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Abstract: The authors proposed an electromagnetic harmonic movable tooth drive system which is an electromechanical 

coupled system where the coupled dynamics controls its overall operating behavior. However, the coupled dynamics of 

such a system was not found in the literature. In this paper, an electromechanical coupled dynamics equation of the flexible 

ring subjected to electromagnetic force is presented. Using the equation, the natural frequencies and vibration modes of the 

flexible ring are investigated. The results show that the natural frequency of the drive system is affected by mechanical and 

electrical parameters among which, the coil current, the average static displacement of the flexible ring and the air gap have 

more obvious influence on the natural frequencies. The results are useful for the design and further study of the dynamics 

performance for the drive system. 
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1. INTRODUCTION 

 The electromagnetic harmonic drive was proposed by D. 
F. Herdeg [1]. It is suitable for the technical fields such as 
aviation and space flight, etc. Besides the above-mentioned 
fields that require compactness, the drive can be used in fields 
such as robots, etc., that require accurate control. Some 
countries have been developing the harmonic drives for years 
[2-4]. 

 For the electromagnetic harmonic drives, Janes proposed 
a type of the electromagnetic force change to avoid eddy 
current through the metal flexible ring [5]. Software was used 
to realize the controlling of high performance servo driving 
system for magnetic type harmonic gear drive [6]. Rens 
investigated a novel magnetic harmonic gear drive which has 
high reliability, and inherent overload protection while having 
a high efficiency [7]. Another new electromagnetic harmonic 
drive was investigated in which oscillating teeth transmission 
principle was used [8]. Liu established an analytical model of 
the eccentric magnetic harmonic gear based on the boundary 
perturbation method and calculated the eccentric air-gap 
magnetic field [9]. Uchimura  proposed a control method of 
the harmonic magnetic gear to attenuate adverse effects due 
to cogging torque on the vibratory system [10]. 

 Compared with the mechanical harmonic drive, 
electromagnetic harmonic drive has a small size. However, 
the mechanical harmonic drive has a large output torque. For 
the mechanical harmonic drives, Dhaouadi et al proposed a 
mathematical model and its parameter identification scheme 
for harmonic drive gears with compliance and hysteresis [11]. 
Dong et al completed the dynamic simulation of harmonic 
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gear drives [12]. Zhu et al proposed a new type of gear pump 
based on the principle of harmonic gear drive [13]. 

 In a word, a number of studies about the harmonic drives 
were done. However, for the mechanical harmonic drive, the 
teeth had to be produced on the flexible ring which is a 
difficult task. Hence, the authors proposed an electromagnetic 
harmonic movable tooth drive system in which the teeth are 
removed from the flexible ring. 

 The configuration of the proposed electromagnetic 
harmonic movable tooth drive system is shown in Fig. (1), 
which consists of three main parts: electromagnetic coils, 
harmonic movable tooth drive without wave generator, and 
flexible ring between the coils and the drive. 

 The flexible ring is made with ferromagnetic material. The 
coils and the rigid ring are fixed on the housing. The coils are 
energized sequentially by voltages, and the resulting 
rotational electromagnetic field causes periodic elastic 
deformation of the flexible ring. This deformation is 
accompanied by periodic contact between the flexible ring 
and the movable teeth. It causes the normal pressure and the 
relative motion between the movable teeth and rigid ring. As 
the rigid ring is fixed, the meshing force drives the rotor to 
rotate. One circle of the electromagnetic field corresponds to 
two tooth distances of the movable tooth motion, and then a 
reduction ratio occurs and a large output torque can be 
obtained. 

 Compared with other harmonic drives, the drive system 
has the main advantages as below: (1) rolling contact, 
transmitting load by meshing, and reduction; (2) high 
operating efficiency; and (3) small size. 

 The undesirable dynamic behavior of the drive system will 
result in noise and unacceptable performance characteristics. 
The prediction of the natural frequencies and vibration modes 
is required in the design stage for a drive system. However, 
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the free vibration of electromagnetic harmonic movable tooth 
drive system is yet to be developed. 

 

Fig. (1). An electromagnetic harmonic movable tooth drive system 

1. flexible ring; 2. coils; 3. rigid gear; 4. movable tooth; 5. rotor. 

 In this paper, an electromagnetic harmonic movable tooth 
drive system is proposed, an electromechanical coupled force 
is analyzed, and a dynamics equation of the flexible ring 
subjected to electromagnetic force is presented. From the 
equation, the equations of the natural frequencies and 
vibration modes of the flexible ring are developed. Using 
these equations, the natural frequencies and vibration modes 
of the drive system are investigated. A number of the useful 
results are obtained. The results show that the natural 
frequency of the electromagnetic harmonic movable tooth 
drive system is affected by mechanical and electrical 
parameters among which, the coil current, the average static 
displacement of the flexible ring, and the air gap have more 
obvious influence on the natural frequencies. The results are 
useful for the design and further study of the dynamics 
performance for the drive system. 

