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Abstract: According to the structure characteristics of railway viaduct with light floating slabs, a frequency domain 
dynamic model of the vehicle-light floating slab track-viaduct bridge vertical coupling system is established. The Green 
functions are used to quickly calculate the receptance response of the system, and then the pseudo excitation method is 
used to further analyze the parameter influences of the floating slab on the vertical vibration excited by the track 
irregularity. The parameters of the floating slab have obvious effects on its vertical vibration, so as we strive to reduce the 
vibration and noise radiation of the railway by changing the parameters of the floating slab, the disadvantages to the 
vibration and noise control of the floating slab have to be taken into consideration. 
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1. INTRODUCTION 

 The urban railway has been receiving various 
applications at many transit systems, due to large capacity, 
punctuality, fast speed and high efficiency. However, there 
are also some problems, for example, vibration and noise 
pollution. So  measures should be adopted to reduce the 
adverse factors. From the time the floating slab track was 
first used in Germany in 1965,  its outstanding performance 
of vibration isolation has been observed. Now, the floating 
slab track has been widely used in the urban railway and 
many scholars have conducted a lot of researches on it. 
 Nelson introduced two kinds of floating slab track 
systems of the prefabricated type and cast-in-place type and 
studied their engineering application and effects on vibration 
isolation [1]. Hussein and Hunt studied the responses for a 
track with discontinuous slab to oscillating moving loads and 
then discussed its response to moving trains. They also 
developed a numerical model for calculating vibration due to 
a harmonic moving load on a floating slab track with 
discontinuous slabs in an underground railway tunnel [2-4]. 
In addition, Gupta and Degrande presented a periodic 
approach to couple a track with discontinuous or continuous 
slab and a tunnel-soil system of different periodicity [5]. Cui 
and Chew investigated the effectiveness of a floating slab 
track system to stationary harmonic loads and moving 
harmonic loads using the receptance method [6]. Li and Wu 
discussed parametric excitation vibration of a floating slab 
track and used the dynamic receptance method to study the 
performance of vibration isolation of a floating slab track [7, 
8]. 
 The floating slab track also has an important effect on the 
control of ground-borne vibrations generated by rail  
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transportation systems. Lombaert and Degrande et al. 
studied the effectiveness of the floating slab track by means 
of a three-dimensional numerical model for the prediction of 
railway induced vibrations that fully account for the 
interaction between the train, the track and the soil [9]. Cox 
and Wang et al. used a large constructed test rig  based on 
three 2.5 m long full-scale floating track slab elements to 
investigate slab track structures for controlling ground 
vibration [10]. Auersch and Eng analyzed the dynamics of 
slab tracks and floating slab tracks by multi-beam models for 
the track and by integration in the wave-number domain for 
the soil, which is modeled as a layered half-space [11]. 
 In recent years, the floating slab track has been used in 
railway viaduct. Hui and Ng studied the effects of floating 
slab bending resonances on the vibration isolation of railway 
viaduct, and they found that the bending resonances of slabs 
have significant effects on vibration isolation performance 
[12]. But they did not discuss the parameter influences of 
floating slab on its own vibrations. 
 The existing researches are mainly concerned about the 
floating slab track system in the underground railway tunnel 
and are focused on the dynamics of slab track and its 
controls of the environmental vibration and noise radiation 
along railway lines. However, the light floating slab is also 
an important source of noise in the railway viaduct. There 
are few research articles on the parameter influences of the 
floating slab on its vibration and noise radiation in detail  
which is also the focus of investigation in this paper. 
 In this paper, according to the structure characteristics of 
railway viaduct with light floating slabs (as shown in Fig. 1),  
a frequency domain dynamic model of the vehicle-light 
floating slab track-viaduct bridge vertical coupling system 
was first developed. It is not easy to decouple the coupling 
system and calculate the vertical wheel/rail force excited by 
the track and rail irregularities fast and efficiently. However, 
the Green functions and pseudo excitation method can solve 
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these problems. So Green functions are used to quickly 
calculate the receptance response of the system. Finally, the 
parameter influences of floating slab on its own vibrations 
excited by the track irregularity spectrum are discussed in 
detail, although few research articles are available on the 
subject. The results  illustrate the parameters influences of 
the light floating slab on its vertical vibration excited by the 
irregularities. And in our further researches,  the focus will 
be on the control of the noise radiated by the floating slab. 
So this paper will lay the foundation for our next studies. 

