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Full-Field/Scattered-Field Formulation Containing a Dielectric Interface

David N. Smithe”

Tech-X Corporation 5621 Arapahoe Ave. Suite A Boulder, CO 80303, USA

Abstract: The usual full-field/scattered-field formulation is generalized to include a planar dielectric interface passing
through the space. In this case, the source condition surrounding the central full-field region emits and captures waves
consistent with scattering from a planar dielectric interface. Thus the wave in the outer scattered-field region represents
just the part of the scattered wave that is due to non-planar dielectric or conductor geometry. The formulation is exact to
machine precision, regardless of wavelength being smaller or larger than the simulation domain, and includes the exact
second-order correction to the nominal scattering coefficients due to finite-difference truncation error. The method works
even in the case of total internal reflection at the dielectric interface, that is, with the transmitted side exhibiting
exponential decay rather than a propagating wave. A simple variation allows the dielectric to be a plasma, with correct
scattering, regardless of whether the plasma is under-dense or over-dense. Possible applications for this facility range
from RCS-type computations at hydrological or atmospheric interfaces, to geometry characterization or damage
assessment of surfaces, to general boundary conditions for simulations of intermediate size EM phenomenon, e.g., L~A, to
finally, an algorithm test-bed for the subject of cut-cell dielectric in the finite-difference representation.

Keywords: Scattered-field, RCS (radar cross section), dielectric, finite-difference, cut-cell, plasma, metamaterial, VORPAL.

1. INTRODUCTION

The principle motivation for this work was the desire for
an electromagnetic wave source condition in a simulation
that is on-the-order-of, or smaller than a wavelength.
Generally speaking, the simulation region constitutes a
magnified view of a portion of a larger physics problem
containing several wavelengths, and qualitative propagating
wave behavior. Because the simulation size is smaller than a
wavelength, periodic boundaries cannot be used, and also
due to the ultimate desire to include charged particles and
non-linear physics, a Floquet-type boundary is also not ideal,
as this would require complex-value fields, particle weights,
and a means of interpreting the non-linear products of such.

One suggestion for treating this difficult source problem
is to use a seldom-realized property of the full-
field/scattered-field technique [1]. This approach is primarily
used to look at scattering of an RF wave from an object, in a
simulation domain many wavelengths across. However, the
full-field/scattered-field source condition contains no
restriction on wavelength, and indeed, works equally well for
wavelengths larger than the simulation domain. It is this
property we wished to take advantage of in this work. Fig.
(1) shows how microscopic scale simulation with the full-
field/scattered-field technique is possible.

The “EM-microscope” simulation contains yet one more
important feature. We wished to get a magnified view of the
physical behavior in the vicinity of a dielectric interface. The
interface could be between two solid dielectrics, between
dielectric and vacuum, or between dielectric and plasma.
Thus, we required the full-field/scattered-field technique to
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be generalized to include scattering from a planar dielectric
interface contained within the problem.

In this paper, we do not report on the microscopic RF
simulations themselves, but rather the generalization of the
full-field/scattered-field technique to include the feature of a
dielectric interface. It is recognized that this capability likely
reaches beyond its original purpose, and constitutes an
important simulation result in its own right, applicable to
several different areas, including traditional scattering type
simulations, and the general problem of simulating arbitrary
geometry dielectrics, and meta-materials.

Our implementation of the full-field/scattered-field
technique follows that of Reference [1], using a Yee-cell /
leap-frog differencing strategy [2]. However, in order to treat
the dielectric interface within the confines of the technique,
the source conditions must emit/reabsorb not only the
incident wave but also the reflected and transmitted wave
due to the interface. This augmentation is the key result of
this paper. Successful use of the technique requires that the
propagation characteristics of the incident, transmitted, and
reflected waves must be known exactly, for the finite-
difference implementation, not just for the analogous
continuum problem. The dispersive corrections for light in a
discrete simulation are indeed well known, and used
effectively here. However, in addition, there are
discretization corrections to the scattering coefficients at a
dielectric interface which must also be introduced, and these
corrections are derived in this paper, and demonstrated in
simulation.

This paper illustrates the use of a simple analytic
treatment for a cold-unmagnetized-plasma as one of the
dielectric components, following a technique from Reference
[3]. This treatment includes an internal field variable, the
plasma current in this case, and serves as an example on how
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Fig. (1). lllustration of this paper’s evolution of the full-field/scattered-field technique. (a) typical simulation where the source condition
emits and reabsorbs the incident plane wave, so that it does not appear in the scattered-field region, (b) generalization to include dielectric
interface and transmitted and reflected waves, and (¢) demonstration of case where simulation dimensions are shorter than a wavelength, e.g.,

an EM microscopic simulation.

meta-materials in general, with internal resonances or other
physical attributes, can be model using the FDTD approach.

Finally, the fact that the full-field/scattered-field
technique utilizes an exact solution for the discrete problem,
rather than relying on convergence analysis, makes it an
interesting and novel tool for the study of how dielectric
interfaces behave in an FDTD simulation. For example in
this work it was seen how the loss of continuity, due to
discreteness, can counter the anticipated loss in well-
centering at the interface plane, resulting in a second-order
accurate solution, even when one is not necessarily expected.

We note that in this paper, the symbol for the dielectric,
€, represents the absolute permittivity, with units of
Farads/meter. Thus, €/€, denotes the relative permittivity.

2. FULL-FIELD/SCATTERED-FIELD TECHNIQUE

The full-field/scattered-field technique is well described
and documented elsewhere, for example Reference [1]. The
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full-field/scattered-field technique is perhaps most easily
understood in 1-D. Any localized source, either electric or
magnetic current, will propagate a wave equally in both
directions. However, if two closely spaced localized sources,
of appropriate phase shift, are wused, the result of
superposition can be a single wave propagating in only one
direction from the source-pair. One may then place another
source-pair some distance from the first, to emit a similar
uni-direction wave that exactly cancels the first, as it passes
by, resulting in a wave which appears to be emitted at one
source-pair, then travels in one direction towards the second
source-pair, and then appears to be re-absorbed. This process
is illustrated in Fig. (2).

Obviously, in order for this to happen, one must have
exact a priori knowledge of the propagating wave’s
frequency, wavenumber, amplitude, and phase, in order to
achieve the desired illusion of re-absorption. This explains
the emphasis of the following sections where we shall seek
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Fig. (2). Use of localized sources to produce a full-field/scattered-field simulation. Top shows a single localized source which propagates
equally to the left and right (blue line). Middle shows how the superposition of two such closely spaced sources (blue and red lines) can
produce a net wave (dotted line) appearing to propagate in only one direction. And bottom shows how two such source-pairs can appear to
produce a uni-directional wave that is emitted at one source-pair and reabsorbed at a second source-pair.
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the exact wavenumber, and scattering coefficients in the
discrete version of Maxwell.

