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Abstract: This note follows an early work by Newell and Daganzo which suggests a wedge-like zone to divide a service
area for freight delivery. Current literature has been largely using the zone of a fixed shape determined solely by demand
density. We find that, given the same demand density, the shape of zones could vary significantly in order to better balance local and line haul truck delivery costs which include environmental externalities. A way to determine the optimal
shape of truck delivery zones is presented.
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INTRODUCTION
Continuous approximation in freight distribution is a
simple and yet effective way to the large scale vehicle routing problems. Newell and Daganzo [1] suggest that a large
area be divided into wedge-like zones, each zone containing
a number of customers just enough for a truckload service.
Fig. (1) illustrates this idea generally. A number of subsequent research are built on this concept [1-6]. In all these
work except for Newell and Daganzo [4], the shape of the
wedge is considered fixed for a demand density in order to
minimize the total delivery distance within each zone. Newell and Daganzo [4] study shapes of delivery zones by combining the travel time on local and line haul roads. It finds
that the optimal shape of delivery zones change when the
line haul travel time is additionally considered. Our paper
complements that earlier work in a limited sense by accounting for the overall cost based on ton-mileage on local and
line-haul roads in deciding the delivery zone shape. We find
that the delivery zone shapes also change when the relative
comprehensive ton-mileage cost between local and line haul
roads are considered. The comprehensive costs include legitimate external costs such as environmental pollution.

Fig. (1) illustrates the ideas of zoning. Each vehicle goes
from the depot (e.g. center of the region) to serve customers
in one zone, and return to the depot in the end. Each zone in
Fig. (1) is called a wedge because of its shape. But in this
paper, we use wedge and zone interchangeably. The movement from the depot to a zone is referred to as line haul. The
movement within a zone for delivery is called local travel in
this paper.

The rising energy cost and carbon footprint could dramatically change the picture about freight. Freight movement
on major corridors and on local streets has different environmental externalities, which should be factored into carriers’ routing decision and freight distribution planning. This
particularly motivated development of this note.
BRIEF SUMMARY OF PREVIOUS RESULTS
In order to present our new result, it is necessary to introduce the basic results in the continuous approximation proposed by Daganzo [5] and an idea in Newell and Daganzo
[1].
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Fig. (1). A possible zoning for a Euclidean or ring-radial metric.
(Source: Newell and Daganzo [1]).

Each zone is approximately a rectangular area called a
wedge, and the routing within each zone follows the pattern
of a swath. Fig. (1b) in Daganzo [5] illustrates a heuristic
routing within a swath. Briefly, the heuristic goes horizontal
first and vertical second in serving customers. It implies an
optimal swath width w* to minimize the local distance in a
zone,
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where  is the demand density in the service area, and w is
the width of the swath. The zone size is therefore decided to
be 2w* wide with a length L, where L satisfies 2wL = C .
This optimal width is derived in Daganzo [5], and has
been used as the basis for designing delivery zones in subsequent research. In the following, we show how this width
changes with different considerations of local and line haul
shipping.
DECIDING THE SHAPE WITH WEIGHTED DISTANCES
Fig. (2) exemplifies what is in Fig. (1) regarding line haul
versus local travel. As in literature, we use a rectangle to
approximate a wedge.
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Proof
Clearly, the condition d 
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The expected weighted ton-miles for the entire delivery
based on Fig. (2) is as follows,
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In (3), the first term is for the weighted local ton-miles.
The second term is for the line haul ton miles. (3) can be
further simplified into,
1
wC g
   + (  )gL + dg
2
2
3
 wgC 2  1 gC
+
+ dg ,
=
4w
6

(

)

where dg is a constant. Minimization is mainly about the
sum of the first two terms. By taking first order derivative on
w , Proposition 1 is proved. [End of proof].
Fig. (2). Line haul vs local travel ☆ = Depot, • = Centre of Market.

We assume a fixed distance d from the depot to the center of a zone. We are allowed to change the shape of the
zone, but not d . We maintain that the zone contain C demand with C being capacity of a truck. Obviously, the line
L
haul distance is d  . The total local distance is
2
w 1 
w 1 
 3 + w   2w L , where  3 + w  is the expected distance between two consecutively served customers in a zone
(see details in Daganzo, 1984). Obviously on the line haul,
the vehicle is at full load g . Over the local travel, the average vehicle load is half its full,

g
.
2

We consider the case in which the ton-miles in ‘local’
travel is weighted with a factor,  .  is interpreted as the
ratio of ton-mile cost on local travel versus that on line haul.
The cost ideally includes wear and tear, carbon emission,
labor hours, etc. Practically,   1.0 . In literature, Newell
[3] considers item time on vehicle during delivery as well as
the difference in cost between line haul and local delivery,
very similar to this paper. However, it does not further explore for the opportunity of balancing line haul and local
travel costs.
The following proposition summarizes our notion.
Proposition 1 If a ton-mile local travel has a cost
 times that of a ton-mile on line haul, the optimal width of
a wedge in dividing a service area is

Observation 1. The optimal width w* increases with  .
The optimal width in (1) found in Daganzo [5] corresponds
to a very large  , which implies a heavy preference to
minimizing the local travel first.
Observation 2. If one local mile is considered equivalent
to a line haul mile regardless of vehicle load, which implies
3
.
an  = 2.0 , the optimal width is w* =
2 
Observation 2 is better explained this way. When
 = 2.0 , the optimum of w in the total cost function (3) is
the same as in  w + 1   2w L +  d  L  . The latter is the
2
 3 w

overall mileages for the case mentioned in Observation 2. In
this case, the zone is over 15% narrower than in Daganzo
[5]. In addition,  = 1.0 would make a zone 30% narrower.
Note that when vehicle tare is considered, the  value
would be smaller, the reduction of  depends on the ratio
between the full load and the tare.
The wedge length L is also obtainable with the optimal
width w* . All the wedges in Fig. (1) except those adjacent to
the center have the same size as calculated here. In the deriL
vations above, we assume d  . If calculation leads to a
2
width such that the depot falls within a zone, we set the
L
width such that d = .
2
CONCLUSIONS
The difference of cost between line and local hauls influences the shape of service zones. We present a method to
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decide the zone shape by balancing these two costs. What
matters in our method is the ratio between the ton-mile cost
on local travel and that on line haul.
Freight cost and environmental concerns make this work
meaningful. The resulting shape of zones can still be adopted
in Daganzo [6] and Ouyang [2] among others. Of course,
implementation results would be different. From this paper,
one might be able to feel the impact of environmental consideration on the distribution system operations in terms of
vehicle mileages, fuel consumption and gas emission.
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