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Abstract: In this work, the optimization for a radiative-convective annular fin of arbitrary profile with base wall thermal
resistances is considered. A fourth order Runge-Kutta method is used to solve the associated non-linear governing equa-
tions. Further differentiations yield the optimum heat transfer and the optimum fin dimensions. To facilitate the thermal
design, design charts for optimum dimensions are proposed. Furthermore, the fin effectiveness for the optimal annular ra-
diative-convective fins is presented to check the practicality of the design.
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1. INTRODUCTION

Circular fins are used extensively in heat exchange de-
vices to enhance the heat transfer rate. For a given weight or
volume, the fin can dissipate different amounts of heat be-
cause of the different shape and geometry. The goal of fin
optimization is to find the shape of the fin which would mi-
nimize the fin volume for a given amount of heat dissipation
or to maximize the heat dissipation for a given fin volume.

During the past decades, numerous studies have been
presented on the performance of the annular fin [1-5]. For
the optimization of a circular fin, only a few papers have
appeared in the literature. Razelos and Imre [6] studied con-
vective circular fins of three profiles: rectangular, triangular,
and trapezoidal; they considered the effect of curvature and
the thermal properties of the fin. Ullmann and Kalman [7]
employed a numerical method to investigate the convective
radial fin of rectangular, triangular, hyperbolic, and parabolic
profiles. They presented the fin efficiencies and the optimum
dimensions for these four different annular fin shapes.
Zubair et al. [8] investigated the optimum circular fin dimen-
sions with variable profile and temperature-dependent ther-
mal conductivity. Chung and Ma [9] included the wall ther-
mal resistance effect but for convective fins only. A minor
typographical error is found in their expression of overall
wall resistance, but the numerical results are not affected.

The aforementioned optimization results were restricted
to the case of a linear boundary condition or a uniform base
wall temperature. As pointed out in Aziz’s review paper
[10], the optimization of radiation-convection fins is practi-
cally non-existent and calls for more research endeavors. The
current literature does not cover the combined effect of
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convection and radiation from the fin surface and wall ther-
mal resistances at the fin base, using an arbitrary fin profile.
Furthermore, very few previous studies have included fin
effectiveness calculations for their optimal fin designs. Re-
cently, Chung et al. [11] proposed the ranges of optimum
design under different thermal and physical conditions. The
previous work was restricted to annular fins of trapezoidal
profile only and also did not include the fin effectiveness
calculations. The purpose of current study is to determine the
optimal dimensions of a radiating-convecting annular fin
using an arbitrary profile and more specifically to present
convenient design charts for the thermal designers. Those
charts are not available in the open literature.

2. MATHMATICAL ANALYSIS
2.1. Physical Model

The present analysis is based on the following assump-
tions:

1. Heat conduction in the fin is steady and one-
dimensional.

2. The fin material is homogeneous and isotropic.

The fin material has constant properties, and fin surface
is diffused.

4. The heat transfer coefficient over fin surface is uniform.
The heat transfer at fin tip is negligibly small.

6. The temperature of the fluid inside the pipe is constant;
the ambient temperature and environment temperature
around the fin are also uniform.

7. The radiative interaction between the base wall and fin
is neglected.

The curvature effect of the fin is negligible.

9. There is no heat generation inside the fin.
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2.2. Governing Equations

Considering an annular fin shown in Fig. (1), a general
fin profile function is expressed by

f(r):ﬁ[i"y (1)

2\ r

Here n refers to the fin profile number. The energy bal-
ance on a control volume shown in Fig. (1) results in
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For fluid with constant temperature 7y inside the pipe, the
convective heat transfer coefficient /, between the fluid and
inner pipe wall is given. Considering the energy transfer
from hot fluid inside the pipe to the interface between the
outer pipe radius and fin and the heat loss from the fin base
(see Fig. 1), we obtain the following boundary condition:
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In the denominator of the right hand side of Eq. (3), the
first term represents the thermal resistance between the hot
fluid and the inner surface of the pipe; the second term des-
ignates the thermal resistance inside the pipe; and the third
term, R, is the total contact resistance between the primary
and the extended surfaces at the base. If all resistances ap-
proach zero, Eq. (3) is reduced to the prescribed wall tem-
perature boundary condition as presented in all current heat
transfer text books.