3. ANALYSIS OF PLANE WAVE SCATTERING IN
FINITE DIFFERENCE

This section derives the usual forms for scattering
coefficients in continuum, and also their subtly different
discrete analogues, using a formalism that shares a common
waveform between the continuum and discrete versions of
the same problem. An important point is that whereas field
continuity alone is sufficient to derive the scattering
coefficients for a continuum, this concept of continuity
partly breaks-down for the discrete analogue. Instead, one
we introduce the quadratic conservation theorems, either
continuum, or discrete, in order to complete the analysis.

3.1. Continuum Plane-Wave

For a continuum with dielectric €, the plane wave
solution to Maxwell’s equations is well known, and is
analytic, with notation as follows. Assume a plane wave
characterized by real frequency, ®, possibly complex electric
field polarization vector, ez and possibly complex
wavenumber, k, such that ezk=0. The magnitude of the
wavenumber, K-k, is constrained by the dispersion relation.

The electric field polarization direction, eg, has the
generality of a two-dimensional space, normal to k.
Introduce the dielectric interface’s normal vector, e,, and
employ it to separate the two polarization directions. One of
these polarization directions will be in the plane of the
dielectric interface, e.g., define e in the direction of e.xk,
and the other normal to that, e.g., in the direction of e;xk.
The analysis now proceeds separately for each of the two
polarization scenarios, one called TE, in which e;=e; and the
other, called TM, in which ey is parallel to exk. (For the
case of exact normal incidence, e.g., e,xk=0, take ej=eg, that
is, exact normal incidence is treated within the TE scenario.)
Thus, an arbitrary polarization state should be considered to
be a superposition of these two states, with possibly complex
valued superposition coefficients. The electric and magnetic
fields, for a plane wave can thus be written

E(x,7) = Real{ [0z @ ¢ + oy (€x<K)] W(@(x,0)) } (1a)
B(x,7) = Real{ [oi7z (kxey) + oura (0LoE) €] W(O(x,0)) §

where the dispersion relation, complex waveform, and wave-
front-phase are

k-k = 0’ep

y(s) =" U(s) (1b)
o(x,0) = k-(x—x¢) — o

and where xy is some point well removed from the
simulation domain in the —K;,.;zen, direction, and U(s) is some
suitable smooth turn-on function, which is zero for s<0, and

goes to unity after s exceeds a reasonable number of
oscillation cycles.

The cycle-averaged Poynting flow, P=pi,'ExB, for this
plane wave is

P(x,0) = Y to ™ (WD) (|0 [* + Moglovn) @ Real (k) (2)

David N. Smithe

3.2. Discrete Plane Wave

Assume the Yee-cell spatial discretization of electric and
magnetic fields, and leap-frog temporal discretization. There
is a similar exact plane-wave solution for this discrete
Maxwell problem, assuming that the time is well past the
turn-on-transient. As with the continuum case, assume a real
frequency, m, a complex electric field polarization direction,
ez, and complex wavenumber, Kk, satisfying the continuum
dispersion relation, k-k=w’ejl,. The fields are given exactly
as before, except that the waveform, y(e(x,?)), is evaluated
at the appropriate discrete position and times of the Yee-cell
/ leap-frog system, and this waveform is a function of a
“finite-difference” wave-front-phase,

#(x,1) =k (x—x¢) — 0 (3a)

which is based upon, %k, a “finite-difference-wavenumber”.
(Finite-difference quantities are indicated with a double-
strike-through.) This quantity, k, is slightly modified from k,
in each mesh direction, e,, e,, and e, by the mesh sizes, dx,
dy, and 0z, and the finite time-step, o¢, that is, specifically,

ke, = (2/8x) sin”'( (% ke, 8x) sinc(% @ 87) ) (3b)

and similar for k-e, and k-e., where the sinc-function is
defined as usual, e.g., sinc(s)=sin(s)/s. This difference means
that the actual direction of propagation of the wave fronts is
not precisely along k, nor is the speed exactly (guo)™”, but
rather something close to these, assuming reasonable spatial
resolution of the wavelength.

The Poynting flow in a Yee-cell leap-frog finite-
difference EM simulation is an oft-misunderstood quantity,
as an exact form, and its connection to continuum Poynting
flux can be difficult to interpret, especially since components
of E and B, are never at the same spatial location and time.
However, in pure mathematical terms, the Yee-cell/leap-frog
Maxwell system is in the general category of difference
equations, and thus exhibits a volume-integrated quadratic
conservation theorem of its own right, independent of its
continuum analogue. This conservation theorem, which is
detailed in Reference [4], contains a highly useful version of
finite-difference Poynting flux. For example, if the Poynting-
integration volume has a full-grid y-z plane as its bounding
surface, then the flux, centered at the half-time-steps,
through a cell-face, consists of the average of the 16 possible
combinations of E,xB. and E.xB,, which have E components
surrounding the cell-face, half a time-step before or after,
and corresponding B components half a cell above or below
the plane. The result is that the time-averaged finite-
difference Poynting flow of the plane wave is

P(x.0) e = Yoo [W@(x.0)[ cos(Vs ® 81) x

cos(¥ ke, ) (ot [ + poglom’) © ke, @)
= Valto™ WD) (ot [ + Moelotra’) X

(81/8x) ” sin(k-e, &x) / tan(% ® d¢)
where some algebra has been performed to get the second
line purely in terms of k, instead of a mixture of ¥ and k.
The “cos(Y2k-e,0x)” factor in the first line is the critical new
aspect for the discrete problem, as this factor introduces an

additional dependence on incident vs transmitted
wavenumber, which has no analogue in a continuum.
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3.3. Continuum Scattering Coefficients

Let the dielectrics on the incident/transmitted side be &,
and €,,. Require that the incident wave is propagating, e.g.,
that K;,., is pure real. Then the reflected and transmitted
wavenumbers are

quf: kinc ) [ﬂ - exex] - kinc ) [exex]
Kin =Ky [1 - €] + ke [e2] (€r€)” + (Em/Eind — 1)/ (er€)  (5)
=K [1 - ee] +i Koo [e0] (1 — (er€)’ — (/i) / (er€)

Total internal reflection occurs if taking the square-root
of a negative number in the first form for k,,, in which case,
the alternate complex-form should be used. The incident,
reflected and transmitted wave front phases, the latter
possibly being complex-valued, are

(Pinc(xat) = kinc '(X_XO) - !
(Prcf/(x’t) = krcff'(x_XO) — ot + (quf'_kinC)'[exex]'(XS_XO) (6)
(Ptrn(x’t) = ktrn'(x_x()) —f+ (ktrn_kinC)'[exex]'(XS_XO)

where X, is any point on the dielectric interface. These three
phases are designed to be equal in value for all points on the
dielectric interface so that when field-continuity is imposed
there, the waveform part of the field,

Y(Pinc(Xs;1)) = W(Pref(Xs1)) = W(Prn(Xi1)) (7

is simply a common factor. Finally, introduce unit step
functions, Si,c(X), SreAX)=Sinc(X), and S,(x), which are unity
on their designated half-space, zero on the opposite half-
space, and in order to properly construct the waveforms,
have value of /5 exactly on the interface.

