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Abstract: Finite amplitude Alfvén-cyclotron waves are believed to play an important role in coronal heating and 
nonthermal properties of velocity distribution functions. These effects are thought to be due to parametrically unstable 
Alfvén-cyclotron waves and electrostatic bursts of ion-acoustic like waves. It is shown here that large amplitude Alfvén-
cyclotron waves propagating in multi-ion plasmas with relative drift velocities between the ion-species, can lead to a new 
type of nonlinear electrostatic ion-acoustic like instabilities. These instabilities occur when the phase velocity of a forward 
propagating ion-acoustic wave supported by one ion species become equal to the phase velocity of a backward propagat-
ing ion-acoustic wave supported by another ion species. This phenomenon is only possible when relative to the back-
ground plasma there are at least two streaming ion components. 
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 Alfvén-cyclotron waves in plasmas with several ion-
components have been observed in a number of space re-
gions such as the solar wind and the Earth's magnetosphere 
[1, 2]. These waves are believed to play an important role in 
the heating of the solar coronal plasma [3]. On the other 
hand, large amplitude Alfvenic fluctuations are normally 
associated to nonthermal features of ion velocity distribution 
functions [4]. It has been recently argued that the electro-
static turbulence in space plasmas consists of longitudinal 
waves with acoustic-like dispersion relation and it is associ-
ated with the generation of ion-beam distributions [5, 6]. 

 Finite amplitude Alfvén cyclotron waves in multi-ion 
plasmas with relative drifts among the ion components, have 
been shown to lead to several important effects: (a) paramet-
ric instabilities of the decay, beat wave, and modulational 
type [7], (b) important changes to the linear response of the 
systems [8, 9], and, (c) nonlinear ion-acoustic-like electro-
static instabilities [10, 11]. These instabilities have been 
shown to occur when the phase velocity of forward and 
backward propagating ion-acoustic waves relative to the 
supporting ion species, become equal [10. 11]. These types 
of instabilities can only occur when at least two of the ion 
species have a nonzero relative drift velocity [10, 11]. 

 We shall show here that when there are more than two 
ion species drifting relative to each other, another type of 
electrostatic ion-acoustic-like instabilities can exist. These 
instabilities occur when the phase velocity of forward propa-
gating ion-acoustic waves supported by one ion species over-
laps with backward propagating ion acoustic waves sup-
ported by a different drifting ion species due to the action of 
the large amplitude Alfvén-cyclotron wave. This instability 
is similar to that triggered by linear ion-acoustic waves when 
the phase velocity of the Alfvén-ion-cyclotron wave  
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associated to one ion species overlaps the phase velocity of 
the ion-cyclotron waves associated to another species drift-
ing relative to the former [7, 12-15]. However, the physical 
features of both types of instabilities are completely differ-
ent. There are also classical linear two-stream instabilities 
where the overlapping between ion acoustic waves is be-
tween ion acoustic waves supported by different drifting ion-
species [16]. However, the nonlinear ion-acoustic-like insta-
bilities require the presence of large amplitude Alfvén waves 
and at least three ion components. Moreover, the instability 
frequency and wavenumber range are different, and they 
occur for different values of the parameters. 

 A nonlinear instability of the kind discussed here but in a 
completely different parameter space region, can also occur 
in one beam plasma. This instability will be discussed some-
where else. 

 In order to illustrate the results, we shall use a magneto-
spheric plasma model consisting of electrons, cold protons 
(pc), drifting hot protons (hp), He+ and O+ ions. We shall use 
fluid theory throughout, although it has been recently shown 
that kinetic effects cannot be neglected even for low 

l=4 npKTl/B0
2 plasmas [6] (npc is the proton core density, Tl 

the temperature of the lth. ion-species, and B0 the external 
magnetic field). However, for low enough -values, fluid 
theory should provide a satisfactory description of the plasma. 
A system like the one used here has been considered before 
[15] in order to show that parametric decays of finite ampli-
tude Afvén-cyclotron waves are drastically affected by the 
drift velocities of the ion species. It was also shown there that 
electrostatic nonlinear ion-acoustic like instabilities between 
ion-acoustic waves supported by the same ion species can also 
exist in such systems. In contrast, it is shown here that nonlin-
ear ion-acoustic like instabilities can also exist between ion-
acoustic waves supported by different ion species. 