From the physical model 5 mentioned above, the fin tip is
insulated. This assumption is reasonable if either (i) the fin
cross sectional area is small, which is generally true in prac-
tice; (ii) the fin length is long enough that the tip temperature
approaches to the environment temperature and (iii) the
Harper-Brown approximation [12] is applied. The approxi-
mation states that a convective fin tip can be replaced by an
insulated fin tip when the length of the fin is extended by one
half of the fin thickness of the fin. Consequently, numerous
investigators [2, 13-20, just to mention a few] have assumed
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Fig. (1). Schematic of Annular Fin with an Arbitrary Profile.
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the zero temperature gradient at the fin tip which is also
adopted in the present analysis, i.e.

gzo @r=r, (4)

In engineering practice, most materials can be considered
gray bodies, and the environment temperature is assumed to
be the same as ambient temperature, i.e.

e=a, T,=T,-

Substituting the following non-dimensional parameters

T,
I"—L, pzﬂﬂgzl’ ebzib’ eezi’
y I T/- T/. T/.

into Egs. (2-4) yields the dimensionless energy in the form
of:
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The corresponding boundary conditions are

o _6-1 @ r'=1 (6a)

dr R,
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where

R, = k + k ln(r—O]+£Rm (7)
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To determine the optimal dimension of the annular fin,
we maximize the heat transfer for a given fin volume which
is given by

V= f’ 4 f(r)dr

Using Eq. (1), the above expression gives the relationship
between o and p for a specified fin profile number n

V(2-n)
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The dimensionless fin base width can be defined as a
function of radius ratio, p and profile number, n from Eq. (8)
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Substituting Eq. (8) into the Eq. (5), yields the following
expressions
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The three non-dimensional parameters, namely, the con-
vection characteristic number, m,, the radiation characteristic
number, m,, and the overall thermal resistance at the fin base,
R,, play important roles in heat dissipation and optimum fin
design.

2.3. Heat Dissipation

At steady state the energy dissipated from the fin surface
is equal to the heat transfer at the fin base. The dimen-
sionless heat transfer Q can be expressed as

2-n do

- #2
g ) p®rarly ! (14)
= =
VKT, [ri | 1 de Vo
Inp dr'|,_

From the expressions of the energy and heat dissipation
equations, the parameters affecting heat transfer are as fol-
lows: heat transfer coefficient along the fin surface, /4, and
that inside the pipe, /; base wall thermal conductivity, &,
,dimensions r, and r;; contact thermal resistance between the
fin and primary pipe; R, fin shape profile number n, fin base
width J; and radius ratio p; fin material properties, such as
thermal conductivity &, emissivity ¢, environment tempera-
ture T, and fluid temperature, 7.

Due to the non-linear characteristic of Egs. (10 and 11),
the present authors employed a fourth order Runge-Kutta
method to solve these equations and used the bisection me-
thod to accelerate the convergence speed of the computed
temperature and temperature gradient at the fin base.

2.4. Fin Optimization

Once the heat dissipation is obtained, the optimal dimen-
sionless fin tip radius, p can be obtained by solving

©_y (15)

op B

In the present analysis, the numerical Golden Section
Search method [21] is employed to determine the optimum
radius ratio p* and profile number n* for each specified con-
dition. The Golden Section Search Method is an algorithm
that can be used to find the maximum (or minimum) of a
function, say f{x). First it is assumed that we have found a
region in which f{x) has one and only one maximum. Let x;
and x, (x; < x,) be points that bracket the peak value region.
Interior points x, = 0.618x; +0.382x, and x; = 0.382x,
+0.618x, are next examined. If f{x,) is less than f{x;), then
point x; is discarded, and. x,, x, are now known to bracket a
peak value region. Let new x; = x,, and the new interior
points x, and x;, which are calculated the same as above, will
be examined. On the other hand, if f(x;) is less than f{x,),
then point x, is discarded, the new x, = x;, and new interior
points of x, and x; are examined. If the difference between x,
and x; is less than 10, then f/(x;+x3)/2] is our maximum
value and (x,+x3)/2 is the corresponding number resulting in
the maximum value.
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Once p is calculated, the optimum fin width at the base,
&* is computed from Equation (8).