3.3.1. TE Scattering in Continuum

In the TE case, refer back to Equation (1) for the
waveforms, set o,=0 for all waves, set arz=1 for the
incident wave, and seek oyz=prz for the reflected wave and,
or=Trr for the transmitted wave. The solution over the
entire spatial domain will then be of the form

Eanatyiic(X,) = Real{ © &) W(@in(X,0)) Sine(X)
+PrE O € Y(Pref(X,1)) Sref(X)
+ T1E O €] Y(Qrrn(X,0)) Sprn(X) §
Bonapic(X,1) = Real{ (Kincxe)) W(@inc(X,1)) Sinc(X) (8)
+Pre (Krep<e)) W(Qref(X,1)) Sred(X)
+ T1e (KinXe)) W(Qun(X,0)) Sira(X) }

Two conditions are required to constrain the values of p
and T, the reflection and transmission coefficients. In the
usual derivation, continuity of the in-plane E and B
components provides the constraints, e.g., taking the dot-
product of E with ¢; and B with (e,xe;), will give

1 +pre=Tre )
(kinc'ex) + pTE (quf'ex) =TTE (ktrn'ex)

Note that (kxe))-(e.xe)=(k-e,) for each of the plane
waves. Also note that (K.re.)=—(K;.-e,). The well known
solution of the above equations is

pTE = (kinc'ex - ktrn'ex) / ( kins'ex + ktrn'ex) (10)
TTE = 2 kinc'ex / ( kinc'ex + ktrn'ex)
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The interesting scenario of total internal reflection results
when K;,-e, is pure imaginary. In that case, the coefficients
are complex-valued, with |prg[=1, as it must.

By contrast, consider the case of real k,,-e, and the
criterion that Equation (2), time-averaged Poynting flux, in
the e, direction, must be conserved. This leads to the
following condition,

kinc'ex - |pTE|2 kinc'ex = |"CTE|2 ktrn'ex (1 1)

where the common factor of 2w/ has been removed, and
of course, [W(T(x,1))|’=1 for real k. We see that this equation
is indeed satisfied with the above coefficients. This is an
important observation for later work in the discrete problem,
as it hints that Poynting conservation might serve as an
alternate constraint to field continuity, for determining the
scattering coefficients.

3.3.2. TM Scattering in Continuum

In the TM case, refer back to Equation (1) for the
waveforms, set o7z=0 for all waves, set op,~=1 for the
incident wave, and seek o.yy~pry for the reflected wave and,
o ~=Try for the transmitted wave. The solution over the
entire spatial domain will then be of the form

Eonanic(X,t) = Real{ (exKin) W(Zinc(X,1)) Sinc(X)
+pv (€XKre) Wltre(X,1)) Sref(X)
+ Trm (€ XKon) W(tn(X,0)) Spn(X) }
Bunaiyiic(X,1) = Real{ (0Uo€inc) €| W(Zin(X,1)) Sinc(X) (12)
+ P (OUoErer) € Y(tref(X,1)) Sref(X)
+ Trom (OUoErn) € Y(Lin(X,0)) Sirn(X) }

As before, in-plane electric and magnetic field continuity
provide the conditions

(Kinc€x) + prm (Keer€y) = Trv (Kp€y) (13)
€inc t Eine PT™™ = Eirn T

which has the well-known result,

P™ = (Ern Kinc€x = €ine Kin'€y) / (€rn Kinc-€x + €ine Kpnr€y)  (14)

M = 2 Eine Kine€x / (€n Kine€x + Eine Kon€y)

Again, note that the Poynting conservation theorem, for
real Kk, this time for the TM-mode,

2 2

€inc kinc'ex - |pTM| €inc kinc'ex = |TTM| € ktrn'ex (15)
is satisfied for the above scattering coefficients.

3.4. Discrete Scattering Coefficients

The interface lies on a full grid-plane, normal to the
coordinate direction e,. This means that, for the Yee-cell
spatial discretization, the in-plane electric field components,
E, and E., lie exactly on said interface, and so the analysis
can continue to impose electric field continuity. However,
the in-plane magnetic field components, B, and B., do not
exist on the interface in the Yee-cell arrangement, but rather
are half a cell above or below it. Thus, magnetic field
continuity no longer has any requisite meaning. To make up
for the loss of this criterion, introduce conservation of finite-
difference Poynting flux, Equation (4), as the second
criterion. Before proceeding, define some useful factors,

Pinc = COS(I/Z kinc'ex Sx)
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Bror= c08(V5 ko€ 0X) = piyc (16)
P = COS(I/Z ktrn'ex 8x)

An important observation is that these p_factors
constitute a second-order-in-cell-size departure from unity,
since cos(s)=1—Y4s> for small s.

3.4.1. TE Scattering in Discrete Maxwell

As before, with e;=e; for all three waves, the electric
field continuity constraint still applies, but now the finite-
difference Poynting flux constraint is applied, giving

1 +pre=Tre (17)
2 2
Pinc kinc'ex - |pTE| Pinc kinc'ex = |TTE| Pon Real{ktrn'ex}

The solution is
pTE = (Pinc kinc'ex — Pun ktrn'ex) / (Pinc kinc'ex +?trn ktrn'ex) (18)
TrE = 2 Pinc kinc'ex/ (Pinc kinc'ex +?trn ktrn'ex)

These are the exact reflection coefficients for the discrete
problem. They are identical to the continuum scattering
coefficients except for the p_factors. And since, these
contain 2"-order departures from unity, it follows

immediately that discrete Maxwell is 2™ order accurate
when the dielectric interface is exactly on a full-grid plane.

