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Abstract: Most research papers about parallel kinematic chain mechanisms investigate symmetric robot manipulators, in 
which all the limbs connecting the end-effector to the fixed based are composed by the same sequence of links and joints. 
Contrarily, in some manipulation tasks the velocity and stiffness requirements are anisotropic. In such cases, the 
asymmetric parallel kinematic chain mechanisms may offer advantages. This works’ main objective is to present the 
inverse dynamic modeling of a 3-dof asymmetric parallel chain mechanism, conceived as a robot manipulator for pick-
and-place operations. The type of kinematic structure of the mechanism constrains the motion of the end-effector to only 
three translations. First, a brief kinematic modeling is carried out. Then, the inverse dynamic modeling is developed by 
employing the virtual work principle, considering two assumptions: lumped and distributed masses. Based on the model 
equations, a motion simulation is performed. The same motion is also analyzed by using the ADAMS computing 
environment to validate the model equations. After the simulation, the results demonstrated a very good agreement 
between the analyzed variables provided by the dynamic model and those generated by ADAMS. One can also notice that 
the input torques calculated by the lumped-mass model are quite close to the torques evaluated by the distributed mass 
model, and might be sufficient for the future development of a motion control law for the mechanism. 
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1. INTRODUCTION 

 The advantages of parallel kinematic chain mechanisms 
over serial kinematic chain ones are well known: high rigi-
dity, lightness, fast dynamic response, high precision and 
high load capacity [1,2]. In some tasks, as pick and place 
operations, these advantages overcome the reduced work-
space and the complexity of kinematic and dynamic model-
ing. 
 Some architectures, as those analyzed in [3-5], have 
reduced modeling complexity since their kinematic equa-
tions are linear and fully decoupled. However, due to the fact 
that these robots are overconstrained mechanisms, they 
require a very special care on manufacturing and assembly of 
their parts. Such requirements often demand more tight 
dimensional and geometrical tolerances, increasing their 
costs. 
 Most of the proposed parallel robot architectures present 
symmetric kinematic chains, while there are only few works 
dealing with asymmetric architectures [6,7]. This fact 
reflects the preference of researchers for a modular structure 
showing a behavior as close as possible to the isotropic. 
However, there are some applications in which the speed and 
rigidity requirements do not need to be the same in all the 
directions. For instance, the loading-unloading of goods in 
conveyor belts usually demand higher manipulator speeds in 
the transversal direction of transportation than in its main 
direction. As a result of this observation, a project concern-
ing an asymmetric parallel manipulator robot for pick-and-
place operations has been developed at the Department of  
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Mechatronics and Mechanical Systems of the Escola 
Politécnica of the University of São Paulo, Brazil [8]. 
 As shown in Fig. (1), the kinematic structure of the 
proposed parallel mechanism is composed by three active 
limbs, connecting the moving platform with the fixed base. 
Two among them are RSS type, while the other is PPaP, that 
is located in the central region of the mechanism. The letters 
R, P, and S stand for revolute, prismatic, and spherical joints, 
respectively. Here, Pa denotes a parallelogram subchain. The 
underlined letter means an active joint. The proposed kine-
matic structure 2 RSS + PPaP was conceived by apply-ing an 
alternative type synthesis [9,10] procedure outlined in 
section 2. The central limb PPaP was chosen in such a way 
that the moving platform only performs three translations. 
 This asymmetric and parallel architecture also presents 
an important feature: the kinematic equations are partially 
decoupled. Such feature is possible due to the fact that one of 
end-effector coordinates coincides with the displacement 
provided by the linear actuator coupled to the central limb. 
 The main goal of this paper is to develop the inverse dyn-
amics model of the asymmetric parallel mechanism. Initially, 
in section 2, the kinematic modeling is derived. Then, in 
section 3, the dynamic model is developed for both lumped 
and distributed mass parameters. In section 4, the results of 
the performed simulations are presented. Finally, in section 
5, the conclusions are enumerated. 