 
Fig. (1). The railway viaduct with light floating slab. 

2. THEORETICAL MODEL 

2.1. Physical Model 

 Based on the vehicle-track-bridge coupling dynamics 
theory, and according to the structural characteristics of 
railway viaduct with light floating slabs, the vehicle-floating 
slab track-viaduct bridge vertical coupling dynamic model is 
established, as shown in Fig. (2). 
 The vehicle is the A type vehicle used in Shanghai urban 
railway. The parameters for the railway viaduct with light 
floating slabs are  listed in Table 1. 
 In the model, the floating slab track subsystem is 
composed of rails, fasteners, floating slab and steel springs, 
and the viaduct bridge subsystem is composed of viaduct 
bridge and bridge supports. It is assumed that the ends of the 
bridge supports connected to the piers are fixed. The rails are 

represented by infinite Timoshenko beams. The slab and 
bridge are modeled as a free-free Euler beam and a simply 
supported Euler beam, respectively. The fasteners, steel 
springs and bridge supports are modeled to be spring-damper 
elements. 

2.2. Equations of Motion of the Railway Viaduct 

 The Rail is presented by an infinite Timoshenko beam, so 
its Green function is [13]. 

  Gr (x1,x2 ) = u1e
!ik1 x1!x2 +u2e

!k2 x1!x2   (1) 

where 
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Gr(x1,x2) is the response of a Timoshenko beam (at any 
observer point x1 on the beam) to a unit point force (acting at 
x2), and ω is the angular frequency. 
 The floating slab can be simplified as free-free Euler 
beam, and its Green function, in modal superposition form 

Table 1. Parameters used in the model. 
 

Name Parameters Value Parameters Value 

Rail 

Density ρr (kg/m) 60.34 Shear coefficient κr  0.4 

Cross section area Ar (cm2) 77.45 Shear modulus Gr (GPa) 77 

Moment of inertia Ir (cm4) 3217 Loss factor ηr 0.01 

Young’s modulus Er (GPa) 210   

Fastener 
Stifness kf (MN/m) 60 Loss factor ηf 0.25 

Span df (m) 0.625   

Slab 

Length Ls (m) 25 Moment of inertia Is (m4) 2.7×0.253/12 

Width (m) 2.7 Young’s modulus Es (GPa) 40 

Thickness (m) 0.25 Density ρs (kg /m3) 2500 

Cross section area As (m2) 2.7×0.25 Loss factor ηs 0.05 

Steel spring 
Stiffness kj (MN/m) 4 Longitudinal span dj (m) 1.25 

Lateral span (m) 2.1 Loss factor ηj 0.5 

Bridge 

Length Lb(m) 25 Density ρb (kg/m3) 2500 

Young’s modulus Eb (GPa) 36 Cross section area Ab (m2) 2.308 

Moment of inertia Ib (m4) 0.4558 Loss factor ηb 0.05 

Bridge support 
Stiffness kz(MN/m) 3.39×103 Loss factor ηz 0.25 

Span dz(m) 25   
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[14], can be written as: 
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where, Wsn(x) is the nth modal shape function of the free-free 
Euler beam, and the corresponding frequency is 

  !sn = kn
2 EsIs "s As . NMS is the modal number of floating 

slab for calculation. The expression for Wsn(x) is as shown in 
formula (4). 
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 The first two modal shape functions  correspond to the 
rigid motion of Euler beam, and the other modal shape 
functions  correspond to the bend motion of Euler beam. The 
values of ksn and cn are referenced in [14]. 
 The viaduct bridge is regarded as a simply supported 
Euler beam. Its steady-state response can  also be expressed 
in modal superposition form [15]. Its Green function is 

  
Gb(x2 ,x1) =

Wbn(x2 )Wbn(x1)
(1+ i!b)"bn

2 #" 2
n=1

NMB

$   (5) 

where, Wbn(x) is the nth modal shape function of the simply 
supported Euler beam, and the corresponding frequency is 

  !bn = kbn
2 EbIb "b Ab , kbn=nπ/Lb. NMB is the modal number 

of viaduct bridge for calculation. Using the classic normal 
modals of simply supported Euler beam,  the expression of 
Wbn(x) can be obtained as follows: 