3.4.2. TM Scattering in Discrete Maxwell

In this case, ey=¢; for all three waves. The same electric
field continuity constraint as in continuum still applies, as
does now the finite-difference Poynting criterion,

(Kinc-€x) + prm (Keer€y) = Trm (Kp€y) (19)
€inc Pinc Kinc€x — |PTM|2 €inc Pinc Kinc€x =
[l €m Purn Real {Kye,}
The solution is
P™ = (En Pun Kine€x — Eine Pine Kirn'€yx) /
(Etrn Pirn Kine € + Eine Pine Kirn-€s) (20)
TrM = 2 Eine Bine Kinc€x / (€ Born Kine€x + €ine Pine Kirn€y)

Again, this is identical to the continuum case, with ond.
order correction due to the p factors.

4. IMPLEMENTATION OF FULL-FIELD/SCAT-
TERED-FIELD FORMULATION

A description of full-field/scattered-field implementation
is well described and documented elsewhere, for example
Reference [1]. In this section, we show the rather trivial
generalization for the multiple waves due to scattering from
the dielectric interface.

A key feature of this technique is that the sources are
effectively currents, e.g., they add to the existing fields,
rather than setting the field values directly. Thus any other
waves, which might be present, simply pass through the
locations of the sources unaltered. This gives rise to the full-
field (between the source-pairs)/scatter-field (outside the
source-pairs) formalism.

Another key property is that with Yee-cell/leap-frog
discretization, the technique can be essentially perfect to
machine precision, even in 2D and 3D, in particular,
avoiding deleterious corner effects. In order for this to occur,
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the source-pairs must be half-a-cell apart, e.g., be adjacent E-
plane and H-plane components. Our implementation has
followed figure 6.2 in Reference [1], with the inner source
consisting of adjoining E-planes, and the outer source
consisting of the surrounding B-planes. Thus, each E-field
component has a surrounding B-field component, and these
constitute a source-pair, as shown in Fig. (3). The analysis
proceeds for each pair individually, with the only subtlety
being that E-components on the edge of the box have B-
components in two directions, instead of just one. This is
interpreted to be two separate source-pairs, and the resulting
two co-located electric sources simply add together.

Full-field Box

|

Fig. (3). Illustration of source pair in 3D. The full-field/scattered-
field approach can be made to be perfect, to machine precision, for
Yee-cell/leap-frog discretization of Maxwell’s equations, when the
two sources are adjacent E and B components, separated by half-a-
cell. The magnetic source, J,, in particular, represents an artificial
magnetic current term in Faraday’s Law.

The algorithm proceeds as follows. Seek the electric and
magnetic currents, J,, and J,, e.g., the source-pair, in the
finite-difference (FD) discrete version of the Maxwell
equations with sources, e.g.,

i B=—J, — VirxE Q1)
d.rp E=—"3,+ (eno)™! VipxB

These are:
"' = &) Egnapyric(Xpt ")/ O, (22)
3 =) e Baaiyic(Xp,t " | Sgp

where Sg,p is the grid size, e.g, dx, dy, or dz, in the direction
running from the E-component to the B-component, and
where xg and xp are the positions of the source-pair
components in the Yee-cell centering scheme, where E,qic
and By, are the analytic discrete representation
waveforms given previously in Equations (8) and (12).

Note that in discrete Maxwell, the magnetic current is at
the full-time step, and the electric current is at the half-time-
step, and that the waveforms are evaluated at the
corresponding time. However, the magnetic waveform is
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evaluated at the electric coordinate’s position, half a cell
away, and vice-versa for the electric current. This introduces
the proper phase shift to get wave cancellation in one
direction. The plus-or-minus signs are chosen so that the
source-pairs emit or absorb radiation in the proper direction
and sign. It is easy to see that if the discrete-E component
matches E,,qc, then the sign of J,, should be chosen so that
it cancels the analogous quantity from the VXE term, in
order to make the source-pair’s discrete-B component
maintain a zero value. And similarly, if the discrete-B
component is zero, then the sign of J, must provide the
analogous missing quantity from the VXB term.

5. DISCRETE IMPLEMENTATION AT THE
SURFACE

The interface plane between the dielectrics presents a
special problem for a finite-difference implementation, due
to the ambiguity in what to use for permittivity at the
interface plane, €, . This section serves to resolve this
issue. Specifically, this permittivity is used to update the in-
plane electric field components, £, and E., in the discrete
Ampere’s law, as in

E:VWrl - Eyn = (St/sx) (Bz,inc&i'qfn+l/2_Bz,ti'n n+l/2) / (Hosave,H) (23)

where B. jycqrr and B.,, are the magnetic fields half a cell
below and above the interface plane. Also note that at the
intersection of the dielectric interface and the full-field box,
the same save,H_l multiplies the electric source, J,, from the
source-pair, in Equation (21). The proper treatment of
dielectric interfaces is an active area of research, see for
examples Reference [5], however ours is a very simple
geometry of a planar interface lying exactly on a grid line. It
will be shown that this simplicity allows for an exact analytic
result, even in the discrete case.

In general, one might expect that the 2"%-order accuracy
of the Yee-cell will break down for the VB operation which
spans the interface, because e,-k is not continuous across the
interface, and so the finite-difference ‘“derivative” is no
longer well-centered. And furthermore this poorly-centered
difference, which involves the transmitted wave on one side
and the incident/reflected waves on the other, might be
expected to produce an invalid electric field at the interface
that does not match the analytic field. However, these
expectations are overly pessimistic. In fact, the entire system
remains 2"°-order accurate, even spanning the dielectric
interface. A key point is that, in the discrete case, in-plane
magnetic continuity at the interface has been relaxed. This
means that the magnetic fields have limits, if extrapolated to
the interface-plane, which do not match, from one side to the
next. The discontinuity is inherent with the introduction of
the p_factors in the formulae of the scattering coefficients,
Equations (18) and (20). We shall see that, remarkably, this
discontinuity in magnetic field exactly counters the lack of
well-centering.