 The nonlinear dispersion relation for drifting hot protons, 
He+, and O+ ions relative to the cold core protons, can be 
written in the following form [14, 15], 
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 The definitions of the various terms are, 
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 In these definitions x0 and y0 are the frequency and 
wavenumber of the finite amplitude wave normalized like x 
and y, Ul=vl/vA, where vl is the drifting velocity of species 
{\it l} relative to the cold protons, vA=B0/(4 npcmp)

1/2, and 
l=nl/npc for l=hp, He+, O+. 

 Except for the first term in (1), all other terms vanish for 
zero pump wave intensity, A= (B/B0)

2, where B is the mag-
netic field of the finite amplitude wave. Hence, for zero 
pump wave intensity, the dispersion relation reduces to, 

L
+
L Q = 0.               (2) 

 From the last equation it follows that for A=0, the pump 
wave satisfies L± =0, 

and 

Q = 0.                (3) 

 The last equation gives the ion-acoustic sound waves 
present in the system. Since the electrons and cold proton, 
are much more dense than the hot protons, the He+ and O+ 
ions, the solutions of (4) are approximately given by: 

x ±( e + pc )
1

2 y,              (4) 

x yUhp ±( hp )
1

2 y,              (5) 

x yUHe+
±(

He+
)

1
2 y,             (6) 

x yU
O+

±(
O+

)
1

2              (7) 

 Thus, there are six ion-acoustic modes in the system. The 
first two, given by (4), are ordinary sound waves supported 
by the cold protons. The second two, given by (5), are sup-
ported essentially by the hot protons, and those given by (6) 
and (7) are supported mainly by the He+ and O+ ions. 

 We shall now solve (1) numerically for a magneto-
spheric-like plasma consisting of ne=12.4 cm-3, npc=10 cm-3, 
nhp=1.1 cm-3, nHe+1.2 cm-3, nO+=0.1 cm-3, KTpc/2 
=KTHe+/2=KTO+=5eV, KThp/2= 17 keV, B0=130nT. These 
values are consistent with the geostationary region explored 
by GEOS 1 and 2 (see, e. g. [17]). 

 In Fig. (1) we have plotted the nonlinear dispersion rela-
tion (1), x vs y, for x0=0.05 with corresponding y0=065, A=0, 
UO

+=0.3, UHe+=0.12, and Uhp=0. The other parameters are 
hp=0.11, He+=0.12, O+=0.01, He+= O+=0.0033, hp=11.36 

and e=0.0011$. The nonlinear dispersion relation has 16 
roots. However, since we are interested only on electrostatic 
instabilities, we shall refer mainly to them. Thus, in the fig-
ure we have denoted the solutions of (11) by ±pcs. These are 
ion-acoustic waves supported by the background plasma and 
are moving forward and backward relative to the background 
along the external magnetic field. Likewise, we have denoted 
by ±Hes the solutions of (12) which correspond to ion-
acoustic waves moving forward and backward relative to the 
He+ ions drifting in the direction of the external magnetic 
field. These waves are supported by the He+ ions. Finally, 
the solutions of 13 are denoted by ±Os. These are ion-
acoustic waves supported by the 0+ ions moving forward and 
backward relative to these ions in the direction of the drift 
velocity. The square of the amplitude of the finite amplitude 
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wave is A=(B/B0)
2, where B is the finite Alfvén wave mag-

netic field, and B0 is the external magnetic field. The other 
roots correspond to upper and lower sideband waves. We 
have labeled by -O only one of them, corresponding to –O+ 
and belonging to a lower sideband wave, x-=x0-x, in order to 
illustrate one of these roots. 