  
Wbn(x) = 2 !b AbLb( ) sin n" x Lb( )   (6) 

 Using the implication of Green function and the 
superposition principle,  the equation of motion of the rail in 

frequency domain can be obtained which is written as 
follows: 

  

ur x( ) = Gr xa ,x( )Fwa
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 The equation of motion of the floating slab in frequency 
domain is 
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 The equation of motion of the viaduct bridge in 
frequency domain is
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where 

  
K f = k f (1+ i! f ), K j = k j (1+ i! j ), Kz = kz (1+ i!z )   (10) 

and Fwa is the vertical excitation force applied at xa by the 
ath wheel; xn, xm and xz are the positions of the nth fastener, 
the mth steel spring and the zth bridge support in the 
direction of x in Fig. (2). 
 Using formulas (7), (8) and (9), the 
equations of motion of the railway viaduct in the matrix form 
can be obtained as: 

  
[GK] u{ } = F{ }   (11) 

where, [GK] is a square matrix with its elements composed 
of zeros and Green functions of the rail, slab and viaduct 
bridge multiplying Kf, Kj and Kz. {u} is the vertical 
displacement vector of the rail, slab and viaduct bridge. {F} 
is the force vector composed of zeros and the force 

 
Fig. (2). The light floating slab track-viaduct bridge vertical coupling dynamic model. 
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multiplying the Green function of the rail. If a unit force is 
acting on the point x on the rail, the obtained vibration 
response of the rail at the point x is also called the point 
receptance function of the track [αT]. 

2.3. Equations of Motion of the Vehicle 

 The differential equation of motion of the vehicle is 

  
U v !( ){ } =

Fwa !( ){ }
! 2[MV ]-i![CV ]+[KV ]

  (12) 

where [MV], [CV] and [KV] are the mass matrix, damping 
matrix and stiffness matrix of the vehicle, respectively, 
{UV(ω)} is the displacement amplitude vector of the vehicle, 
{Fwa(ω)}is the vector of the amplitudes of wheel/rail vertical 
forces induced by track irregularity and ω is the angular 
frequency. 
 According to the definition of displacement receptance, 
the receptance of the vehicle can be obtained by formula (12) 
shown as 

  
!V
"# $%= & 2[MV ]-i&[CV ]+[KV ]( )

'1
  (13) 

 Then the receptance of the vehicle at the position of the 
wheel is 

  [!W ]= [H ][!V ][H ]T   (14) 

2.4. Wheel/Rail Contact Force 

 {Fwa(ω)} can be obtained by formula (15), as follows 
[16]: 

  
Fwa (!){ } =

"u !( ){ }
#W
$% &'+[#T ]+ #"

$% &'
  (15) 

where, [αΔ] is the receptance of the wheel/rail contact spring, 
the inverse of the contact stiffness kH whose value is 
1.38MN/m is calculated by Hertz contact theory. {Δu(ω)} is 
the excitation transformed from the track irregularity by the 
pseudo excitation method [17]. And the excitation is input 
using the fixed-point excitation model which assumes that 
the vehicle and track are fixed and the track irregularity is 
moving. 
 It can be assumed that the wheel sets are excited by the 
same track irregularity with a certain time difference as the 
train runs on a track. So, there are N stationary random 
excitations with different phases corresponding to N wheel 
sets, which can be expressed as: 

   

!u(t){ } = !u1(t) !u2(t) … !uN (t){ }
          = !u(t " t1) !u(t " t2 ) … !u(t " tN ){ }

  (16) 

where Δu(t) is the time history function of the random 
excitation of track vertical profile irregularity, tj=Lj/v 
(j=1,2,…,N) is the lag time of the jth excitation 
corresponding to its spatial separation, Lj and the vehicle 
speed v. Using formula (17),  the pseudo excitation 
corresponding to Δ u (t) can be obtained which is shown as 

   !!u(t) = Sv (")ei"t  (17) 

where, Sv(ω) is the auto spectral density of Δu(t). Then the 
pseudo excitation corresponding to {Δu(t)} is 

   

!!u(t){ } = !!u(t " t1) !!u(t " t2 ) " !!u(t " tM ){ }
          = e"i#t1 e"i#t2 " e"i#tM{ } Sv (#)ei#t

          = !!u(#){ }ei#t

 (18) 

where, 
   
!!u("){ } = e#i"t1 e#i"t2 " e#i"tM{ } Sv (")  is the 

amplitude of the harmonic irregularity of the pseudo 
excitation. 