To verify this assertion, first confine ourselves such that
the incident half-space is for x<0, so that k=€, k;,>0.
Now consider the finite difference VgpxB operation which
crosses the interface, for the TE case, e.g.,

Sx (VFDXB)inteiface,TE d kx,trn TTE EXp(il/ka,t;~n8x) -
kg ine (BXp(—iVokey inc0x) — pE EXP(iVok, incOX)) (24)
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Outwardly, it appears that this difference is not well-
centered, due to the different wavenumbers, %, ., and &, ., in
the arguments of the complex exponentials. However, plug
in for the values of trg and prg, from Equations (16) and
(18), and perform manipulations to show that this is

8x (VFDXB)inteiface,TE d
i T1E ( K i SIN(Voler 100X) + Ky ine SIN(Voey 1 cOX) ) (25)

Remarkably, the poorly-centered complex exponentials
become centered, due to the specific form of the scattering
coefficients, with the extra p factors of the discrete
scattering-coefficients being critical to this algebra. In fact,
this result is exactly half of the average of two well-centered
differences, if each side had been analytically continued onto
the other. Thus, one has

Sx (VFDXB)inteiface =
2 Sx (VFDXB)centered—inc&r(;f + A 8x (VFDXB)centered-trn (26)

where it is noted that a similar process can be repeated with
the TM polarization, with similar results. Each of the well-
centered VgpxB’s will result in the correct analytic value of
electric field, thanks to the imposition of in-plane electric
field continuity. So with this knowledge, it is possible to
produce the exact finite difference equation at the interface
by adding together the following two well-centered
equations,

-1
1/2 { €inc at,FD Eanalytic = HO (VFDXB)centered-inc&ref }
-1
+ 1/2 { €y at,FD Eanalytic = HO (VFDXB)centered-trn } (27)

-1
1/2 (sinc + 8tm) at,FD Eanalytic = HO (VFDXB)imerface

which, due to the relation of Equation (26), results in a single
equation, utilizing the actual interface difference. In
comparing this to Equation (23), it is seen that the dielectric
at the interface must then be the following,

8ave,H = (sinc + 8trn) (28)

This result is consistent with a common-sense
interpretation of the split-dielectric as two capacitances in
parallel, as one would expect from the in-plane components.

We have verified this “exact” average dielectric for the
interface, and the results are shown in Fig. (4). An
effectively perfect full-field/scattered-field scenario is
obtained, Fig. (4a, b), with noise levels around —100dB,
when using the exact value of Equation (28), which for this
Case iS €q,/€0=1.50. These noise levels, visible on the log-
scale plot, Fig. (4b), are thought to be remnants of single-
precision round-off error, and show a noise-like spatial
spectrum. Small changes to the value of &, are seen to
result in noticeable failure of the full-field/scattered-field
algorithm. In the example shown in Fig. (4¢), a change in
€ave, /€0 from 1.50 to 1.51 resulted in a visible signal outside
the full-field box, of a planar nature, at the level of —60dB of
the incident wave.

As an aside, we note that, when perfecting the
implementation of the algorithm, it was often useful to look
at the pattern of the signal in the scattered-field region, since
its origin and shape often indicate where an error might have
occurred. For example, in the Fig. (4d), the simulation used
the correct €4, for the source-free Maxwell’s equation, but
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b) Exact €4y, (Log Scale)
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Fig. (4). Contour plots of E, field in TM case, for optimum and non-optimum values of €, . When the optimum value is used, plots (a) and
(b), the field in the outer scattered-wave region is -100 dB down from the full-field, and shows random structure typical of floating-point
round-off error. However, in plot (¢) if a non-optimum €, is used in Ampere’s Law, 0.51€;,.+0.49¢,, in this case, the log plot clearly shows
escaping reflected and transmitted waves of about a -60 dB amplitude. If instead, in plot (d), a non-optimum &, is used in just the source
term, 2€;,€m/(€inct€im) n this case, the untrapped waves, appear to emanate from the juncture of the full-field box and the interface.

used an improper €, multiplying the source, J.. The result
was a scattered signal, notably of a spherically expanding
nature, rather than plane-wave nature, emanating from the
points at the juncture of the full-field box with the dielectric
interface.

Finally, it is remarked here, but not discussed in detail,
that this work was repeated, to treat the situation where the
dielectric interface passes through the midplane of a cell,
rather than lying on a grid-plane, as was assumed for all
prior discussion. In such case, in-plane magnetic continuity
is imposed, but electric continuity must be abandoned. Exact
results are again possible, however in that case, the average
dielectric for the E, component takes on a value that is

consistent with capacitance in series, rather than in parallel,
indeed, exactly as one might have expected from the normal
electric field component.

Similar exact treatment of a dielectric interface that cuts
through a cell at arbitrary coordinate is discussed in the
Appendix. For such a situation, there are two planes which
require a non-trivial permittivity, and two curl-differences
which cross the interface, and thus risk being poorly-
centered. Furthermore, such a situation has neither magnetic
nor electric continuity, so constraints such as imposing the
relationship of Equations (27) are employed in the
derivation. It is shown mathematically that, by continuing to
use the parallel and series capacitance analogy for the
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permittivity of electric field components which split the
interface, 2" order accurate scattering coefficients result,
even for arbitrary coordinate of the interface. This is an
important result in the efforts to accurately model more
general dielectric discontinuity conditions, as it provides
limiting constraints on the even more difficult problem of
treating a dielectric interface that crosses as arbitrary angle,
as well as position, in a 2™-order manner. Clearly, an
important extension of this present work, if it were possible,
would be to treat such an arbitrary crossing interface within
the numerically exact constraints of the full-field/scattered-
field approach. It is felt strongly that this is a topic worthy of
future work.

6. DEMONSTRATIONS

This section describes simulations done to explore the
full range of capabilities of the augmented full-
field/scattered-field technique with dielectric interface. One
important new situation, with no prior analogue in previous
full-field/scattered-field implementations, is total internal
reflection, where the transmitted-wave must be “re-absorbed’
by the source-pairs, despite being evanescent, rather than
propagating. A more traditional situation is the placement of
a perfectly electrically conducting (PEC) material within the
box, with resultant scattering from the object. Similarly, a
non-planar dielectric interface can be studied from the point
of view of what is the effective scattering, vis-a-vis a perfect
planar interface. Finally, a case where the dielectric is non-
passive, in this case a plasma, is shown. A plasma can be
considered as a type of “meta-material” capable of relative
permittivity less than unity, and so this provides a hint how
such materials can be treated in general.

In all simulation figures shown in this paper, we have
used dx=1 cm, and 8y=1.25 cm, and €/g;’s between -0.5 and
4.0, to insure that results are not dependent on unit aspect
ratio grid, for example. This corresponds to anywhere from 6
to 20 cells per wavelength. At these moderate resolution
levels, the discrete Maxwell corrections to light propagation
are sufficient that quite noticeable phase error would occur
from using continuum light dispersion, rather than the
discrete version of such.