 

Fig. (1). 

 In Fig. (2) we have raised the pump wave amplitude to 
A=0.009 showing that +pcs and -Hes approach each other in 
the region close to the origin, shown by the arrow. As A 
increases, these two roots overlap giving rise to the nonlinear 
ion-acoustic like waves. This situation is illustrated in Fig. 
(3) for A=0.02, where the gap between the point b and the 
origin shows that these two roots, (+pcs, -Hes), become 
complex conjugate in this region giving rise to the instabil-
ity. For this particular A-value, the maximum growth rate of 
the instability is m=Im(x)m/ p=1.8 x 10-3. As A continues t 
o increase, the maximum growth rate increases too. Thus, for 
example, for A=0.5, the maximum growth rate is m=1.8 x 
10-3. For 0.08  A  1, all nonlinear instabilities are of the 
same order, and therefore, the instability discussed here is as 
important as the others. The other instabilities in this region 
are an ion-acoustic like one between (-pcs, +pcs), and the 
decay instabilty between (-O, +Os) [15], as shown in Fig. (4) 
for A=0.065. 

 

Fig. (2). 

 In the example of the above figures, the same pattern 
occurs until the -Hes root touches the root denoted by -O in 
Fig. (1). For other values of UO

+, the corresponding UHe
+-

values are different, but the same pattern is found. On the 
other hand, UHe

+ can be as small as UHe
+  0.02. The only 

condition is that +Hes should be the the right of +cps. When 
+cps is to the right of +Hes, the nonlinear ion-acoustic like 
instability occurs between -Hes and +Hes, namely, between 
ion-acoustic waves supported by the same ion-species [10, 
11]. In general, this instability requires the drift velocity of 
one of the drifting ion-species be much larger than the drift 
velocity of the other drifting species. 

 

Fig. (3). 

 

Fig. (4). 

 The nonlinear instability described here is similar to the 
linear instability discussed in [7, 13], in the sense that they 
occur when the ion-acoustic waves supported by one species 
overlap with the phase velocity of those supported by an-
other species (see also [16]). However, their properties are 
completely different. In the former case the waves are linear 
and the instability range extends from =0 up to infinity. 
The latter, however, is nonlinear, A  0, and their frequency 
range depends on the ampli-tude of the finite amplitude 
wave. Moreover, these waves require at least two ion-, drift-
ing relative to a third one. The ion species need not be dif-
ferent but, of course, they must have different drift velocities 
among themselves. 

 By using a series of 1D hybrid simulation codes, it has 
been recently argued that kinetic effects cannot be ignored in 
the study of parametric instabilities [6]. Our treat-ment, 
however, is based only on fluid theory. Nevertheless, we 
believe that for the low beta-values of the magnetospheric 
example used in this letter, kinetic effects can be safely ig-
nored. The beta-values used in [6] are of the order of 0.02, 
while in our case they are of the order of 10-3. The presence 
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of a hot proton component with a large =11.36 is probably 
strongly Landau damped. Moreover, the dispersion branches 
associated to this ion-component can be shown not to par-
ticipate in the effect considered here, as it also follows from 
the figures. In fact, one can neglect the hot proton compo-
nent altogether and the effect remains unchanged. However, 
a kinetic study of these effects is necessary, and kinetic hy-
brid simulations should be helpful. 

 As pointed out above, by using numerical simulations 
involving hybrid codes, it has been shown recently that the 
electrostatic turbulence in space plasmas consists of longitu-
dinal waves with acoustic-like dispersion relation and it is 
associated with the generation of ion-beam plasma distribu-
tions, providing, thus, a novel explanation for the electro-
static bursts of ion-acoustic activity [5]. Therefore, electro-
static nonlinear ion-acoustic-like instabilities can play a 
major role in space plasmas. 
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