 Substituting 
   
!!u("){ }  for {Δu(ω)} in formula (15) yields 

   

!P(!){ } =
"!u !( ){ }

#W
$% &'+[#T ]+ #"

$% &'
  (19) 

where, 
   
!P(!){ }  is the amplitude of pseudo dynamic 

wheel/rail force corresponding to 
   
!!u("){ } . So by solving 

formula (19),  the amplitude of pseudo dynamic wheel/rail 
force excited by track irregularity is obtained. Using the 
definition of pseudo excitation method again,  the power 
spectral density of the dynamic wheel/rail force can be 
obtained, expressed as 

   
SPP(!) = !P(!){ }

"
# !P(!){ }

T
  (20) 

where, 
   
!P(!){ }

*
 and 

   
!P(!){ }

T
 are the conjugate matrix and 

transposed matrix of 
   
!P(!){ } , respectively. 

 Using the power spectral density of the dynamic 
wheel/rail force and formula (11) and (12), the dynamic 
responses of the railway viaduct and vehicle excited by the 
track irregularity can be calculated. 

3. NUMERICAL ANALYSIS AND DISCUSSIONS 

3.1. Vertical Receptance Characteristics of Railway 
Viaduct 

 To investigate the receptance characteristics of the 
railway viaduct, a vertical unit force is acted on the rail 
either at the mid-span of the bridge (above fastener) or at the 
mid-span of fastener bay closest to the mid-span of the 
bridge. The vertical vibrations of the points of the rail, 
floating slab and bridge in the cross section of the force are 
shown in Figs. (3, 4). 
 All the vertical displacement receptances of the rail, slab 
and bridge have peak values at the natural vibration 
frequencies of the rail-floating slab-viaduct bridge system. 
So it can be deduced that those natural vibration frequencies 
have great influences on the vertical vibration of the railway 
viaduct. Below 80 Hz, the vertical displacement receptances 
of the rail change are consistent with that of the floating slab, 
and with the increasing frequency. The vertical displacement 
receptances of the rail are greater than that of the floating 
slab, which are also greater than that of the bridge, and the 
differences between them are more and more pronounced. At 
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the first ‘pinned-pinned’ frequency, the vertical displacement 
receptances and phases of the rail have troughs for the unit 
force above fastener and peaks for the unit force at mid-span 
of fastener bay. 
 For the phase, it can be found that the phases of the 
vertical displacement receptances of the rail are negative in 
the entire frequency range, however, that of the floating slab 
and bridge are more complex. In addition, the phases of the 
vertical displacement receptances of the floating slab and 
bridge induced by the unit force above fastener are more 
complex. Above 1000Hz, the unit force above fastener 
marks the phases of the vertical displacement receptances of 
the floating slab and bridge obvious shock. 

(a) 

 
(b) 

 
Fig. (3). The vertical receptances to a unit force above fastener, (a) 
amplitudes and (b) phase. 

3.2. Parameter Influences of Floating Slab on its 
Vibration 

 In this part,  the parameter influences of floating slab on 
its vertical vibrations are discussed, excited by the sixth  
grade track irregularity PSD of U.S. railways (with 
wavelength 1~100m) and the Sato track irregularity (with 
wavelength 0.01~1m). In the calculation, the vehicle is the A 
type vehicle located at the center of a viaduct bridge and its 
speed is 100km/h. The distance between bogie centers is 
17.5m and wheel base of bogie is 2.5m. 

(a) 

 
(b) 

 
Fig. (4). The vertical receptances to a unit force at mid-span of 
fastener bay, (a) amplitudes and (b) phase. 