6.1. Total Internal Reflection

Total internal reflection occurs when the incident k,+k.*
> 0)2}108”.,,. In this case, all of the derivations in this paper
carry forward even if &, ,, is imaginary, rather than real. For
example, in Equation (3b), simply use the relation that
sin”'(/A)=isinh'(L), and in Equation (16), use the relation
that cos(id) = cosh(A). The result is that in Equation (3a), the
phase functions, €(x.,f), will be complex valued, and the
waveforms, y(¢(x,f)), will thus contain exponential rather
than sinusoidal behavior. However, if properly substituted
into the source-pair relations, the exponentially decaying
wave is properly “re-absorbed” in the full-field/scattered-
field technique.

This is illustrated by the simulations depicted in Fig. (5),
where the angle of incidence is varied to either side of the
critical angle. The incident wave propagates in a dielectric
medium with €/€y=3, which transitions to air, €/e;=1 at the
interface. In Fig. (5a), the angle-of-incidence is slightly
above the critical angle, and the transmitted wave profile has
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a positive curvature, indicative of an evanescent wave. The
result is total reflection, and so the waveform on the incident
side is now a standing wave pattern, rather than propagating
plane waves. In Fig. (5¢), the angle-of-incidence is slightly
below the crucial angle, and the transmitted wave has
negative curvature, indicative of a propagating wave.
Propagation at the critical angle is shown in Fig. (5b). Here
the transmitted wave profile is flat, presumably out to
infinity. In practice, it can take a long simulation time to fill
in such a flat field profile, since the group velocity in the x-
direction is essentially zero.

6.2. Structures within the Full-Field Box

The traditional application of the full-field/scattered-field
technique is to look at the scattered wave of an object placed
within the full-field box. A near-field-to-far-field
transformation of this scattered wave is frequently done, as
described in Reference [1]. The augmentation of the
technique to include a dielectric interface allows one to look
at the scattered wave, independent of the known reflective
quality of the overarching interface between the dielectrics.
One situation which immediately comes to mind would be to
determine the scattering from an object floating on the
surface of a liquid.

Another interesting scenario is to determine the forward
radiation due to an object close to a dielectric interface
operating under total internal reflection. This situation is
shown in Fig. (6). In such a case, radiation can “tunnel” to
the object in proximity, and then due to the object shape, can
radiate in a forward direction, even though, in the absence of
the object, there would be total reflection.

A related scenario involves analysis of scattering due to
imperfections of the dielectric interface. Fig. (7) shows a
simulation where the dielectric interface contains a “notch”.
The radiation pattern from this notch represents the
“incremental” scattering, and includes a —28 dB forward
scattered wave and a —47 dB backscattered wave visible in
the scattered-field region. Further analysis along these lines
might provide scattering characterizations of surface
smoothness, damage, or other inherent imperfection.

6.3. Plasma and Meta-Materials

A further generalization of the full-field/scatter-field
simulation is possible to allow for dielectrics of permittivity
less than one, €/€p<l, and in fact, even having negative
values. Materials with such dielectrics are generally known
as meta-materials. In addition, plasmas also have effective
dielectrics which may be less than unity. Specifically, an un-
magnetized plasma has dielectric

eleg=1- o,/ (29)

where w, is the plasma frequency, which is proportional to
the square-root of density. If the density is high enough that
0)p2>(1)2, then € is indeed negative, and any wave propagating
into such an over-dense plasma is reflected, regardless of
angle of incidence. This formula may be reversed, so that
given a desired dielectric, one can compute the plasma
density which would result in that value of €,
o, = ne’/meg = @’ (1 - e/gg) (30)
A plasma dielectric model is implemented in our FDTD
simulation using a leap-frog scheme. A new plasma-electric-
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(a) total internal reflection

(b) at critical angle
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(¢) transmitted wave

Fig. (5). The full-field/scattered-field algorithm works equally well in the case of total internal reflection, e.g., when the transmitted wave is
exponentially decaying. Here, €,./€0=3 and g,/ep=1, with three different incident angles, €,=(0.8062,0.5916), (0.8165,0.5774), and
(0.8367,0.5477), corresponding to situations of total internal reflection, propagation at the critical angle, and a barely propagating transmitted

wave. The field profiles through the dotted lines are shown.

Fig. (6). Full-field/scattered-field simulation with and without a scatterer. The nominal simulation, on the left, is one of total internal
reflection. A perfectly conducting quasi-spherical object is added (in gray), centered on the dielectric interface. This introduces a spherical
scattered wave which is evident in the scattered-field region. Of note is that the scattered wave is propagating, rather than evanescent, on the

transmitted side.

current field, J,amq, is introduced, which co-exists with the
electric field on the Yee-cell arrangement, but is half-
centered on the time-steps. The update equation for this field
is simply the finite-difference version of

at Jplasma = (0p2€0 E (3 1)

and this current is added into Ampere’s Law in the normal
manner. This implementation has the benefit that no
reduction in time step is necessary, despite the fact that the
phase velocity of light has increased due to €/€y<1. However,
there is a new stability criterion, ®,0r<2, which is easily met

for all but the most extremely negative dielectrics. And in
addition, the startup transient will excite a small amount of
pure plasma oscillation, at a frequency near ®,, which
radiates away rather slowly. Thus, simulations with this
plasma model tend to require somewhat longer time-scales to
arrive at the analytic CW state.

Fig. (8) shows two simulations using the plasma
dielectric model. The first simulation is under-dense, with
€plasma/€=0.5, but with an angle that results in total internal
reflection. Note how the evanescent longitudinal electric
field on the plasma side, Expisma ~ Exinc(€imc/€piasma)s 18
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B sl 1t With Notch in
80F 1t Dielectric Interface
-100 A I

Fig. (7). Full-field/scattered-field simulation with notch in dielectric interface. Plots are log-scale, and profiles are through the midplane. The
nominal simulation, on the left, is TE, and has €;,./e)=1 and €,,/€,=1.5, and a noise level around —100 dB. When a notch is introduced in the
dielectric, a scattered wave is generated that radiates outside the full-field box. This scattered wave represents the “incremental” scattered
wave due to the presence of the notch. It can be seen that amplitude of the forward scattered wave is approximately -28 dB, whereas the
backscattered wave amplitude is approximately -47 dB.

enhanced by the smallness of €,4ms. The second simulation dielectrics with additional internal resonances and cutoffs,
is over-dense, with €,45u./€0=—0.5, which insures a very are discussed in Reference [3]. Meta-materials will, in
short-scale decay of the field on the plasma side. general, have some internal oscillation modes in analogy to

the plasma oscillation, that allows for an effective dielectric
constant less than unity. In some cases, one may simply
replace the plasma frequency in Equation (31) with the

More advanced plasma dielectric models, including
implicit schemes that are not subject to the ,df stability
criterion, and magnetized plasmas that result in tensor

Fig. (8). Full-field/scattered-field simulation for a plasma dielectric. If € is less than unity, a plasma/meta-material can be invoked.
Simulations are TM, and plots are of the longitudinal field, Ey. In the left figure, an under-dense plasma is reflecting due to angle of
incidence. Note the large field increase which can be achieved on the plasma side, when € is small. In right figure, the plasma is over-dense
(e.g., has €<0), and all signals decay strongly.
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internal oscillation frequency of the meta-material to get a
model of the meta-material. In other cases, the meta-material
current may be magnetic in nature, rather than electric, or
may have other subtle phasing aspects that require a more
advanced model. In terms of future work, clearly this entire
analysis can also be generalized to include non-vacuum
permeability, U#LL, in addition to €, and also to include loss
within these materials.