2. KINEMATIC DESIGN, MODELING AND ANA-
LYSIS 

 In order to generate a parallel mechanism able to position 
the end-effector in the 3D-space, in such a way that it per-
forms only three independent translations, an alternative type 
synthesis procedure proposed by Hess-Coelho [9] and cited 
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in [11] is employed. Basically, the procedure has three steps: 
structural synthesis of the mechanism by the method of 
addition of passive limb; then, the elimination of one among 
the other active limbs; finally, setting active the constraining 
passive limb. 
 According to the first step, to constrain the end-effector 
motions, we choose the kinematic chain PPaP as the passive 
limb. Then, one feasible mechanism for the task is the 3 RSS 
+ PPaP. In fact, the peripheral limbs, whose connectivities 
equal 6 (discounting one passive degree of freedom [12] 
associated to the rotation about an axis through the centers of 
the spherical joints), do not restrict the tool movement. By 
applying the second step, we eliminate one active RSS limb. 
Finnally, we set active the constraining limb by coupling an 
actuator to drive the prismatic joint closest to the base.  
 The kinematic modeling of the parallel mechanism 2 
RSS + PPaP is briefly derived here and a more detailed des-
cription can be found in [8]. The coordinates  
correspond to the displacements provided by the actuators 
and the coordinates  define the position of 
the end-effector, as it can be observed in Fig. (2), where ai 
and mi are the link lengths and masses and M is the load 
mass. 

 
Fig. (2). Mechanism kinematic diagram. 

 The mathematical relations between the active joints 
coordinates and the end-effector coordinates are obtained 
from the property that the bar lengths CE and DF are 
constants. From the partial decoupling feature, the end-
effector position along the x1 direction coincides with the 
active prismatic joint q1 coordinate. So, it can be stated that: 

 (1) 
 Differentiating the eq.(1) with respect to time yields to 
eq.(2), a velocity equation written in a matrix form. 

 (2) 

where: 

  

 

 

 

 
 The conditions for occurrence of singularities can be 
investigated by the inspection of the determinants of 
Jacobian matrices, Jx and Jq [12]. Fig. (3) shows two 
examples of singular configurations, where the PPaP limb 
was removed for clarity. When det(Jq) is null, the mechanism 
reaches the boundary of its workspace (Fig. 3a). On the other 
hand, when det(Jx) equals zero, the mechanism might 
become uncontrollable. In Fig. (3b) one can notice such 
configuration: the actuators at A and B cannot withstand 
vertical forces acting upon the end-effector. Fortunately, this 
condition will occur only if the parameter a1 is larger than a2. 
 The mechanism workspace was determined in [8] by a 
discretization method and its shape can be observed in Fig. 
(4). As expected, the workspace does not have a regular 

 
(a) 

 
(b) 

Fig. (1). Asymmetric parallel mechanism: (a) CAD model (b) graph representation. 
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shape but it may be improved by using adequate bar length 
ratio in each limb. 

3. DYNAMIC MODELING 

 The mechanism dynamic modeling is developed here 
considering two different cases: lumped and distributed 
masses. In both cases, the bars are assumed to be rigid and 
the joints ideal (rigid, no friction and no clearance).  
 The virtual work principle is applied for the dynamic 
modeling due to the great easiness to build the equations, 
mainly because our focus is the inverse dynamic model of 
the mechanism, as it can be perceived in [13-15]. With this 
formulation approach, the input forces and torques appear as 
isolated terms from other variables in the derived equations. 
Moreover, the consideration of other effects such as joint 
friction, may be directly included in the model proposed 
here. Consequently, the dynamic model may be incre-
mentally refined. 

3.1. Lumped Masses Modeling 

 In this first case, we assume that the bars masses are 
lumped in their respective centers-of-mass. Hence, the 

mechanism itself is subject to the action of the inertia 
wrenches. In addition, the external forces and torques are due 
to the gravitational field and the actuators. Before applying 
the virtual work principle, it is important to realize that the 
virtual displacement and the center of mass acceleration of a 
rigid bar may be calculated from the virtual displacements 
and accelerations of its end points. Considering the homoge-
neous CE bar, for example, the eq. (3a-3b) may be used. 

 (3a) 

 (3b) 
where  and  are the center-of-mass virtual displace-
ment and acceleration of the CE bar. 
 These relations are very useful in the mechanism model-
ing because the virtual displacements and accelerations of 
points E and F equal to the virtual displacements and accele-
rations of the end-effector, respectively. On the other hand, 
the virtual displacements and accelerations of points C and D 
may be easily calculated from the movement of the active 
joints q2 and q3. Then, there is no need to find one jacobian 
matrix for each part of each mechanism limb. 

 
 

(a) (b) 
Fig. (3). Singularities: (a) workspace boundary (b) uncontrollable position. 

