
 16(a+B)
The constant of integration C is to meet
_ c’-16B%k*
20

¢, V is random constant,

A =8k (o +2B),k> =

C2

c(ca+4-2Vo)(o+ B)<0. In the solution of equation

(15), Take :E,then the solution of equation (15) degen-
2

erate to the equation 2.10 in document [19].
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3) If parameters o, 8 meets o +2f <0, the equations
(1) have one solution:

Us(x,t) = Atan Al k(x —ct)]sec h[k(x—ct)]

Xexp[i%(x —V)],

V., =k +S @ -<
5(x,) 2( 2)

—6k*sec h*[k(x—ct)], (16)

Among them
_c(co+4-2Va)

A" =-18k™(ax+2P),k" = 8@+B)

The

constant of integration C is to meet
C’= —%(62 —4k* =2cV ) ac® =2acV +8c—4ak?),

¢, V is random constant,

clca+4-2Vo)(a+ B)<0. If we take the factor of

C*: ¢* —4k* —=2¢V =0, then we can get the conclusion

c 2
=4
2 3o0+2P

given in document [20], at the time, the solution of equation
(16) degenerate to the equation 2.7 in document [4].

4) If parameters o, meets 3a+48=0,3>0, the
equations (1) have one solution:

, which is just the condition has been

J7 cosh(x—ct)+ 242

U0y =560k (V7 cosh(x —ct) +~/2)?

xexp[i%(x —V1)],

1 1
Vi(x,t)=k>+—=cV ——¢’
2(x,1) 5V =2

1
-30k"
(xﬁ cosh(x—ct)+ \/5)2 (17

Among them
v _ 123Bk*+ Bc* =3¢
2 Be ’

kandcarerandom constant, the constant of integration C is
to meet

o — L6 -815°K)
: B

5) If parameters o, f meets 3a+4=0,8<0, the
equations (1) have one solution:
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U, (x,1) = #3,/-10 k> sinh(x — cr)(\/5 cosh(x
—ct)+242)(5 cosh(x —ct) ++/2)

Xexp[i%(x—Vt)],

V=20 =)

1

—18k2 ,
8 (+/5 cosh(x —ct) +~/2)?

(18)

Among them

2
V =£+ 39% —i’ k and c¢ are random constant, the
2 2¢ 2B
constant of integration C is to meet

Czil\/—6ﬁ(c2—121ﬁ2k4) The
4 B

tions(17) and (18) is the newly acquiredin this paper.

solution of

equa-

3. EXISTENCE OF SCHRODINGER-KdV EQUA-
TIONS

n

Theorem: Let & >%, if Pis an even number, when
B,y>0,set p,u>0, when B,y<0, set 0<p,u<*e,
if Pis not an even number, when B,y>0, set
p,H >2|0‘|+1, when f,7<0, set 2|O£|+1 <p.p<ar
for all U, € H 25‘, (€2) , then there was a unique whole smooth
solution (1) for the problem of (12)~ (16) making

ue L7(0,T; H* (Q)), u,e L7(0,T; H2%(Q)).

per per

For integer order nonlinear Schrodinger equation (group)
has been the result of system. In the 80's Bailing Guo fellow
in-depth studied this kind of equation (Group), and in the
paper [11], the authors studied the existence of whole solu-
tions of the initial value problem for a class of integer order
nonlinear Schrodinger equations, Where ¢g(s)(>0)was the

real valued function on [0,+e°], and kj (x,1), fj(xat) was
known to complex valued functions.

. 2 2
Uy — 1y, +B‘](|“1| +|“2| Juy +k (x,0)u, = f,(x,1), (19)
. 2 2
u,, —iu, +Bq(|u1| +|u2| Ju, +k, (x,t)u, = f,(x,1), (20)
u1|t:0 =u(x), u2|t:O =u,(x), -o0<x<oo, 21

4. INFINITELY MANY SOLUTIONS OF SCHROD-
INGER-KdV EQUATIONS

In this chapter we consider the bounded domains is a
special class of Semilinear Schrodinger equation, in previous
work are required for the nonlinear term is non negative,
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while the nonlinear in we give conditions is the middle term
changes sign, in a more general super two conditions, we get
the problem of infinite a solution.