2.5. Fin Effectiveness

The fin effectiveness is another important variable in the
fin design. In the present work, it is defined as the ratio of
the actual heat dissipated from the fin to that dissipated from
a bare pipe with zero wall resistance. The actual heat dissi-
pated from the fin can be obtained from Eq. (14). If the
thermal resistance inside the pipe and the conduction resis-
tance through the pipe wall are neglected, the heat dissipa-
tion for the bare pipe can be expressed in the form of
g, =2m,8,hT; ~T,)+2m,8,05(T} ~T.) (16)

0% 0%

For convenience, the following mathematical expression
for fin effectiveness will be adopted

gzﬁ (17)

Substituting Eq. (12) into Eq. (16) gives
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After some manipulations, the fin effectiveness can be
expressed as
e 1 s (19)
m,(1-6,)+m,(1-0%) dr',,

where

3
C= 4, (20)
-
This parameter, C relates to the fin geometry and volume,
and is called the fin geometry characteristic number.

3. RESULTS AND DISCUSSION
3.1. Optimum Fin Profile Number

Our numerical computations indicate that the increase of
fin base wall thermal resistance and environment tempera-
ture will reduce the total heat transfer, as expected. Figs. (2
and 3) show the relationship between the optimum fin profile
number n* and radius ratio p for pure convection and pure
radiation, respectively. These figures reveal that the optimum
fin profile number could approach the limiting value of 2
when R,, and 6, are zero, the convection and radiation char-
acteristic numbers are very small, and the fin height is very
large. However, in practice, R,, and 6, cannot be exactly zero
(except in outer space); very small m, and m, do not have
any practical meaning; and a very large fin height is also not
realistic. Therefore the optimum fin profile number »* must
be greater than 2. However, when the fin profile number is
greater than 2, the fin shape will be very sharp; a sharp fin is
not easy to fabricate and is also easy to break at the tip. In
practice, the most frequently used shapes are rectangular,
trapezoidal, triangular, and hyperbolic, for which the values
of n are less than 2.
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Fig. (3). n" vs. p with m, Varying, m:=0.0, R,,=0.0, 6.=0.0.

3.2. Optimum Radius Ratio

The following discussion focuses on the optimized fin
radius ratio and the associated heat transfer. Typical values
for 6,=0.5 and R,, =0 & 1 are used. Figs. (4-6) describe the
variation of the optimum heat dissipation, O* with m, for the
condition of R,, = 0 at n=0, 1, and 2 respectively. Figs. (7-9)
describe the condition of R,, = 1 corresponding to the above
profile numbers. From these figures, the effect of optimum
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Fig. (4). Q" vs. m, with Various m,, n=0.0, R,,=0.0, 0:=0.5.
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Fig. (5). Q" vs. m, with Various m,, n=1.0, R,,=0.0, 6,=0.5.

heat transfer is observed. Generally, the heat dissipation in-
creases with the increase of m,. When m, is small, the effect
of m, is stronger than that when m. is large. Comparing Figs.
(4 to 6) with one another, we find that with the increase of 7,
not only does the heat dissipation increase, but the slopes of
the curves with same m, are somewhat different as well. This
implies the effect of m, is different for different profile num-
bers. Similar results can be observed from Figs. (7 to 9)
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Fig. (7). Q" vs. m, with Various m,, n=0.0, R,,=1.0, 6,=0.5.

where R,, is unity. From the heat transfer point of view, the
higher order hyperbolic profile is better than the hyperbolic
profile, which is in turn better than the rectangular profile.
Comparing figures with same profile number but with differ-
ent base wall resistances, it is found that when R,, increases,
not only does the heat transfer decrease, but also the effect of
m, decreases. These figures imply that for optimum design,
the radiation part should not be neglected, even when the
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Fig. (9). Q" vs. m, with Various m,, n=2.0, R,,=1.0, 6,=0.5.

convection is dominant. Neglecting the radiating effect in the
previous analyses could lead to a gross error in predicting the
maximum heat transfer; especially for the case of free con-
vection (i.e. m, is small).