 

 
Fig. (4). Workspace shape. 
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 Therefore, the sum of the virtual works of the actuators 
force and moments, inertia forces and gravitational forces 
must equals zero (eq. 4). 

 There  are the actuators force and mom-
ents and  m/s2 is the gravity acceleration 
vector. 
 From the kinematics conditions, one can write the 
equations 5a-5f. 

 (5a) 

 (5b) 

 (5c) 

  (5d) 

  (5e) 

  (5f) 

 Substituting the eq. (5a-5f) into eq.(4), we obtain eq. (6), 
in which only the actuated joints virtual displacements , 

 and  and their correspondent coefficients are present. 

 (6) 
 Once the actuated joints virtual displacements in eq. (6) 
are independent, the algebraic expressions of force τ1 and the 
torques τ2 and τ3 can be obtained. 

3.2. Distributed Mass Modeling 

 We intend here to extend the previous model by assum-
ing the hypothesis of distributed mass along the links. In this 
case, it is sufficient to include the torques due to bars 
rotational inertia. The following terms must be added to the 
sum of virtual works for the bars with constant orientation 
rotation axis, 
 for bar AC, 

 
 for bar BD, 

 

 for the parallelogram bars,  

 
where IACx1, IBDx1 and IHIx1 are the AC, BD and parallelogram 
bars moments of inertia with respect to their principal axes 
that are parallel to the x1 direction and θH is the angle 
between the parallelogram bars and the horizontal direction, 
defined in the same way as q2. 

 For the CE and DF bars, of which the angular velocity 
vector has time varying orientation, it is necessary to include 
the following virtual work terms, 

 for bar CE:  

 for bar DF:  

where ICE and IDF are the CE and DF bars inertia matrices 
with respect to the global frame and ωCE, ωDF, δΘCE and 
δΘDF are the angular velocities and virtual displacements of 
the same bars. The inertia matrices ICE and IDF may be 
calculated from eq. (7-8) [12]. 

  (7) 

  (8) 

where  and  are the principal inertia matrices and RCE 
and RDF are the rotation matrices of the moving frames 
(body-fixed) with respect to the global frame. 
 For each bar, either CE or DF, the angular velocity vector 
and its time derivative can be calculated from the velocities 
and accelerations vectors of the their end-points and from 
assuming that the angular velocity vector is always ortho-
gonal to the longitudinal direction of the bar. In other words, 
there is no rotation along the longitudinal direction of the 
bar. 
 For the CE bar, for example, its angular velocity is 
obtained by: 

 (9) 
 Simplifying and rearranging the equation 9, it may be 
written as follows 

  (10) 
where: 

  
 (11) 

 (12) 
Thus: 

  (13) 

 Using equation 13, the torque due to bar CE 
rotational inertia equals to: 

 (4) 
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  (14) 
that may be rearranged in the following form 

  (15) 
 The same strategy can be applied to the bar DF. Finally, 
it is necessary to collect the terms dependent of δq1, δq2 and 
δq3 and include them in eq. (6) to complete the dynamic 
model. 

4. SIMULATIONS 

 Two different computing environments are employed to 
perform the mechanism motion simulation. The first envi-
ronment corresponds to the kinematic and dynamic model, in 
accordance with the previous sections, implemented as 
Scilab [16] software subroutines. The ADAMS [17] soft-
ware, a commercial package for multi-body analysis, is used 
as the second computing environment. Hence, the mathema-
tical model and the correspondent implementation can be 
validated by comparing their results with those provided by 
ADAMS. 
 Notice that whereas the ADAMS results are obtained by 
numeric methods, the Scilab results are calculated from 
closed-form equations, which are suitable for future analysis, 
such as the modeling refinement and the implementation of a 
control law. 
 In order to make the end-effector reach the assorted 
positions, velocities and accelerations, we prescribe the input 
motions for the actuated joints, defined by sinusoidal 
functions with varied amplitudes and frequencies, as shown 
in eq. 16-18. 