2. ELECTROMECHANICAL COUPLED FORCE 

 The flexible ring subject to the electromagnetic force is 
shown in Fig. (2). The radial displacement of the flexible ring 
under one force F is 

  

w =
Fr3

p Kl

1

(n2 -1)2

ì
í
în=2,4,6...

¥

å

       +
n2cx

(n2 -1)2 1

3
n2l2 + 2(1-g )r 2é

ë
ê

ù

û
ú

ü

ý

ï
ï

þ

ï
ï

cos nq

       

  (1) 

where w is the radial displacement of the flexible ring; x, y and 

θ are the coordinates on the flexible ring; l is the length of the 

flexible ring; r denotes the radius of the flexible ring; K is the 

bending stiffness of the flexible ring, 

  

K =
Et

3

12(1- g )
. Here, E is 

the modulus of elasticity of the ring material, γ is the Poisson’s 

ratio. t is the thickness of the flexible ring; c is the position of 

the force; n is the positive integer; x is the position of the 

displacement. 

For the distributed electromagnetic force, the radial 

displacement of the flexible ring can be given as 
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where c1 and c2 are the initial points and the end point of the 
electromagnetic force in the x direction, respectively; 
c0=(c1+c2)/2; β is the angle position of the force point; Fdc is 
the distributed electromagnetic force as the function of the 
position coordinates β and c. 

 

Fig. (2). The flexible ring subject to the electromagnetic force. 

 At c=c0, the displacement of the flexible ring is the 
maximum at θ=0. From Eq. (2), it can be obtained 
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 The magnetic induction intensity caused by the air gap 
magnetic potential as the function of the position coordinate θ 
can be given as 
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where 

  

B
0

=
m

0
F

1

d
0

= 1.35
m

0
NI

d
0
p

; μ0 is the magnetic conductivity 

of free space, μ0 =4π×10-7 W/m.A; N is the coil number; I is 

the coil current; δ0 is the initial gas gap; p is the pole pair 

number. 

 From Eq. (4), one can obtain the radial electromagnetic 
force per unit area on the flexible ring 
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Letting 
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, and substituting it and (5) into (3), yields 
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 Eq. (7) gives the relationship between the coil current and 
the displacement of the flexible ring. 

3. FREE VIBRATION 

 The dynamic equation of the flexible ring subjected to 
electromagnetic force is 
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where Δw is the dynamic displacement of the flexible ring, Rm 

is the average radius of the flexible ring, Ix is section modular 

of the ring, ρ is material density of the ring, A is its cross 

section area, t is the time, 
 
Dq

r
is the dynamic electromagnetic 

force per unit arc length on the flexible ring. 

 The dynamic electromagnetic force can be calculated as 
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 Substituting Eq. (9) into Eq. (8), yields 
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 Eq. (10) is just the electromechanical coupled dynamics 
equation of the flexible ring subjected to electromagnetic load. 

 Let 
 
Dw =f q( )q t( ) , substituting it into (10), we obtain 
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 Let Eq. (11) equal constant -w 2
, thus 
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 Eq. (12) is dynamic equation of linear single degree of 
freedom system. Its general solution is 

  
q(t) = a sin(wt + p)  (14) 

 The mode function of the flexible ring radial vibration is 
considered as 

  
j(q) = elq

  (15) 

 Substituting Eq. (15) into (13), then 
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 Substituting Eq. (17) into the boundary conditions, then 
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 From Eq. (19), we can obtain 
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 From Eq. (20), the natural frequencies of the flexible ring 

vibrations can be calculated. Then, substituting these natural 

frequencies into Eq. (17), let 
  
A

1
= 1, other constants  can 

be obtained 
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 Substituting Eq. (21) into (17), the mode function can be 
given by 
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4. RESULTS 

 Consider an electromagnetic harmonic movable tooth 
drive system defined by the data given in Table 1. The 
material used for the flexible ring is steel. It is subjected to an 
electromagnetic field. By Eq. (7), the variation of the coil 
current with respect to the flexible ring displacement 
coefficient kW is obtained as shown in Fig. (3). From Fig. (3), 
it is seen that there is an extreme current point, after which the 
flexible ring buckles. So, the operating current of the drive 
system should not be taken more than the extreme current in 
order to operate normally of the drive system. 

Table 1. Parameters of drive system. 

 

outer radius of flexible ring R (mm) 39 

thickness of flexible ring τ (mm) 0.2 

length of flexible ring l (mm) 140 

coil number n 81 

Pole pair number p 3 

inter radius of rotor Rn (mm) 40 

 

 Eq. (20) is utilized for the analysis of the natural 

frequencies of the electromagnetic harmonic movable tooth 

drive system. Then, substituting these natural frequencies into 

Eq. (22), the vibration modes of the flexible ring can be 

obtained. The parameters of the numerical example are shown 

in Table 1. Table 2 lists the first four natural frequencies of 

the flexible ring. The changes of the natural frequencies along 

with the main parameters are shown in Fig. (4). The vibration 

modes of the flexible ring are shown in Fig. (5). From Fig. (4), 

the following observations are worth noting: 

 

 

Fig. (3). Changes of current along with displacement. 