 In order to illustrate the characteristics of  vibration 
transfer in floating slab track system, the vibration power 
flow is used here to analyze the vibration transfer and its 
influence factors. The average vibration power of a structure 
in frequency domain is expressed as 

  
P !( ) = 1

2
Re F " !( ) #V !( ){ }   (21) 

where, F*(ω) is the ad joint matrix of the vector of the force 
amplitude acting on the structure and V(ω) is the vibration 
velocity matrix of the structure in frequency domain. 
 Firstly, the effect of the stiffness of the steel springs on 
the vertical vibration of the floating slab is discussed. The  
vertical acceleration power spectrum and the vertical 
vibration power of the floating slab with the different 
stiffness of the steel springs 4MN/m, 10MN/m, 15MN/m and 
20MN/m are shown in Fig. (5). 
 At about 70Hz, the vertical acceleration power spectrums 
of the floating slab have sharp peaks with values of 80, 41.0, 
25.9 and 18.6(m/s2)2/Hz, decreasing by 48.8%, 36.8% and 
28.2% respectively. The stiffness of the steel springs 
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4MN/m, 10MN/m, 15MN/m and 20MN/m, increases by 
150%, 50% and 33.3% respectively. At other frequencies, 
the stiffness of the steel springs has a lesser effect on the 
vertical vibration of the floating slab. 
 Around 20 Hz, with the stiffness of the steel springs 
increasing, the vertical vibration power of the floating slab 
decreases. On the contrary, in the frequency range of about 
20~100Hz, as the stiffness of the steel springs is greater, the 
vertical vibration power of the floating slab is also greater. 
Around 100 Hz, the stiffness of the steel springs hardly 
affects the vertical vibration power of the floating slab. 

(a) 

 
(b) 

 
Fig. (5). The effect of stiffness of the steel springs on the vertical 
vibration of the floating slab. 

 

 The vertical acceleration power spectrum and the vertical 
vibration power of the floating slab with  different 
longitudinal spacing of the steel springs 0.625m, 1.25m, 
1.875m and 2.5m are shown in Fig. (6). 
 The influences of the longitudinal spacing increase in the 
steel springs and the stiffness decrease in the steel springs on 
the vertical vibration of the floating slab are almost 
consistent. The values of the sharp peaks of the vertical 

acceleration power spectrums of the floating slab at about 70 
Hz are 93.4, 90.0, 80.0 and 53.4 (m/s2)2/Hz decreasing 
by 3.8%, 11.1% and 33.3% respectively. Corresponding to 
the longitudinal spacing of the steel springs 2.5m, 1.875m, 
1.25m and 0.625m, it decreases by 25%, 33.3% and 50% 
respectively. So, compared to the stiffness decrease of the 
steel springs, the longitudinal spacing increase in the steel 
springs has more influence on the vertical vibration of the 
floating slab. 

(a) 

 
(b) 

 
Fig. (6). The effect of longitudinal spacing of the steel springs on 
the vertical vibration of the floating slab. 

 The effects of the thickness of the floating slab on its 
vertical vibration are more complex, as shown in Fig. (7). 
 
 With the thickness of the floating slab increasing, the 
peaks of the vertical acceleration power spectrum of the 
floating slab at about 70Hz become greater; however, as the 
thickness of the floating slab is 30cm, the vertical 
acceleration power spectrum of the floating slab reaches the 
maximum at about 50 Hz. As the thickness of the floating 
slab is 15cm, the vertical acceleration power spectrum of the 
floating slab has a peak value at about 80 Hz. 



212    The Open Mechanical Engineering Journal, 2014, Volume 8 Shi et al. 

(a) 

 
(b) 

 
Fig. (7). The effect of thickness of the floating slab on its vertical vibration. 
 
 In the frequency ranges of 10~30Hz and 200~400Hz, the 
thickness of the floating slab has obvious effects on the 
vertical vibration power of the floating slab. However, at 
other frequency ranges, the effects are very weak. In the 
frequency range of 10~30Hz, with the thickness of the 
floating slab increasing, the vertical vibration power of the 
floating slab is smaller. On the contrary, in the frequency 
range of 200~400Hz, with the thickness of the floating slab 
increasing, the vertical vibration power of the floating slab is 
greater. 

CONCLUSION 

 The longitudinal spacing and the stiffness of the steel 
springs and the thickness of the floating slab have obvious 
effects on its vertical vibration in low frequency ranges 
below 200Hz. So, as we strive to reduce the vibration and 
noise radiation of the viaduct bridge in the future by 
changing the parameters of the floating slab, the 
disadvantages of the vibration and noise control of the 
floating slab have to be taken into consideration. In addition, 
the results are advantageous for conducting further 
researches on the control of the noise radiated by the floating 
slab. 
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