7. CONCLUSIONS

This paper has presented a generalization of the full-
field/scattered-field to include a planar dielectric interface
within the simulation such that the nominal scattered and
transmitted field from such an interface is captured at the
full-field box, in analogous fashion to the incident wave. The
original impetus driving this capability was the desire to
have an effective plane-wave electromagnetic source in
problems where the simulation domain is on the order of, or
smaller than a single wavelength. Nevertheless, the
augmentation of the technique is applicable to all of the
usual  full-field/scattered-field  applications, including
scattering-signatures, and meta-material research, and
examples of such have been provided.

The implementation maintains the exact machine-
precision quality of the traditional full-field scattered-field
approach. This is accomplished with a careful analysis of the
dielectric interface scattering coefficients in the case of the
discrete representation. The discrete case scattering
coefficients are provided as exact analytic expressions. An
imdportant aspect of this exact treatment is the verification of
2"order accuracy for the traditional series/parallel
capacitance rules of effective permittivity for electric field
components cut by the interface.

APPENDIX A. DISCRETE SCATTERING
COEFFICIENTS FOR ARBITRARY INTERFACE
LOCATION

It is possible to derive the analytic scattering coefficients
for interface position anywhere along the x-axis, rather than
requiring the interface to lie exactly on a grid plane.
Introduce a new parameter, £, which represents the distance
between the interface and nearest grid plane. A value of #=0

TE
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is the case treated in the main discussion, and in general, /4 is
constrained to the values, —/40x<h<%dx. As was already
noted in the discussion, the permittivity for the two in-plane
electric field components whose areas are cut by the
interface, €,,,, takes on an intermediate value between €,
and €,,. When /0, another intermediate permittivity, €., |,
must be introduced for the electric field component normal
to, and whose length is cut by, the interface. That normal
field component is to the left of the &, for negative 4, and
to the right of &, for positive 4. See Fig. (Al) for an
illustration where the interface is shown at a negative value
of h.

Permittivity, €, has units of capacitance-length-per-area,
and it is shown in this appendix that straight-forward
serial/parallel capacitance rules provide the intermediate-
valued permittivity, which do indeed result in 2"-order
accurate scattering coefficients, regardless of the interface
location, #. We note that the following is an analytic result
and thus carries greater certainty than a scaling study
exhibiting 2"-order accuracy, which is limited by practical
time-constraint to finite choices over parameter space.
Specifically, the intermediate-valued dielectrics are taken to
be

8ave,H = 1/2(8t'nc + 8trn) + (sinc - 8trn) (h/ax)
Eaver | =&+ (e =€) (M) (Ala)
where

€ = Eipe, for: —20x <h <0
= €4y for: 0 < h < Vadx

Note that the permittivity, €4, ,, applies to different E,
components, depending on the sign of /4, and that it is not
required, or defined, when /=0 exactly.

(Alb)

In the more general case of this Appendix, the derivation
for the scattering coefficients is more cumbersome because
neither electric nor magnetic field has a continuity condition
between inc&ref and trn-sides. But it is clear that any field
component must take on the proper value associated with the
side of the interface it is on, in order to correctly participate
in finite-differences away from the interface. This implies
that any differencing operation which spans the interface

e .l 80'/‘6’," 8’ i

<
ol Y

-h dx

E in red

B in blue

trn

Fig. (A1). Illustration of dielectric interface a distance, —h, from the nearest grid plane. There are no field continuity conditions, instead the
operations which span the interface must result in the same values as if one-sided fields were analytically continued.
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between inc&ref and trn-values, together with its material
constant, must result in the same field update value, as if the
proper one-sided fields were analytically continued to the
other side. The field components involved in these interface-
crossing differences are illustrated in Fig. (A1), for the TE
and TM cases, for a value of 4<0.

Some simplification can be made by noting that the
normal components are not involved in some of the curls,
which then involve only the interface-crossing difference,
which is denoted as V|,

O.E = (1108)'VXB = 0,E| tv = (o€are,))” VoXBjtm
0B =-VxE

Additional simplification can be made by noting that the
updates for the normal components, that is B, for TE, and E,
for TM, never involve interface-crossing differences, and
thus these components always have phase associated with
the in-plane dual-component that they surround. This allows
the spatial-finite-difference of normal components to be
lumped together with the temporal difference of the in-plane
components as follows, leaving again, just the interface-
crossing difference,

B,E = (HoS)_IVXB = B,EH,TE = (O)Z/kx’ave"‘z) VJ_XBH,TE
0B =-VXE

where for algebraic convenience, define the following
quantities

(A2a)

= B,BH,TE = _VJ_XEH,TE

(A2b)

= atBH,TM = _((‘)Zuosave,L/kx,ave,J_z) VJ_XEH,TM

2 2 2 2
kx,ave,H =0 HOsave,H - ky - kz

Foave s = O Moave, 1 — by — k2 (A20)
ks =otMee -k -k =k incs for: =Vadx < h < 0

= ke yn’s for: 0 < h < Vadx
A1.TE

Express the TE continuation conditions associated with
the V, operations of Equations (A2) in terms of the
coefficients of Equation (8), assuming a negative value of 4,
as illustrated in Fig. (A1),

Tru EXp(—iky i) —
(Exp(—ifey inc(Bx+h)) + pras EXp(ifes inc(Bx+h)))
= (Exp(=ikinch) + pras Exp(ifesinch))
— (Exp(—iky,in(dx+h)) + pras EXp(ikes,inc(8x+h))) (A3)
(ki ave) ) rm Tt EXP(ifey rn(VoO3—H))
= ke ine (BXp(—itey inc(V20x+h))
= pru Exp(ikyinc(28x+h)))}
= (Vkgun’) {eirn Trns EX(ik i Vo3x—11))
= kgrn Trir EXP(—ike ira(/20x+h))}
For convenience define phase factors depending on 4,
Oine = EXD(iChe ik inc)h)
and 0= EXp(iChy nHesind)h) (Ada)