(1) As the coil current I increases, the natural frequencies 
of the drive system decrease gradually. It is because the 
electromagnetic force can cause decrease of the 
flexible ring. As the order number of the modes grows, 
the effects of the coil current on the natural frequencies 
become small. As the coil current grows, the effects of 
the coil current on the natural frequencies become 
large. So, the effects should be considered for a large 
coil current and the low order modes. 

(2) As the thickness τ of the flexible ring increases, the 
natural frequency of the drive system increases 
gradually. The natural frequency increases rapider 
with increasing tthickness τ of the flexible ring when 
the thickness τ of the flexible ring is relatively small. 
As the order number of the modes grows, the effects of 
the thickness τ of the flexible ring on the natural 
frequencies become small as well. So, the effects of the 
thickness τ of the flexible ring on the natural 
frequencies are significant for a small l thickness τ and 
the low order modes. 

(3) As the clearance δ0 between the flexible ring and coils 
increases, the natural frequency of the drive system 
increases gradually. It is because a large clearance δ0 
between the flexible ring and coils can cause decrease 
of the electromagnetic force for a given coil current. 
For the low order modes and a small clearance δ0, the 
effects of the clearance δ0 of the flexible ring on the 
natural frequencies are more obvious. 

(4) As flexible ring radius Rm increases, the natural 
frequency of the drive system decreases. The smaller 
the radius Rm is, the more rapidly the natural frequency 
decreases. As the order number of the modes grows, 
the effects of the flexible ring radius Rm on the natural 
frequencies become large. So, that the effects should 
be considered for a small flexible ring radius Rm and 
the high order modes. 
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(a) I changes 

 

(b) τ changes 

 

(c) δ0 changes 

 

 

 

 

(Fig. 4) contd….. 
(d) r changes 

 

(e) w0 changes 

 

(f) p changes 

 

Fig. (4). Changes of the natural frequencies along with the main 

parameters. 
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(a) mode 1 

 

(b) mode 2 

 

(c) mode 3 

 

 

 

 

 

 

(Fig. 5) contd….. 
 (d) mode 4 

 

Fig. (5). Vibration modes of the flexible ring. 

(5) As the average static displacement w0 of the flexible 
ring increases, the natural frequency of the system 
decreases gradually. It is because a large static 
displacement w0 can cause increase of the 
electromagnetic force for a given coil current. For the 
low order modes and a large static displacement w0, the 
effects are more obvious. 

(6) As the coil pole pair number grows, the natural 
frequency of the system increases gradually. For the 
low order modes and a small coil pole pair number, the 
natural frequency of the system increases more 
obviously with the increasing the coil pole pair 
number. 

(7) In a word, the natural frequency of the drive system is 
affected by mechanical and electrical parameters. 
Among them, the coil current I, the average static 
displacement w0 of the flexible ring, and the clearance 
δ0 between the flexible ring and coils have the more 
obvious influence on the natural frequencies. 

 From Fig. (5), the following observations are worth 
noting: 

(1) In mode 1, the maximum dynamic displacements occur 

at positions  q = 00
,  q = 900

 and  q = 1800 , and 

periodic time of the mode function equal p . Among 

them, the dynamic displacements at positions  q = 00
 

and  q = 1800
 are in the same phase. They are in 

opposite phase with one at q = 900
. 

(2) In mode 2, the maximum dynamic displacements occur 

at positions q = 00
, 450, 900, 1350, 1800, and periodic 

time of the mode function equal  p / 2 . The dynamic 

displacements at positions  q = 00
,  q = 900
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and  q = 1800
 are in the same phase. They are in 

opposite phase with ones at q = 00
, 450 and 1350. 

(3) In mode 3, the peak dynamic displacements occur still 

at positions 
00  , 300, 600, 900, 1200, 1500, 1800, and 

periodic time of the mode function equals 
 
p 3 . In 

mode 4, five positive peak dynamic displacements and 

four negative peak dynamic displacements occur. The 

periodic time of the mode function equal
 
p 4 . 

Table 2. The first four natural frequencies (rad/s). 

 

1 2 3 4 

458738 2312876 5398324 9717427 

CONCLUSION 

 In this paper, for an electromagnetic harmonic movable 
tooth drive system proposed, an electromechanical coupled 
dynamics equation of the flexible ring subjected to 
electromagnetic force is presented. Using the equation, the 
natural frequencies and vibration modes of the flexible ring 
are investigated. The results show that the natural frequency 
of the electromagnetic harmonic movable tooth drive system 
is affected by mechanical and electrical parameters among 
which, the coil current, the average static displacement of the 
flexible ring, and the air gap have more obvious influence on 
the natural frequencies. 
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