  (16) 

  (17) 

  (18) 

 In the first simulation, the following numeric values were 
used for the required input motions and mechanism parts 
lengths and masses (Table 1). 
Table 1. Simulations Parameters 
 

Input Motion Bars Lengths [mm] Bars and Load Masses [kg] 

K1 = 100 mm L = 200 m1 = 0,2 

k1 = 2 l = 100 m2 = 0,3 

K2 = π/12 rad a1 = 200 m3 = 0,45 

k2 = 5 a2 = 300 m4 = 0,1 

K3 = π/12 rad a4 = 100 m5 = 0,5 

k3 = 5 a5 = 250 m6 = 0,1 

 a6 = 100 M = 0 Kg (no load) 

 
 Fig. (5) shows the end-effector position as consequence 
of the active joints input position functions. The end-effector 
reaches 0,6 m/s and 3,9 m/s2. The simulations results for the 
lumped mass model with both computing environments can 

be found in Figs. (6-8). Each plot shows the necessary force 
or torque in each active joint. 

 
Fig. (5). End effector position. 

 

 
Fig. (6). Lumped masses: force τ1. 

 

 
Fig. (7). Lumped masses: torque τ2. 



Dynamic Model of a 3-dof Asymmetric Parallel Mechanism The Open Mechanical Engineering Journal, 2010, Volume 4    53 

 
Fig. (8). Lumped masses: torque τ3. 

 One can observe that the result differences between the 
two computing environments are negligible. Considering the 
time interval [0.1, 5.0]s the greatest relative error is smaller 
than 0.1%. The initial instant was disregarded due to the 
large but not significant error caused by discontinuities in the 
velocity and acceleration functions in the movement start.  
 Figs. (9 to 11) show the necessary force and torques on 
the actuated joints for the distributed mass dynamic model. 

 
Fig. (9). Distributed masses: force τ1. 

 
Fig. (10). Distributed masses: torque τ2. 

 
Fig. (11). Distributed masses: torque τ3. 

 The discrepancies between the results of the two simula-
tion environments also remain small. The greatest relative 
error is smaller than 2%. One can notice that the errors are 
greater in the peaks of the input torques associated with the 
coordinates q2 and q3, in which the second derivative of the 
torque functions with respect to time are significant. 
 In Figs. (12 and 13) the results provided by the Scilab 
environment of both cases of mass distribution assumptions 
are superposed. One can observe that the lumped mass 
model results are quite close to the model with distributed 
masses. The greatest relative errors are smaller than 5% and 
show that the lumped mass model, simpler and less com-
putationally demanding, probably would be sufficient for the 
development of a motion control law for the mechanism. We 
think that even better results would be reached if the position 
of the lumped masses would be moved from the bars original 
center of masses, as proposed by Codourey [18]. 

 
Fig. (12). Lumped/distributed masses: torque τ2. 

 Although the mathematical expressions were not simp-
lified before the Scilab implementation, a computing cost 
comparison was accomplished. While the average distributed 
lumped mass model computing time was 703µs per sample, 
the lumped mass model’s was just 6,2µs using an AMD 
Sempron 1,8GHz with 1GB RAM. This demonstrates that a 
closed loop control based on this simpler model could 
employ a higher sample rate. However, higher errors might 
limit the operation to low performance movements. 
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Fig. (13). Lumped/distributed masses: torque τ3. 

 In order to verify if the models remain close to each other 
even under higher performance movements, a second simu-
lation was carried out with the same parameters of Table 1, 
except for k1, k2 and k3 that were changed to 10, 25 and 35, 
respectively. The simulation duration was reduced to one 
second. In this situation the end-effector reaches 2,9 m/s and 
97,5 m/s2. The calculated required torques τ2 and τ3 may be 
observed in Figs. (14 and 15). Surprisingly, it can be per-
ceived that the errors between the lumped and distributed 
model are still of the same magnitude. 

 
Fig. (14). Simulation 2: torque τ2. 

 
Fig. (15). Simulation 2: torque τ3. 

5. CONCLUSION 

 Due to the fact that some industrial tasks have distinct 
motion requirements in each direction, asymmetric parallel 
mechanisms have a great potential to be more efficient and 
adequate for such applications. We developed here the dyna-
mic model of the proposed asymmetric mechanism, which 
was successfully obtained for both the lumped mass and 
distributed mass assumptions. 
 The simulation results showed that the lumped mass 
model is a quite reasonable approximation of the more 
general distributed mass model and we think that would be 
enough for the development of motion control laws for the 
mechanism except under high performance movements. The 
virtual work principle demonstrated to be effective and effi-
cient in the dynamic modeling and will allow the incremen-
tal refinement of the current model with future considera-
tions as joint friction effects. 

Appendix 
 Expanded functions f1, f2 and f3 of equation 6. 

 

 

 
Where: 
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