And refer to Equation (3b) to define another useful
p_factor,

2, = sinc(Y2 o 6f) = sin(Vek, ;,:0x) / (Voky incOX) =

sin(Y2ks, 1u0x) / (V2ks,1mOx) (A4b)
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With these definitions, the complex exponentials can be
expressed algebraically in terms of the ¢’s, p_factors, £’s and
dx. Solve for the scattering coefficient to get

Pre = (Oinc/Ore) (A7 — Brg) / (Aze + Bre)
Trg = 2 Oinckine Pine | (A + Brg)
Arg = Kgine Pinc (A5)
Bre = kumPin 1 Valkine' + koo’ = 2keave)’) 8% Py
= ki Pon * i (kirs” = kind) Py

where in the last form of the Bpy, quantity, we have
substituted the permittivity from Equation (Al). Equation
(A3) of this calculation assumed that —%8x<h<0, but the
calculation can be repeated for 0<h<Y20x, with the same
result as equation (AS), which is thus valid for the entire
range of 4 values. Recall that all p_factors are 2"*-order, so
any potential first order error terms will consist of those that
involve A, which is present in ¢, §rop and Bypy. But, it is
easy to see that the lowest order A-terms cancel, such that the
smallest error terms are 2"-order in h, as well. Therefore, the
scattering coefficients remain 2"-order accurate, even for
arbitrary crossing with ##0. Note that the assumed form of
€ave,» in Equation (Ala) was key to achieving this result.

A2. TM

Express the TM continuation conditions associated with
the V, operations of Equations (A2) in terms of the
coefficients of Equation (8), assuming a negative value of 4,
as illustrated in Fig. (A1),

€avel " { € Trar EXP(ite rn(Vo8—1)
= €ine (BXp(—ike inc(V20x+1))
+ P Exp(ik inc(V20x+h))) }
= € {€rn Trr EXP(ike i /58x—1))
— €4 Trr EXp(—ik n(V20x 1))}
(Eave kvave, 1) {hirn Trns EXp(=ike rnh)
= kyine (EXp(=ikes inc(dx 1)) — prar Exp(ikesinc(8x+h)))}  (A6)
= (Binclhyine”) {hine (EXP(=iksinch) = Pras EXP(ikinch))
= kyinc (EXp(=iky,inc(8x+h)) — prar EXp(iky inc(8x+h)))}
Define the following first order quantities,
AL = (Eave,s ks = &2 e ) Ox
= (€ine Knirn” — Eum Kine’) B (A7)
N = (Cave)j = Vo€irn — Yo€inc) ine Ko irn OX
= Ky inc Kyrn (€ine — €m) h

The solution to the above equations is similar to the TE
case, e.g., it can be written as

Py = (Ginc/Prep) (Azre— Brag) / (Azar + By
TTM = 2 q)inc kx,inc ?inc / (ATM + BTM)

However, now the forms for Az, and By, differ slightly
in the higher order terms, for the two cases, —/26x<h<0 and
0<h<Y%4dx. For the case of Equation (A6), this is

For —%ox < h <0,
ATM = kx’ing €4 Prn— l?(ﬂ }\’H

(A8a)
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- Pon ?mz (kx,inc Sx) 7“1_

+ 1Y% Py Eavel/Com — ¥5) (Kein Koyine O6°) Ay
By = Ky tm €ine Pine T 1 Binc Ptm Po ML

+ Pinc Po Eave/Eim — ¥5) (ki X) Ay

A repetition of the calculation with the interface on the
opposite side gives

For 0 < h < Vdx
Arys = Kyine €in Pirn — 1 Po M|

— Y2 Pinc ?mz (ke n Ox) Ay

+Pin P EavefEine = V) (kine 85) A

+i Y5 Py’ EaveEine = ¥5) (R ine K ) Ay
Brm = K €ine Pine 1 Pine Ptm Po ML

The first order terms are the same, regardless of the sign
of &, and once again exactly cancel the first order terms in
the ¢’s, leaving scattering coefficients which are 2"-order
accurate, for any value of 4. Again, the particular forms for
€ave, and €4, ,, in Equation (Ala), were key to achieving this
result, as the A term of Ap, must combine properly with the
A, term of By, in order for the cancelation of first-order
terms to occur.

(A8b)

(A8c)

The result of this Appendix is essentially a proof that:

. a dielectric interface parallel to one of the grid-planes,
but cutting through the mesh at arbitrary coordinate

David N. Smithe

. . d
normal to the interface, can be modeled in a 2"°-order
accurate manner, and

. the permittivity which provides this 2™-order
accuracy is that which results from a common sense
serial/parallel summation of capacitances where the
dielectric interface cuts through the electric field
element’s length and areas.

Obviously, it would be nice to have some analogous
proof for situations where the interface is at an arbitrary
angle to the grid, rather than parallel to one of the grid-
planes. This is a topic for further research. The full-
field/scattered-field approach developed in this paper can
provide an excellent tool for testing and evaluation of
possible techniques in this area, including the use of more
general formulae for the €,,.’s. Furthermore, Equation (Ala)
provides known 2"%-order accurate limit for these quantities,
which must be met, when angle returns to parallel.

REFERENCES

[1] Taflove A. Computational electrodynamics the finite-difference
time-domain method. Boston: Artech House, 1995; pp. 107-26.
[2] Yee KS. Numerical solution of initial boundary value problems

involving Maxwell's equations in isotropic media. IEEE Trans
Antenn Propag 1966; 14: 302-7.

[3] Smithe DN. Finite-difference time-domain simulation of fusion
plasmas at radiofrequency time scales. Phys Plasmas 2007; 14:
056104.

[4] Barker RJ, Luhmann NC, Booske JH, Nusinovich GS. Modern
microwave and millimeter-wave power electronics. Wiley-IEEE
Press 2005; pp. 507-87.

[5] Werner GR, Cary JR. A stable FDTD algorithm for non-diagonal,
anisotropic dielectrics. J. Comput Phys 2007; 226: 1085-101.

Received: June 20, 2009

© David N. Smithe; Licensee Bentham Open.

Revised: October 22, 2009

Accepted: November 12, 2009

This is an open access article licensed under the terms of the Creative Commons Attribution Non-Commercial License (http:/creativecommons.org/licenses/by-
nc/3.0/) which permits unrestricted, non-commercial use, distribution and reproduction in any medium, provided the work is properly cited.