The effect of radiation on optimum radius ratio p* is
shown in Figs. (10 to 15) for different combinations of wall
resistance, and profile number, with the convection charac-
teristic number as a parameter. As found in the case of heat
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Fig. (10). p" vs. m, with Various m,, n=0.0, R,,=0.0, 6.=0.5.
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Fig. (11). p vs. m, with Various m,, n=1.0, R,,=0.0, 6.=0.5.

transfer, when m. is small, m, has a strong effect on p*; the
increase of m, causes p* to decrease drastically. When the
convection parameter increases, the percentage that radiation
contributes lessens, and the radiation effect decreases. Com-
paring the above figures at different profile numbers, we find
that p* also increases slightly, when n increases.
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Figs. (4-15) represent a set of convenient design charts
for the thermal designer. The methodology of applying the
charts will be briefly described below: For fixed fin shape
and fin volume V, one can obtain the maximum heat dissipa-
tion from Figs. (4-9) and the optimum fin tip radius from
Figs. (10-15), given that the base wall thermal resistance, R,,
convection and radiation characteristic numbers, m,. and m,.,
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Fig. (15). p~ vs. m, with Various m,, n=2.0, R,=1.0, 6.=0.5.

are known. Consequently, the optimum fin base thickness is
calculated from Eq. (9). In the case that the heat transfer in-
stead of fin volume is specified, an iteration procedure is
needed to determine the optimum fin volume and optimum
fin dimensions. This will be outlined below: We first assume
a fin volume, V and then calculate the dimensionless Q from
the first part of Eq. (14). After m,, and m, are obtained from
Egs. (12 and 13), respectively, an optimum O* can be found
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from Figs. (4-9). If O* does not approach the specified heat
transfer, the newly calculated Q will be used to compute the
new volume, V using the first part of Eq. (14). The above
procedures are repeated until the solution for V or Q con-
verges. Once Q* is found, the corrected parameters, are au-
tomatically determined. Then the optimal dimensions can be
obtained directly from one of the optimum fin radius design
charts, Figs. (10 to 15) (or by interpolation between two ad-
jacent figures).

3.3. Fin Effectiveness

The fin effectiveness is computed from Egs. (19 and 20)
once the temperature distribution is obtained. Equation (19)
shows an important linear relationship between C and fin
effectiveness. Physically, C represents the inverse of dimen-
sionless fin volume. In the present work, a typical value of C
=10 is adopted. If the actual value of C is not equal to 10, the
fin effectiveness obtained from Figs. (16 to 19) can be easily
modified by multiplying a factor of C/10.

Figs. (16 and 17) show the fin effectiveness &* for the
rectangular and hyperbolic profile when R,=0. Figs. (18 and
19) are the counterparts when R,=1. When m. or m,, in-
creases the fin effectiveness decreases, even though heat
dissipation increases. This implies that when the heat trans-
fer coefficient is large enough, fin may not be needed. Com-
paring Fig. (16) to Fig. (17) or Fig. (18) to Fig. (19), we
found that the smaller fin profile number has higher fin ef-
fectiveness. Numerical comparisons show that the rectangu-
lar profile fin has the largest fin effectiveness; the effect of n
is quite small as compared to the corresponding case of zero
wall resistance. We also detect that the overall wall thermal
resistance has a strong effect on fin effectiveness. Our nu-
merical computations indicate that when R, increases, &*
decreases sharply. Comparing Figs. (16 to 18) or Figs. (17 to
19) shows the same. Therefore, in order to improve the fin
effectiveness, one should reduce the base wall thermal resis-
tance or to choose the rectangular fin profile (n=0).