4.1. The Main Results
For the problem, we give the following hypothesis:
(G1) fe C(QXR,R), and there exists constant
¢, >0andpe (2,2),

|fo| <@+, V(x,0)e QxR;

making

and there exists constant %, = 0,

making F'(x,0) 20, V(x,1)e QXR,

t|2r0;

(G3) F(x,0)=1tf(x,0)—F(x,f), and there exists
Cy >0and k > N/2, making

0<|F(x,0)| Se | F(x,0), V(x,1)e QxR,

(G4) f(x,—t)=—f(x,1), V(x,t)e QXR;

(G5) There exists i >2 and A >0, making

t

ZFy;

UF(x,0) <tf(x,0)+At*, V(x,t)e QXR.

In the following discussion, | A | was defined as the abso-
lute value of A, | A "? as the square root of

|A |. Its domain of definition was D(| A |1/2), then
E=D(A|”)=H,(Q). Let  is a positive constant, meet
My, >—0 where M is the minimum feature value of A,
then A+67>0.

We introduced the following inner product on E:

(u,v) = (A+601)u,(A+01)"v), +(u,v), 22)

and norm ||M ||= (u,u)l/z,where (‘a ')z was norm of

L,(Q) . Then the norm || - || was equivalent to the usual norm
- HH‘(Q) . Let
V(ix)=a(x)+0+1, g(x,u)=f(x,u)+(0+1)u (23)

easy to verify, if f(x,u) meet the conditions

(G1)~(G5), then g(xX,u) also meet (G1)~(G5). Therefore,
we have the following lemma.

This paper firstly studies on the ground state space with
zero spectral point solution. When the nonlinearity is super-
linear, we give a more direct ground state solution, simple
method, in the absence of strict monotonicity condition, ob-
tain the existence of solutions of Nehari - Pankov type of



Existence and Multiplicity of Solutions for a Class of Nonlinear

ground state. When the nonlinear term is asymptotically lin-
ear time, we first study the existence of nontrivial weak solu-
tion of the problem, and on the assumption that the condition
is relatively loose, proved the least energy solution and Ne-
hari - Pankov of the ground state solutions existence.

In the last chapter of the paper, we also consider the solu-
tion bounded domain problems, in a more general super two
conditions, we prove that there are infinitely many solutions
for, in previous work are required for the nonlinear term is
non negative, while the nonlinear in our condition is you can
change the number, thus greatly improve previous results. In
addition, we find there are many problems can be further
research, can carry out the work from the following aspects:

First, this paper only considers the problem of the exis-
tence of the Schrodinger spectrum with zero point equation
solution, can further consider the multiplicity of solutions for
problems. Notice, established in literature generalized sur-
round theorem improves linking theorem in the past, we dis-
cuss in this paper is very useful to the problem, can similarly
create a critical point on the multiple solution theorem, this
is also what we have to do the work.

Second, in discussing the solution of Schrodinger equa-
tion of the ground state zero point spectrum with potential
requirements, is periodic, the potential is asymptotically pe-
riodic case, whether can also discuss the existence of ground
state solutions, this is also the question.

CONCLUSION

From the conclusion of this paper can be seen, we obtain
the exact solution of the Schrodinger-KdV equations of the
form [1] is more general than the literature, not only that, we
also had two group new. In addition, if the use of the solu-
tion to (6) type and relation type (8), similarly also can ob-
tain equations (1) solitary wave solutions of the singular
form.

The main results of this paper consists of three parts.
First, studied the well posedness of solutions for a class of
generalized fractional order nonlinear Schrodinger equations.
Let a priori estimates was a solution with a large number of
application inequalities of Gagliardo-Nirenberg, Young's and
Gronwnll. In order to more accurately estimate the bounded-

ness of solutions, the nonlinearity of " g(lu, |2 +|u, |2) " and

its derivative, the two derivative were limited, then the exis-
tence of solution was got by Facdo-Galerkin method.

Finally, the existence and uniqueness of solutions was
proved.

Second, the cycle boundary value of whole smooth solu-
tion for fractional order nonlinear Schrodinger equation with
multiple potential was sconsidered.

Third, the existence and uniqueness of global smooth so-
lution for the fractional order nonlinear Schrodinger equa-
tions with weak damping was studied.
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