It should be noted that under the optimal condition, O*
increases with the increase of fin profile number, but £* de-
creases. Therefore, if the total heat transfer is the dominant
factor for the design, the second order hyperbolic fin profile
is recommended. On the other hand, if the fin effectiveness
is the desired factor, the rectangular fin is a better choice. It
is found in those figures, the optimal fin effectiveness can be
very small at certain conditions. This means that some opti-
mal fin designs may not be realistic.

4. CONCLUSIONS

In the present work, the combined effect of radiation and
convection on circular fin optimization with a general profile
is investigated. For both convection and radiation, the nu-
merical computations show that the optimum fin profile
number n* is greater than 2. The previous approaches which
neglect the effect of radiation may lead to a significant error
in predicting the heat dissipation and optimal dimensions for
the free convection case. Three important dimensionless pa-
rameters control the optimum fin dimensions, namely the
base wall thermal resistance, the convection characteristics
number, and the radiation characteristics number.
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Fig. (17). Optimum Fin Effectiveness & vs. m, with m, Varying
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Design charts are presented for the optimal heat dissipa-
tion and optimal dimensions of the rectangular and hyper-
bolic annular fins, subject to simultaneous convection and
radiation. For a given fin volume and profile number, the
optimal dimensions and heat transfer can be obtained
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Fig. (19). Fin Optimum Effectiveness & vs. m, with m, Varying
n=1.0, R,=1.0, 6,=0.5, C=10.

directly from the present charts. For a specified heat transfer,
an iteration scheme coupled with the use of design charts is
needed to obtain the optimal dimensions.

Fin effectiveness is presented for some typical optimum
designs. The wall thermal resistance tends to decrease the fin
effectiveness. Even for the limiting case of R,=0, the fin
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effectiveness may not be large enough for certain optimal
designs.

From a heat transfer point of view, the higher-order hy-
perbolic profile is always better than the lower-order hyper-
bolic fin, which in turn is better than the rectangular fin.
However, from the effectiveness point of view, a rectangular
profile appears to be the best shape in the annular fin family.
The present numerical results show that the fin effectiveness
is less than one for certain optimum designs. Therefore, the
authors strongly recommend to always checking the value of
fin effectiveness during fin design.

NOMENCLATURE

geometry constant

dr = the increment of fin radius

h = heat transfer coefficient along the fin sur-
face, w/m*-K

hy = heat transfer coefficient inside the primary

‘ pipe, w/m*-K

k = conductivity of fin material, w/m-K

ky = conductivity of primary pipe, w/m-K

m, = convection characteristic number, %,
dimensionless

m, = radiation characteristic number, %,
dimensionless

n = fin profile number, dimensionless.

q = heat transfer, w

0 = dimensionless heat transfer, __4

VKT / 1}

r = radius of annular fin, m

7, - outside radius of primary pipe, m

r; = inside radius of primary pipe, m

7 = radius of fin tip, m

r' = dimensionless fin radius, /7,

R, = contact thermal resistance, m*-K/w

R, = dimensionless base wall thermal resis-
tance, L + LS ln(r—”j + L3 R,

rhe ke 1) o1

T = absolute temperature, K

V = fin volume, m’

GREEK SYMBOLS

p = radius ratio, r/r,

o = Stefan-Boltzmann constant, 5.6696x10® w/m*-K*

© = dimensionless temperature, T/T¢

6 = fin base width, m
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€, =  emissivity dimensionless
o =  absorptivity, dimensionless
¢ = fineffectiveness, 4/
SUBSCRIPTS
b = finbase
e =  environment
f = fluid inside pipe
i = inside of pipe
o = outside of pipe
t = fintip
p =  Dbarepipe
o = surrounding adjacent to fin

SUPERSCRIPT

* = optimal condition
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